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PREFACE. 



Although in recent years several most importctnt works on 
Dynamics have been published in England, yet none have 
been issued which seem to fill the rdle contemplated in this 
book. In its composition we have started from the most ele- 
mentary conceptions, so that any Student who is acquainted 
with the notation of the Calculus can commence the treatise 
without requiring the previous study of any other work on 
the subject. The first half contains a tolerably full treat- 
ment of what is usually styled the Dynamics of a Particle. 
The latter half treats of the Eonematics and "Kinetics of 
Bigid Bodies; and throughout we have kept the practical 
nature of the subject in view, and have, in general, avoided 
purely fancy problems. 

In an early chapter we have introduced and elucidated 
the general principle of Work or Energy, and have given 
subsequently a more complete treatment of this great 
principle, illustrating it by a brief application to the 
theory of Thermodynamics. In the latter part of the book 



vi Preface, 

we have borrowed largely from Thomson and Tait's Natural 
Philosophy; Eouth's Rigid Dynamics; Schell's Theorie der 
Bewegung und der Krdfte ; and Clausins' Mechanical Theory of 
Heat ; our aim having been simply to enable the Student to 
acquire as easily as possible a knowledge of the subject of 
which we treat. 

To thqse who desire to pursue the study of Dynamics to 
its highest development, the perusal of the great treatise of 
Thomson and Tait, as also that of Bouth, will, we hope, be 
facilitated by using the present work as an introduction. 

We cannot conclude without expressing our deep obliga- 
tions to Mr. Cathcart, for most valuable assistance during 
the entire progress of the book. 

Teinitt College, 
Janwmff 1885. 



CORRIGENDA. 

a 

,, 69, second line from bottom, for place, read plane. 

„ 84, eighth line from bottom, for cos } c - e', read cos J(€ - e'). 

„ 244, fifth and seyenth lines from the bottom, for the areal, read twice 
the areal. 
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DYNAMICS. 



CHAPTER I. 



1, Hatter. — We give the name of matter to that whioh 
we regard as the peiinanent cauae of any of our fiensatious. 
Portions of matter wMch are bounded in every direction are 
called bodies. Every body has necessarily a determinale 
voiome, and an external form or surfaoe; and exists, or is 
oonceived to exist, in space. 

A. portion of matter indefinitely small in all its dimen- 
aions is called a material particle. Every body of finito 
dimensions may be regarded as consisting of an indefinitely 
great number of particles. The name oi force is given to 
wj cause which produces, or tends to produce, motion in 
matter. The branch of Mechanics which treats of motion 
produced in a body by the action of force is commonly called 
Dynamics. We commence with the oonaideration of motion 
in itself, without any regard to its cause. 

2. llfollou, Velocitj-. — When a body continually 
changes its position in space, it is said to be in motion ; 
and the rale at which any of its points is moving at any in- 
atant is called the velocity of the point at that instant. 

The motion of a point is said to be rectilinear or curvilinear, 
according as its path is a right line or curved. 

In the case of curvilinear motion, the direction of motion 
of a particle at any instant is that of the tangent to its path, 
drawn at the point ocoupied by the moving particle at the 
iiiEtant. 




yeloviti/. 

3. Motion of Tranwlatlon. — If all the points of a rigid 
Viody more, at oaeh instant, in parallel directions, the body is 
said to have a motion of translation only ; and the motion of 
the body ia completely determined when that of any one of its 
pointa is known. It ie usual, in this case, to take its centre 
of mass as the point whose motion determines that of tha 
body. 

In our eorher chapters whenever we speak of a rigid 
body moving, we shall suppose it to have a motion of trans- 
lation solely, and we consider its path as that of its centre of 
mass. 

4. Uniform Motton, Velocity. — If a point move over 
equal lengths or spaces," in equal intervals of time, however 
short the intervals be taken, its motion is said to be uniform ; 
and its velocity is measured by the space described in the unit 
of time : this is the same at every instant ao long as the 
motion continues uniforni. 

A second is usually adopted as the unit of time ; and, in 
this country, a foot as the unit of length. Thus, the velocity 
of a point which moves over five feet in each second is said to 
be a velocity of -5 feet per second, and is numerically denoted 
by 5 ; and similarly in other oases. If any other units of 
time and space be adopted, the number which represents the 
velocity of the moving point will have to be altered pro- 
portionally. Thus, we speak of a velocity of 10 miles an 
hour, or lOO yards a minute, &o, : each of these can be readily 
expressed in feet per second, when necessary. 

The space, or length of the path described during any 
time, is usually denoted by the letter s, the velocity byi-, and 
the time estimated in seconds by /.f In the case of uniform 
motion, the relation connecting these quantities can be imme- 
diately obtained. For, if the space described in one second 
bo represented by v, that described in two seconds is repre- 
sented by 2r, that in three seconds by Sr, and that iQ any 
number {t) of seconds by vt. 



let iH omployed in abbrovialion for tmglh e/palh described, 
intmrr be stated, ve shall in si) cosca assume a foot and 
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Accordingly we have in tlie ease of uuiform motion the 
relation 

. . rf. (1) 

This formula evidently holds whatever be the tniifs of 
space and time, and introdueeB the unit of velocity as that of 
a unit of space described in a unit of time. It is true for 
uniform curviUnear, as well as rectilinear motion ; and also 
whether / represents a number of seconds, or auy part of a 
second, however small. 

Again, if s' denote the space described in the time /', we 
have s' = vi', and hence 

or the velocity, when uniform, is measured by the space lie- 
seribed during any interval of time- divided hy the number hy 
u'/tich thai time is represented. 

This result equally holds if we suppose the interval of 
time, denoted by f — I, to become indefinitely small ; in which 

case the limiting ealue of 5— ^ or — will still represent the 

velocity v. 

EXAUPLEB. 

I. If a IxMly, moTing imifonnlj', pass over 10 miluB in an hour, find ita ve- 
locity in fool pet aaoond, jint. Uf . 

r lOU 

3. Aaauming that light travels from the eun to thn earth in 8" 30", and that 
. velocityiB lSO,OaO miles, calculate the distance of the sun. 

A/4t. 'Ji.saa.ooouiiioB. 

4. If a velocity of 20 miloa an Lour ho tho unit of relucitf, and a mile the 
lit of apace, End the oviinber which roproaenta a vobcity of 32 feet pet aecond. 



5. Variable Bfoliou. — If the spaces described in equal 
intervals of time be not equal, the motion is said to be 
variable, and the velocity can no longer be measured hy the 
space actually described in one second. The moveable has, 
however, at each instant a certnin definite velocity which is 



meaBured by the spnoe which it would describe during a second, 
if it icere conceived to move uniformly during that time tcith the 
telodty which it has at the instant tinder consideration. 

For example, -when we say that a railway train is moving 
at the rate of 40 miles an hour, we mean that it would pass 
over 40 miles in the hour if it continued to move during that 
time with the speed which it has at the instant referred to. 

Again, if we suppose that there are no sudden changes of 
velocity, the change in the velocity of a moveable in any in- 
definitely small portion of time must be itself indefinitely 
small ; as otherwise the velocity would not vary continuomly. 
Accordingly, in such eases, we may suppose the motion as 
remaining nnifonn during the indefinitely small time dt ; and 
we shall have (as in the last Article) for the velocity v at any 
instant the equation 

That is, in all cases the velocity of a point at any instant is 
measured by the limiting value of the space described in a 
atoall interval of time, divided by the number which repre- 
sents that interval of time. This method of expressing velo- 
city is sometimes concisely represented in the notation of 
Newton by the symbol s. 

6, mean Velocity. — If a body describe the space s in 
the time t, then its mean or average velocity during that time 

is represented by -, being the velocity with which a body, 

moving uniformly, would describe the same space in the 
time t. The formula (2) can be immediately deduced from 
the consideration of mean or average velocity — for wo may 
consider the velocity of a point at any instant as being its 
mean velocity during an infinitely small interval of time ; 

whence we get, as before, the relation r = — . 

7. Cieometrical RepreseDtatlon or a Velocity, — 

Uniform rectilineal motion is completely determined when 
the direction and the velocity, or rate of motion, are known. 
Hence the velocity of a point can be represented both in 
magnitude and direction by a right line. 



Thus, if a point move uniformly in tlie line OP, bo as to 
describe tlie space OA in the unit 

of time (one second suppose), the ^ ~">~ 

line OA may be taken to repre- ° at 

Bent the velocity of the point both in magnitude and direc- 
tion. The arroK head denotes the direction in which the 
motion takes place namely, from to A. 

This mt'tliod of representation equally holds in the case of 
variable velocity, provided OA be the space which the body 
ipould describe in one eecond, if its velocity remained unaltered 
in maguilude and direction (Art. 5). 

In accordance with the principles established in Geometry, 
if the velocity of a particle moving from to P be regarded 
aapositke, velocity in the opposite direction, i. e. from P to 0, 
must be regarded as negative. 

8. Kinematics. — As our ideas of motion and velocity 
depend solely on our elementary conceptions of space and 
time, the whole subject of motion admits of being treated 
as a branch of pure Mathematics; aud, as such, has been dis- 
cussed in many important treatises during recent yearn. 

This branch of Mathematics is called Kinematics' (from 
Kivrffitt, motion), and in it the motion of a body is discussed 
without any reference to the force or forces by which the 
motion is produced. Questions of the latter class, i. e. of 
motion with reference to force, belong to the science of Dy- 
namics, or what is now frequently styled Kaoetics. 

The foregoing distinction should be observed by thi> 
student, as much indistinctness of conception arises from its 
not being carefully kept in mind in the study of BynamioB. 

In the present treatise it is not however proposed to divide 
the treatment of the subject in the manner indicated, aa to 
do so would require a complete discussion of motion (in- 
cluding rotation and kindred subjeets) Inefore entering on the 
most elementary probleraa in Dynamics. At the same time 
it will aid the student towards obtaining clear mechanical 
conceptions if he will consider what part of eacJi problem 



discussed belongs properly to the scienoe of Kinematics, and 
what to that of Dynamics or Kinetics. 

9. Reitt BDd notion, Kelatlve. — We have defined 
rest and motion with reference to space. Now of space iu 
iteelf or absolute epaoe our senses fate no cognizance, all that 
we perceivfl being matter or body as occupying or existing in 
space ; but our senses give ua no information as to whether 
any body occupies the same absolute position iu space during 
successive intervals of time or not. Hence, of absolute rest 
we can have nO perception or knowledge ; and when we say 
that a body is at rest we mean that it does not alter its posi- 
tion with relation to other bodies which are considered Sxed. 
For instance, borlies on the earth's surface are said to be at 
rest when they do not alter Iheir position relatively to the 
earth's surface, supposed fixed ; we know however that the 
earth has at least two distinct motions, one of rotation relative 
to its axis ; the other aroiond the sun, regarded as £xed. As 
our idea of rest is only relative, so also must be our idea of 
motion : thus, a body is said to be in motion when it alters its 
position with respect to other bodies regarded as being at rest. 

Hence aU motions must be considered as relative : for in- 
stance, when we say that a body is moving at the rate of 
thirty miles an hour, we mean that such is its velocity relative 
to a place on the earth : its absolute velocity is immensely 
greater, and is obtained by combining this velocity with the 
absolute velocity of the earth itself. 

Again, we speak of the same body as being at reaf, or us 
being in motion, according as we compai'o its position with 
that of one object or of another. For example, a person 
seated in a railway carriage is said to be at rest relatively to 
the carriage, and to be in motion relatively to the earth, &o, 

That a body may be regarded as having at the same in- 
stant two or more velocities is a matter of common experience : 
for instance, if a ball roll along the deck of a vessel, which is 
descending a river, we conceive the hall as having simul- 
taneously one velocity along the deck ; another, that of the 
vessel in the stream ; a third, that of the river relatively to 
its banks, &e. The velocity of the ball, relatively to the 
earth, is got by compounding theee separate velocities. We 
proceed to show in what manner this can be done. 
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Compo-iitioii of' Velocities. 

10. Compnsilinn of VeloclUes. — Suppose a point to 

move uniformly, with a velocity v, , _^ 

along the lino AB, while the line / " ~^i^ 

moves uniformly parallel to itself ; / _. ' / 

then the point may be regarded as / . .'' / 

animated by the two velocities eimul- ^ ' / 

taneously. In order to find its position ^ jj 

at the end of any time t, we take AB 

to represent the space whicii it would describe in the time t, 
along AB considered as fixed ; and let CD be the position of 
the moving line at the end of the same time ; complete the 
parallelogram ABDG ; then 2> will plainly represent the 
position of the moving point at the end of the time t. Also, 
if v' he the uniform velocity of the point along the line AO, 
we shall have AC = v't, and CD = vt. IleDoe 

AC _ r' 

Again, as this is independent of t, the ratio of ^C to CD 
will be constant during the entire motion ; and oonsequently 
the point will move from Aio D along the diagonal AD. 

To find the velocity of the moving point, we make t = 1 
(or the unit of time) in the last; then AB and^C represent 
in magnitude and direction the component velocities of the 
moving point, and AD represents the resultant velocity : in 
other words, if a body he animated by two velocities repre- 
sented in magnitude and direction by the sides of a paraJlel- 
ogram, the resultant velocity is represented in magnitude and 
direction by the diagonal of the parallelogram. 

ConveiBcly, any velocity may be regarded as equivalent 
to two velocities in any two directions, and the magnitudes of 
the component velocities can be determined by the preceding. 

In like manner, it a body be animated simultaneously 
with three velocities, its resultant velocity ia represented in 
magnitude and direction by the diagonal of the parallelepiped 
whose edges repreeent the component velocities, For we can 
compound two of these velocities by the method given above, 
and then compound their resultant with the third velocity. 
This principle can, plainly, be extended to the case of a point 
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Velaeitii. —" 

Buppoaed to be animated by any number of velocitiea simul- 
taneouely. 

11. Polygon or Velocities. — It immediately foIloWB 
that if a point be subjected to any number of simultaneous 
velocities its resultant velocity can be obtained by the fol- 
lowing geometrical construction r — 

From 0, the original position of the point, draw OA, 
representing one of the given velocitiea in magnitude and 
direction ; from A draw AB, parallel and equal to tho 
line which represents a second velocity; and so on for th<i 
remaining velocitiea; then the line which connects with 
the extremity of the line drawn parallel and equal to the 
line representing the last velocity will represent the resultant 
velocity, both in magnitude and direction. 

This construction is called the polygon of velocity, and is 
in general a gauche polygon. 

The preceding result admits of being stated otherwise, 
thus: If a body be subjected to two or more uniform veloci- 
ties it will arrive at the eame position at the end of any time 
as it would have arrived at if the several motions bad taken 
place euccessweli/ instead of simultaneously. This is adopted 
!i8 an axiom by some vrritera on Mechanics, for it appears to 
he an immediate oonsequence of our ideas of motion. The 
student can easily see that the whole theory of the composi- 
tion of velocities can be deduced from this principle. 

13. Compoaent and Resultant Velocities. — The 
velocitiea represented by AB and AC, in Art. 10, are called 
the components of the velocity reprCBcntcd by Al>. 

If a point describe any plane curve, the usmtl method of 
vepreaenting its position is with reference to two fixed reot- 
uugular axes lying in the plane. 

Then, if ir, y be the coordinates of the moving point at 
any instant, its component velocities, respectively, parallel to 
the coordinate axes, are evidently, by Art. 6, represented by 



dt 



;7.njt. 



(W 



Also, if a be the angle which the direction of motion at 
the instant makes with the axis of x, the component Teloci- 
ties are rcprest'oted by j'cosa and i'sino, respectively; i.e. 
the Telocity with which a point ia moving in any fixed direo- 
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tion is equal to the component of its velooity in that direc- 
tion. 

Hence we get roosa = — , rsina = -^. (3) 

at at 

If we square and add, we get 

^ \dt)^ \dt) \dt) ' " dV 

i.e. the velocity in a curviKnear path is represented in the 
same matter as in a rectilinear ; this result might also have 
been directly established from other considerations. More 
generally, if x, y, 2 be the coordinates of a moving point at 
any instant, with reference to any system of coordinate 
axes, its component velocities parallel to the coordinate 

axes are plainly represented by — , -^ and ~, respectively. 

If the axes be rectangular, and if a, /3, y be the direction 
angles of the line of motion of the point, and v its velocity, 
then the component velocities parallel to the coordinate 
axes are represented by «?cosa, t?cos/3, t^cosy, respectively. 
Hence, in this case, we have 

dx ^ dy dz ,.. 

tJCOSa = ~, tJOOsS = ~, f7COS7 = -J.' (4) 

at at at 

In Newton's notation, as in Art. 5, these component velo- 
cities are represented by the symbols, i?, y, 2. 

13. Relative ITeloclty. — If the point A be in motion 
along AB with a velocity represented 
by AB, and, at the same time, A^ be 
in motion along AB^ with a velocity re- 
presented by A'B", to find their relative 
velocity. 

Draw AD parallel and equal to -4^-8', 
and construct the parallelogram ACBB; 
then the velocity AB may be regarded _ 
as equivalent to the velocities AD and ^ 
AG ; now the former velocity, being equal and in the 
same direction as that of the other point A\ tvill not alter the 
relative position of the points (Art. 10) ; consequently the latter 
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component AC represents the relative velocity of the moving 
points, i. e. the velocity with which A is moving relatively to 
A\ regarded as at rest. 

Hence, to get the velocity of one moving point relatively 
to another, which is also in motion, we suppose equal and 
parallel motions given to bothy each equal and opposite to the 
motion of the second point : by this means that point is brought 
to rest, and the velocity of the other, relative to it, is had by 
compounding the new velocity with its original velocity. 

14. Components of Relative ITelocity. — Suppose 
(a?, y, s), {x\ y\ %') to be the coordinates of the two moving 
points (Jf, Jf'), respectively, with reference to any coordi- 
nate system of fixed axes. Then, to get the motion of M\ 
relatively to Jf, we suppose three axes drawn through M 
parallel, respectively, to the coordinate axes ; and let S, ?/, J 
denote the coordinates of M^ relative to these axes, aod we 
have 

and hence 

rf£ _ dx dx dri dif dy dZ, dz dz^ _. 
di ^ 'dt'"di' di^ di""dt' di^di^df ^^ 

or 

dx' dx dy dy dz dz 

'di 'di' 'dt'di' di ' dt' 

represent the components of the relative velocity of the two 
moving particles. 
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Examples. 

1. Two points are moying in rectangular directions, with Telocities of 300 
and 400 yards per minute ; find their relatiye Telocity in feet per second. 

Ana, 25. 

2. Two particles start simultaneously from different points, in given direc- 
tions, with uniform velocities. Show how, hy a geometrical construction, to de- 
termine the relatiye distance at the end of any time ; and find when this distance 
is a minimum. 

3. The tide is running out of the mouth of a harbour at the rate of 2^ miles 
per hour ; in what direction must a man, who can row in still water at tne rate 
of 5 miles per hour, point the head of the boat in order to make for a point 
directly across the harbour ? 

4. A boat starts with a given velocity across *a river ; find the direction in 
which she should steer, in order, without altering her course, to land at a given 
station at the opposite side of the river — ^the velocity of the stream, and also of 
the boat, being supposed known. 

5. Two trains are moving, one due south, the other north-east. If their 
velocities be 25 and 30 miles an hour, respectively, calculate their relatiye 
velocity. 

6. A railway train is moving at the rate of 30 miles an hour, when it is 
struck by a stone moving horizontally and at right angles to the train with the 
velocity of 33 feet per second. Find the magnitude and direction of the velo- 
city with which the stone appears to meet the train. 

Ana, Kesultant velocity is 55 feet. 
Indian Civil Service Exam.y 1876. 

7. Two particles start simultaneously from u4, B, two of the angular points 
of a square ABCB, in the directions ABy BC^ and describe the periphery with 
constant velocities F, v, respectively, where V is greater than v , until one par- 
ticle overtakes the oUier. Prove that the minimum distances between the par- 
ticles occur at equal intervals of time, and that 3 F : v : : m + 1 : m, where 
«n is an integer, the sum of aU. these minimum distances is 

m(m+l) ., ,^- 

X a Bide of the square. 



2 y/m^ + (m + 1)'* 

Camh. Math, Trip., 1871. 
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15. Aeceleratfon and Retardation or IHotton. — The 

Telocity of a moving body is said to be accelerated or re- 
tarded according as it increaaes or diminishes with the time. 
This acceleration, or rate of change of velocity, may be either 
uniform or variable. Betardation of motion ia to be regarded 
as a negative acceleration, i.e. as an acceleration in the opposite 
direction to that of the motion. 

16. Unirorm Aeceteratlon. — The motion of a body is 
said to be uniformly accelerated when it receives equal incre- 
ments ofrelocitij in equal limes. In this case the acceleration ia 
measured by the additional velocity received in each unit of 
time. As a second ia uaually taken as the unit of time, we may 
define the acceleration of velocity in this case to be measured 
by the additional velocity received by the moveable in each xecond; 
this acceleration ia usually denoted by the letter/. 

In the case of uniform acceleration in a right line we 
proceed to find expressions for the velocity at the end of any 
given time, and also for the apace described. 

17. Velocity at anj' Instant. — Lot v, denote the velo- 
city, at the instant from which the time is reckoned ; then, 
since the body receives in each second an additional velocity 
f, its velocity at the end of the first second is fp +/; at the 
end of the next second, v^ + %f; at the end of the third, t'o + S/"; 
and at the end of n seconds, Co + «/. Or, if t denote the 

Iotmiber of seconds in question, and v the velocity at the end 
of that time, we have 
L 



(1) 



If the body be supposed to start from rest, we have 
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that iSy the velocity acquired at the end of t seconds is t times 
that acquired at the end of one second. 

In the case of a uniformly retarded motion, /denoted the 
velocity lost in each second ; and, if Vo be the initial velocity, 
we shall have, as before, for the velocity at the end of t 
seconds, 

v = Vo -ft. (2) 

In this case the velocity becomes zero at the instant when 

Vo 

^0 ^ft^ or fl-t the end of the time -. If the retardation con- 
tinued afterwards, the velocity would become negative ; that 
is, the body should proceed to move back in a direction oppo- 
site to that of its former motion. 

It will be observed that the formulae (1) ajid (2) differ 
only in the sign of/; they may accordingly be regarded as 
comprised in the same general formula, in which a retarda- 
tion, as stated before, is regarded as a negative acceleration. 

Examples. • 

1. If a body start from rest with a uniform acceleration of 7 feet ; find its 
velocity at the end of three minutes. 

Am, 1260 feet. 

2. In what time would a body acquire a velocity of 100 feet if it start from 
rest with a uniform acceleration of 32 feet ? 

Ans, 3i seconds. 

3. A body starts from rest with a velocity of 1000 feet, and its motion ia 
uniformly retarded by a velocity of 16 feet each second; find when it would be 
brought to rest. 

Ans, 1 m. 2} sec. 

4. A velocity of one foot per second is changed uniformly in one minute to 
a velocity of one mile per hour. Express numerically the rate of change when 
a yard and a minute are taken as the units of space and time. 

Am, ^. 

18. (ipace described in any Time. — To find the 
space described in any time in the case of uniform accelera- 
tion in a straight line. 

From equation (2) we get 

ds . 

hence, by integration, 

s--v^t-\-\fe\ 



I 



no eonstaut being added, since the space is measured from the 
position of the body when ^ = 0. 

If the body start from rest, we have 

s = ye. 

In the case of uniformly retarded motion we hare 

This and tte preceding formula are represented by the 



s = fj ± Iff, 



(3) 



in which the upper or lower Bign is given to f, according as the 
acceleration has place in the positive or negative direction. 
Similarly, equatjons (1) and (2) are combined in the atate- 



±/i- 



(i) 



The preceding result admits also of being established geo 
metrioally, in the following manner, as given by Newton : — 

Suppose the point to start from rest, and on any right 
line ^X take portions .^42), AE,&o., 
proportional to the times from the 
commencement of the motion, and 
erect perpendiculars DB, EC, &o., 
representing the corresponding ve- 
locities ; then since the velocity at 
the end of any time (Art. 18) is proportional to that time, 
the ordinates BD, C'E, &c., will be to one another in the 
same ratio as the times, i. e. as AD, A F , &c. ; and conse- 
quently the points A, B, C, &c., all lie on a right line. 

Again, let AD ~ f, DE = ii(, BD = v; then the space 
described in the infinitely small time M will be represented 
by rAt, i. e. by the area BDEC; and accordingly the whole 
space described in the time represented by AN will be repre- 
sented by the sum of the elementary areas, BDEC, &c., oi 
by the whole area, APN, i.e. by ^AN ^ PN, or by ^i)(; 
therefore s - ^/t^, as before. 

If the body be supposed to start with an initial velocity 
i'a, the student will find no difficulty in supplying the ooire- 
sponding construction. 
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This result can also be deduced immediately from the 
consideration of mean or average velocity. For, since the 
velocity increases uniformly with the time, the velocity at 
any time before the middle of the interval t must be as much 
less than the velocity at the middle of the interval, as the 
velocity at the same time after the middle of the interval is 
greater than the velocity at the middle of the interval. Hence 
the velocity at the middle of the interval is the average 
velocity during that interval, and is therefore equal to the 
arithmetic mean of the initial and final velocities. Thus 

average velocity = -J- (t'o + Vq -^ft) = t?o + i/J ; 

8 

therefore t = «^o + ^fty 

or s = Vot + ^ff^, 

19. — Relation between Telocity and Space. — If 

we eliminate t between equations (3) and (4), we get 

v" = vo^ ± 2fs, (5) 

in which the upper or lower sign is taken according as the 
acceleration is in the direction of the motion or in the oppo- 
site direction. 

We shall resume the consideration of these equations 
when we come to the investigation of the motion of a body 
under the action of a constant force. 

20. Algebraic Expression for an Acceleration. — 
In the case of a point moving with a uniform acceleration, 
let V represent the velocity at the end of the timp ty and t?' 
that at the time f ; then by (1) we have 

V ^ Vq-¥ ff, t/ = t?o + /i^, 

and hence /= , ^ . 

Moreover, since this result holds, however small the in- 
terval of time represented by ^ - ^ may be, we have, as in 
Art. 4, 

dv^ 

^ " df 
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21. Variable Acceleratloii. — In the case of motion of 
a point in a right line, if the acceleration is not uniform, but 
varies continuously according to any law, we plainly {as in 
Art. 5) may suppose that the motion is uniformly accelerated 
during an infinitely small time dt; or (which is the same 
thing) that the acceleration at any instant is measured by 
what the increase of velocity in a unit of time would have been 
if its rate of increase had been uniforDi during that time, and the 
same as that at the imtanl in question. Hence the accelera- 
tion at any instant ia defined aa the rale of change of the velo- 
city at that instant, and ia measured in all cases by the ratio 
of the increment of the velocity at the instant to the in 
ment of the time. 

Accordingly we have, whether the acceleration be uniform 
or variable, the relations 

„ do rf=s 

■^=di^dt" ^^' 

which are expressed in Newton's notation in the form 

f=h = -S. 

All these results apply equally to the case of retardation 
of motion, which is always to be regarded aa a negative acce- 
leration. 

'Z2. — fieometiical nepreseDtatlon of an Avrele- 
ratlon. — From the preceding it appears that the acceleration 
of the motion of a point, whether it be uniform or variable, 
is in all cases measured by a velocity. Hence it can be re- 
presented, both in magnitude and direction, by a right line, in the 
same manner as any other velocity (Art. 7). 

Hence, also, we may regard a body as receiving two 
more simultaneous accelerations of motion, and can deter- 
mine the resultant acceleration by a geometrical construction, 
as in Arts. 10 and 11. 

Consequently, accelerations are compounded and resolved 
aooording to the same laws as velocities. This will also 
appear as a consequence of the Second Law of Motion, which, 
shall be stated and explained in the nest Chapter, 

23. Component. AcceleratiouN Parallel to Fixed 
Axes. — If r, y, z denote the ooordinatea relative to a fixed 
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rectangiilaj ayBtem of axes, of the position of a moving 
point at the end of the time t ; then, as in Art. 12, its com- 
ponent velocities parallel to the axes of coorditiatea are re- 

, , T (/x rfy rfa -.1 

pieHented by — , — , -j-, respectively. 

Sence, since the acceleration of motion in any direction 
is measured by the rate of change of the velocity in that 
direction, we have for the accelerations parallel to the axes 
of coordinates the expressions 



,fdx\ 



.fdy\ 



Jdz\ 



_d'i, 



df 



df" 



dt" 



(7) 



where, in accordance with Newton's notation, x, y, % denote 
the aooelerationa parallel to the axes of x, y, z, respectively. 
The total acceleration of the motion of the particle is the 
resultant of these aooelerations. 

The question of acceleration in curvilinear motion ean 
also be treated in another manner, as follows : — 

24. Carvlllnear llIatloD, Cliance of Velocity, 
Total AereleratloD. — Suppose a point to move in a 
curvilinear path, and from any point 0, let the line OA 
be drawn, representing in magnitude and direction the 

velocity of the moving point at any c b 

instant. Let OB, in fike manner, / ^^__— -^ , 

represent its velocity at the end /__^.-— "■"'^ / 

of the interval of time At. Join q—- ■ — — ^ 

AB, and complete the parallelo- 
gram OABO. Then the velocity represented by OB ia equi- 
valent to the component velocities represented by OA and 
OC ; but if the velocity of the point had not changed during 
the interval A(, it would have been represented by OA ; hence 
OC, or AB, represents in magnitude and direction the change of 
velocity in the time At. 

Again, since the acceleration of the velocity of a move- 
able, at any instant is, in all cases, measured by the rate of 



change of the velocity for that instant, it follows, aa in (5), that 
if we regard the interval of time ^t as becoming infinitely 
small, the acceleration of the motion is represented by the 

limiting value of — r-. Thia limiting value ia called the total 
(icceleratiort of the motion of the particle at the instant, 

25. Tangential and WormBl Accelerations. — 

Again, suppose a to denote the 
position of the moving particle 
at the end of the time t, and b 
its position after a small inter- 
val of time, Ai", and draw tan- 
gents to the path at the points 
a and h. Also, as before, from 
any point diaw OA, OB, 
parallel to these tangents, and 
representing the velocities at a and b, respectively. Then, by 
the preceding Article, AB represents me total change in 
the velocity in the interval A(. 

Draw J4iV" perpendicular to OB, and suppose the velocity 
AB resolved into the two, AN and BN; then, the former 
represents the change of velocity in the normal direction, and 
the latter in the tangential. 

The corresponding aooelerations are represented by the 

limiting values of — ■ and -— -, respectively. 

Again, let tlie angle BOA, or the angle between the 
tangents at a and b, wnen indefinitely smaU, be denoted by 
rf^, and we have 

AN = OAdip = v(l<p. 

The normal acceleration is therefore 



dip da _ 
^dilt' 



jrf^ 



{Dif. Gate, Art. 226), (8) 



where p represents the radius of curvature of the path at the 
point a. 

Also in the limit we have -— - = ~. Henoe the I 



Ho«iograph. 

gential aooeleratioii is repreaeuteil by -\ as is also easily 
seen from equation (6). 

In the oaae of uniform motion in a circle, since the velo- 
city V is constant, the tangential acceleration vanialies, and 
the normal acceleration (which then becomes the total accele- 
ration) is -, or -s^, where r denotes the radius of the circle, 

and T the time in which the circle is described. 

The normal aooeleration in this case is called the centri- 
petal acceieration, as it is constantly directed towards the cen- 
tre of the circle. 

26. llodosraph.' — In accordance with the method of 
the preceding Artiolea, if from any point lines OA, OB, 
OC, &o., he drawn representing, in magnitude and direction, 
the velocities at the points, a, b, c, &c., taken consecutively in 
the path of a particle, then the ayatem of points A, B, 0, &o., 
will lie on a new curve called the hodograph of the original 
curve, which is considered to be described by A as the point a 
moves along the given curve. 

8ince the lines AB, BC, &c., become ultimately tangents 
to the hodograph, it follows that tlie direction of the total 
aooeleration at any point a is parallel to the tangent to the 
hodograph at the corresponding point A. 

Also, sinc« the amount of the total acceleration is measured 

by the limiting value of -— , it follows that the total accele- 

raiiofi, at any point a, is repyesented by the velocity at the point 
A in the hodograph. 

"We shall give some applications of this method Bulrae- 
quently, more especially in connexion with the treatment of 
Central Forces. 

27. Angular Velocity, Angolar Acceleratlou. — If 
the position of a point P moving in a plane he taken iu polar 
coordinates, r and 0, with reference to a fixed origin 0, then 
the rate of increase of the angle 6 is called the angular velo- 

• Sir W, K. Himilton cmployoJ thia name (45by ypiilitiv) {Fneiedingt, 
R. I. A.. 1846, p. 314) in hia meUiod of disauasing tho qonneiion belwoea accele- 
ration and modon. Tha hodograpb is csUod tha curvt of aectttratiBtu by Fronch 
wrilen on Mechaoica. 



^ 



city of P relative to the fixed point 0. 
the angular velocity at any instant, 



If OP revolve uniformly, oom- 
pleting its revolution in T seconds, 
then its angular velocity, in circular measure, 
given by the ecjuation 




obviously 



Suppose OA taken equal to the unit of length, then the 
velocity of the point A, in its circular path, represents the 
angular velocity of the line OP. 

Again, if the angular velocity of P he variable, its rate of 
increase is called its angular acceleration ; hence the angular 

acceleration of P with regard to is represented by -. -~ 



' dt 



' df 



28. Accelerations along and perpentUcalar (o tbe 
Radius Tector, — Let x, y be the rectangular coordinates 
of the moving point P, and r, d the corresponding polar 

coordinates, at the end of the time i ; then ^^ and -j^ (Art. 



df 



di' 



23) represent the accelerations parallel to the axes ; henoe, 
by Art. 22, the acceleration P along the radius vector ia 



df 






and the acceleration, T, perpendicular to the radios vector ia 



'if- 



.d'z xd'y yd't! 



L 



To find expiessiona for these aooelerations in terms of ik 
and 0, we have 
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henoe 



but 



(Pa: cPff fdxV fdyy ePr fdrV 



aooordingly 



d'x cPy .fdOy d?r 



therefore ?^+y^ = ^_rW 

tneretore ^^^ * r df df '^[dtj ' 

^de ~ dix'dt ~ ^di) ~ dt \ di) 



Also 

df 



Consequently, the acceleration along the radius vector is 

And that perpendioular to the radius veotor is 

If the aooeleration of the moving particle be always 
directed to the fixed point 0, we have T = 0, and hence 

f^-n - constant ; from which we infer that the radius veotor 
at 

describes equal areas in equal times round the point 0, 

29. Areal Telocity, Areal Acceleration. — It is 

obvious, geometrically, that r^dd represents double the area 

described by the line OP in the time dt\ consequently 

f^dB 

— - represents the rate of increase of double the area de- 

r^d6 

scribed by the point P round the point 0. Hence \—n- 

Cut 

is called the areal velocity of the point P relative to the 



origin 0. Similaxly l-yA''' -jj) represents the areal accele- 
ration of P relative to the same origin. 

30. Units of Time and Space. — With respect to the 
units of time and space, as well aa of all other quantities, it 
should he remarked that the units assumed must in all oases 
'bejivite magnihides. For instance, the unit of time may be 
taken as a second, an hour, a day, or any other finite interval 
of time, hut it should never be assumed to be an indejiniteltf 
»ma!l portion of time, for if so, mimhera which represent finite 
intervals of time become infinitely great, and accordingly 
arguments based on such an asemnption become illusory and 
unmeaning when applied to finite interval of time. This 
remark is requisite, as fallacious proofs are sometimes given 
in hooks on dynamics from overlooking this obvious principle. 

The unit of time most universally adopted is a second, as 
already stated. Different units of length prevail in different 
oountriea. Since in this country the foot is the standard of 
length, and areas and volumes are each referred to units of 
their own, we shall sometimes employ snoh units for the 
purpose of illustrating mechanical principles by familiar 
examples. But, when desirable, we shall avail ourselves of 
the metric system. In it the unit of length is a 
(3-2809 feet, or 39-37079 inches). From this, by the simple 
processes of squaring and cubing, units of area and volume are 
derived ; and decimal multiples and submultiples are 
tively indicated by the use of Greek and Latin prefixes. For 
example, the centimetre is thehundredtli part of the length of 
a metre. Again, one cubic decimetre is the measure of 
capacity called a litre ; and is about 61 cubic inches, or 1-76 
pints. We shall subsequently see that a cubic centimetre of 
distilled water at its greatest density furnishes this system 
with another unit : to this the name gramme is applied. One 
thousand grammes are called a kilogramme, equivalent to 
about two and one-fifth pounds avoirdupois. 
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CHAPTER III. 



LAWS OP MOTION. 

Section I. — Rectilinear Motion. 

31. In the preceding chapters motion has teen conBidert'd 
from a purely kinematical point o£ view ; we now proceed to 
csoasider it in connexion with the force or forces by which it 
is produced. 

The science of Rational DynamicB is usually founded on 
three principles, or Laws of Motion, which have heou stated 
in their simplest form by Newton, and are fully verified by 
their agreement with experience. In the present chapter it 
ie proposed to discuss and illustrftte various cases of applica- 
tion of these Laws, chiefly when the forces supposed to act 
are constant both in direction and magnitude. The discus- 
sion of motion produced by varying forces will be dealt with 
Bubsequently. We follow Newton's method, comnlencing 
with the statement of his Firat Law. 

32. First X<aw or Motton. — A bod// continues in its 
state of rest, or of straight uniform motion, except in so far as it 
is compelled to alter that state by impressed force. 

This law asserts that a body has no power or tendency in 
itself to alter either its velocity or the direction of its motion : 
this is usually called the Law of Inertia of Matter. 

Henoe, if a body be conceived to be set in motion, and no 
external force act upon it afterwards, it should continue to 
move indefinitely in a right line with a uniform velocity. 

Conversely, if a body be in a state of uniform rectilinear 
motion, we infer that the forces which act on it are in equili- 
brium. For example, it a train be in a state of uniform motion 
on a horizontal railway, we infer that the force arising from 
the action of the steam is exactly equal, and opposite to, the 
entire resistance arising from friction and resistance of the air. 

"Pence, all questions of uniform rectilinear motion mat/ be 



k 
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regarded as problems of equilibrium, and treated by the principle) 
arrived at in Statics. In this case we suppose the body to 
have a motion of translation solely. 

Again, if the motion of a body be not uniform, or not rec- 
tilinear, we infer that it must be acted on by some external 
force or forces. The connexion between the motion produoed 
and the force which produces it is contained under the next 
Law. 



a moTiiig with conetimt Ttloeity tlong a horizontal rail- 
i from friction, Sec, for each corriago la one- hundredth 
Find OiB teneion, of the couplings of tho last carriage, il 



road. Tho reBiatoni 
part of the presaure. 
it« weight bo four t( 

lis equal to tho rOBial 
too., i... 89J lU. 

33. Second Law of notion. — Change of motion* m 
proportional to the impressed motive force, and takes place m the 
right line in which that force is impressed. 

As this statement is very comprehensive it will be neoee- 
sary to dwell on it with some detail, commencing with the 
case of a body under the influence of a force which a«t8 uni- 
formly and in the same right line during the motion. The 
body is supposed, in the first instance, to start from rest, and 
the direction of the force to pass constantly through its centre of 
mass, in which caae the motion is one of traiislationf solely. 

34, Velocit)' Cenerated. — Suppose a force to act uni- 



■ For the present we «Tmll oonaider that it ia one and Ihs same body which ia 
acted on by forces passing through its conlre of maaB, in which cuao (he foFoe 
yariea directly aa tiie yelocity generated in the unit of tinio. Wo shnll subse- 
quently treat of the caae where the maaa acted □□ Taries also. In Chat coae, by 
the word "motua," here translated motion, we must underatand qvantitg of 

+ A force applied at the iientre of maaa of a rigid body ia equivalent lo 
an indefinite numhor of equal and parallel forces applied to tho several equal 
particles of which the body ia conceiTod to bo uanstituled ; but aa the forces are 
equal and the nmeses niOTed by each are equal, the volocitiea generated, in the 
same time, ore also cqiuil : hence the motion of the entire body is one of pun 
irnnBlation. The eimploat case of this is that of bodies falling iiudei tie sctian 
tii the force of graTity. 



L 



Second Law of Motion. 

formly on a body, and let/ denote the velocity generated at 
the end of the firat second (taken as the unit of time), then 
during the next second, in aeoordanoe with our law, the uni- 
form foroe will generate an additional velocity of the same 
amount /; and in each Buoceasive second the force generates 
the same additional velocity ; consequently the motion is in 
this caae nuiformly accelerated, and the velocity at the end of 
t seconds (Art. 17) is given by the equation 



Again, if the body be supposed to start with the velocity 
Vo in the direction in which the force acts, we shall have for 
the velocity v, at the end of the time t, 

V = Co ±ft, (1) 
as in Art. 17. 

If the force act in a direction opposite to that of the 
motion it ia called a retarding force, and, if uniform, it will 
diminish the velocity by the quantity / during each second, 
and we shall have, as before, tho equation 

V = t'o —ft. 

The student should bear in mind that / in all cases is 
measured by the nelocity generated or destroyed in the moveable 
in each second during the motion ; f consequently may always 
be regarded as an acceleration — a retardation being considered 
as a negative acceleration. 

It may be observed that the entire reasoning in this 
Article depends on the following principle — contained in the 
Second Law of Motion — that the change of velocity produced 
by a force in any lime is independent of the previous velocity of 
the moveable. 

The Second Law of Motion equally applies to the case of 
a body acted on by any number of f oroea, in which case it may 
be stated as follows : — 

If any number of forces act simultaneously on a rigid body, 
then, during any instant, each force produces the same change of 
motion in its oan direction as if it had acted singly on the body. 

From this it follows that forces are compounded in the 
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same manner as velooitiss. The law of the oompoeition of 
forcea waa thus established by Newton — Leges Motus, Cor. 2. 

35. Space Desrrtbed In any Time. — Since we have 
seen that in the case of a uniform force the velocity is uni- 
formly accelerated or retarded, we can at onoe apply the re- 
salts already arrived at in Arts, 18, 19, 

Hence, the space described from rest, in the time t, is 
given by the formula 

' - iff- (2) 

If the body start with an initial velocity i\ along tlie 
line in which the force acts, we shall have 

» . r.i ± i/f. (3) 

in which the upper or lower sign Is taken according as the 
imiform force acta in the same or the opposite direction to 
that of the initial velocity. 

It is plain thiit the spacs described in the first second 
from rest is -j/, or half ihe velocity acquired at the end of the 
terond; and, in general, the space described in any time from 
rest is half of that described by a body moving uniformly 
with the velocity acquired at the end of the time. 

36. Relation between Veloeity and Space de- 
Mcrlbed.' — If the body start from rest, by eliminating t 
between the equations v = ft and s = \ft"-, we get 

v' = 2/i ; 

and, more generally, if Cu be the initial velocity, 

f' = r„" ± 2fs. (4) 

From the preceding results it is seen that the question of 
reotilinear motion under the action of a constant force is com- 
pletely solved whenever the value of the acceleration /can be 
determined. In a subsequent Article we shall show how this 
oan be done in elementary oases, but before doing so we pro- 
ceed to apply the preceding results to the important case of 
falling bodies. 

37. Vertical notion, — In order to get rid of the re- 
tardation caused by the resistance of the air, we shall 8U£- _ 
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Vertical Motion, 27 

pose the motion to take plaoe in a yaounm. . Under these 
oirounistances it is found that all bodies, no matter what 
their density or ohemical eonstitution may be, fall through 
the same vertical height and acquire the same velocity in tne 
same time. That this is so is best established by means of 
pendulum experiments ; but it can also be tested by allowing 
different bodies to fall in an exhausted receiver. We hence 
infer that the attractive force of the Earth acts equally on 
all bodies. 

If g denote the acceleration due to the force of gravity, 
that is the increment of velocity per second acquired by a body 
falling in a vacuum^ then, from what has been stated, the 
value of ^ is the same for all bodies at the same place on the 
Earth's surface. 

Again, since at any plaoe the force of gravity may be 
assumed as a constant force (t. e, within moderate distances 
from the Earth's surface), we may apply to the case of falling 
bodies the results arrived at in the preceding Articles by sub- 
stituting g in place of/. Hence, if the body start from rest, 
we have 

• v^gt^ s = ^gfy v- = 2g8. (5) 

Again, if it start downwards with a given vertical velo- 
city Voj 

V = Vo + gty 8 = Vot + ^gt^y v^ = t?o' + 2gs. (6) 

If the body be projected vertically upwards with a velocity 
Vqj gravity becomes a uniformly retarding force, and we have 

V = Vo- gty s = Vot - Igt^y v^ = Vq^ - 2gs, (7) 

To find in this case the height H to which the body 
would ascend, we make t; = in the last equation, and we get 

The time T of ascent is given in like manner by the 
equation r. 

^ r=-. (9) 

9 

The subsequent motion of the body is got from equations 
(6), in which we suppose the body to start from rest at the 
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height H. It immediately follows that the times of ascent 
and descent are equal, and that the body returns to its ori- 
ginal position with the velocity with which it was projected 
upwards. For this reason we say that the velocity Co w due to 
the height H : and reciprocally, that the height H is due to 
the velociir/ v^. We shall meet frequent applications of these 
expressions. 

As the motion is supposed to take place in a vacuum, the 
preceding results can only in some cases he regarded as ap- 
proximate for motion in the air. 

38. Variation of Ciravity. — It is found that the value 
of g varies, within small limits, from place to place on the 
Earth's surface. It increases vrith the latitude, and when 
referred to feet and seconds, has its least value, y2'091, at 
the equator, and its greatest, 32-255, at the pole. It also 
diminishes aa the body is raised above the Earth's surface, 
eincG the attraction of the Earth varies as the inverse square 
of the distance from its centre. The value of ff at London, 
referred to the same units, is 32'19, and this may be em- 
ployed, in ordinary calculations, as an average value. 

It \vi\\ be seen subsequently that the rotation of the 
Earth on its axis has the effect of diminishing the velocity of 
a falling body ; and, accordingly, the observed value of j ifl 
the difference between ita value arising from the Earth'i 
attraction and the component of the centrifugal acceleration 
in the vertical direction. 

As a rough approximation we may assume ff ■» 32 ; and, 
when numerical results are required, this may be taken as its 
value in these and all subsequent examples, unless otherwise 
specified, inasmuch as they are given chiefly for the purpose 
of familiarizing the student with the application of mechani- 
cal principles. 



a 5 minulM by a fulling bodj, 

..<Bi. a057 f«rt, 

a. In what time will a falling bodj Bi'ijuire b velocity of 400 fast if ft 
itart from rest ? - - - - 

S. If n body move undnr the actios of a oDoet 
^uring any limo ii an arithmetical mean butween i1 
" " " "id the end of that time f 



£!xamplei. 

i. IS one minuto bs talun u the unit of Ume, what ihould be token as the 
Talue of J ? 

Am. The Yelocity per minuto acquired in one minute bj a falling body, or 
116,200 feet, 

b. Two bodies start together froiii reat. and more in direction! at light snglea 
lo each other. One moiea unifonnljr with a vetocitjr of 3 feet per Eecond ; the 
other mOTes under the action of a eonstfliit force ; dctcnnino tho necclomtioQ 
due to tttis force if the bodiea at the end of 4 seconds be 20 feet apatt. 

jtnt. 2 feet per second. 

6. If a imifurm force generate in a body a Telocity of 30 feet a second afti>r 
desaiibing 25 yards, find the auculeration. Am. /= 5. 

7. A atcne is let fall from a height into a wbU, and is heard to strike tho 
water after i seconds ; find thedepti of the well, assuming tho Tfdooity of sound 
to be F, and neglecting the resiutance of the air. Tho required height A is got 
by Bolring the equatioi 



^,/7 = 



la applying this equation practicaUy it may be obiflrred tliat ~ is, in al 
Bmall in comparisan with ( ; accordingly, if we transpose and square, ' 

, ^ *' ■ - -.1. 2^» 

negioctiDg — m companson with — , 



8. A person diops a stone into b well, nnd after three secouds hears it Btrike 
the water. If the Telocity of sound be 1127 feet per second, find the depth of 
the water. Am. 132-68 feet. 

9. ProTO that the spaces described by a falling boily in successive equal 
interyals of time are proportiounl to the series of odd numbers. 

10. A body mOTOB from reat under the action of a constant force during four 
aooonds, when tho fonie is aupposod to cease ; in the next five seconds tho body 
desoribea 200 feet ; find the acceleration due lo the constant force — (1) if one 
•econd ; (2) if one minuto be taken as the unit of time. 

Am. (1) 10, (2] 36000. 

11. A body is projected Tipwarda with any Telocity, and (, (' denote the 
times in which it is respectiTely abore and below the middle point of its path ; 
find the xalue of '^. Am. ^/2-i- I. 

12. Assuming j to be represented by 32 when the nnilaof apace and time aio 
one foot and one second ; what Dumber would represent ila value if one mile and 
one day be taken as the units ? Am. 45312181.^1. 

13. A ball is dropped from lie masthead of a ship sailing n miles an hour. 
Through how many feet must it have fallea when the direction of its motion is 
inclined at 46° to the horiionf , 121 n' — 

■*"■ MM- 



EectiUnear Motion. 

39. Acceleration Varies as Pressure. — If we eup- 
poee different foroes to aofc umformly during equal timea oil 
the same body, it follows from the Second Law of Motion 
that the forces leill be to one another in the same ratio as the 
velocities generated in equal times. 

If we suppose the time of action to te one second, the 
velocities generated are represented by the corresponding 
accelerations / and f. Also, if F, F" denote the statical* 
meaaures of the forces, j. e. the pressures which they are 
capable of producing, we have 



y-.y.f.f. 



(10) 



If one of the constant forces he the attraction of the 
Earth, since its statical measure is W, or the weight of the 
body moved ; and since g ia the corresponding acceleration, 
we have 

F:W=f:g; (11) 



/ = 



W" 



(12) 



This equation enables us to determine the velocity generated 
in one second by a constant force at any place whenever the 
pressure F which measures the force is known, and also the 
weight of the body. We suppose, as stated already, that the 
body ia rigid, and that the force F acts through its centre of 
mass. "When /has been determined by the foregoing equa- 
tion, and the force continues to act uniformly, we may apply 
the results arrived at in the preceding Articles to determine 
the subsequent motion (see Art. 36). 

40. IIbbb. — If we attempt to move a body we find that 
with the same amount of exertion on our part different re- 
sults are produced in different bodies. 

For example, the same effort which would project a email 
stone a considerable distance will move alarge one hut slightly. 



* The mRgnilutIo 'if a fane is estimated in Stntics br tho veight whioh il 
is jurt rapBhlo ot BUpporling. Thiia, a force which is CBpnlilB of a 
veight of 112 Va: it called a force of 113 Ibi., &c. 



In this way our ordinary experience Buggests to us that the 
amount of the aooelevation produced in a body by a force de- 
pends not only on the magnitude of the force but also on the 
body which is movtd. when exact experiments are oarried 
out, it ia found that the same force acting on different bodies 
produces different accelerations, and that different forces act- 
ing on the same body produce accelerations proportional to 
the forces. Hence we conclude that the acceleration produced 
in the motion of a body by a force is equal to that force 
multiplied by a factor which is invariable for the same body, 
but wliich varies for different bodies. 

Conversely, if F denote the magnitude of a force, and /' 
that of the acceleration thereby produced, we ha^'e the equa- 
tion 

F-mf, (13) 

where m is always the same for the same body, but varies for dif- 
ferent bodies. This quantity m is called the Mass of the body, 
and is estimated, like other quantities, by comparing it with 
a standard quantity of the same kind. It is found that at 
any fixed place on the Earth's surface the weight of a body 
(if permitted to accelerate its motion) produces an accele- 
ration which is the same for all bodies (Art. 37}. Now W 
being the weight and g the acceleration thereby produced, 
we have, as above, W = tng; but g ia the same for all bodies 
at the same place, hence W is proportional to m ; or, in other 
words, if there be two bodies whose weights are W, W, and 

whoae masses are «f, m', we have -^7;, = — ,. Hence, in order 

W m 
to find the ratio of the masses of two bodies, we have only to 
find the ratio of their weights at the same place. 



1 . A unif Drm preesurs of 6 Iba. ia applied in a horiztnitil dircctiim to a liody 
of 10 lbs. mass plncedon a smooth honzonlal table. Find — (1) the velocity geup- 
raled in ona sccoad; [2) that acquired after describing 600 yards iloag the 
plane. Ana. (1) 19}; (2) 240. 
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wbieli, acting unifonnlr during one aeoood, will genei 
I a Telocitj of 10 miles per hDur. 

Aai. 9 cwt. 18i lbs. pressure. 



a velocity I^ 
J„. F. wf^ 

a horizontal milroad in four nd- 



8. A tndnweigliing60 teae is impelled along a liorisontat road by a coDstant 
preaeure of 7S0 lbs. SupposLog it to eUal from rest, find its TalD<:it7 at tlk* 
end of one minulo — (I) neglecting friction ; (2) aaanming the rcBistanco of ftietioii, 
iiir, *c., to bo 8 Iba. per ton. Am. (1) A? ; (2) A?- 

9. If a Qnifonn force of fi lbs. produce in a secDnd a Telocity of 0-B34 feet im 
n boiiy, ejpresa tie q^uantity of matter in the boiiy in tenns of cubic feat aC[ 
water, BBSuming the weight of a cubic foot of water to be 62^ !ba. ud' 
(F = 32-19. rfBJ. 4'87. 

ID. Fiod the ma.gnitudo of the pressure which, acting uoifomily during i^rOki' 
of a ucond, would generate a Telocity of 100 feet per eecond in a body of IS Ibo^ 
mass. Ana. oOO llw. 

11. A iDOse, which weighs 460 lbs,, is placed on a perfectly amootb table 
a uniform horizontal preaaure is ciertcd on it nliich increaseB itB velocity 3 fast' 
in every second ; find the magnitude of its pressure in lbs. 

Am. 11 lbs., aMumiiig g = 32'19. 

41. Motion on a Smooth Inclined Plane. — We next 

suppose a body, itarting /ro7n rest, to slide under the influenoB 
of gravity down a perfectly smooth inclined plane. Let t de- 
note the inclination of the plane to the horizon, and Wtha 
weight of the body. Resolve W" into its components, JF"8int 
acting parallel to the plane, and W cos i perpendicular to the 
plane. The motion down the plane is evidently due to 
former component, since the latter only causes pressure on 



plant 



Time of descending a Chord of a Vertical Circle. 33 



As the force along the plane is constant and acts in the 
direction of motion, we get, substituting WTsint for F in (12), 

/ = ^ sin i. (14) 

Hence, if ^ sin i be substituted for / in the formulae in 
Arts. 35 and 36, we get 

V = gtsmiy 8 = ^gt^siaiy t?' = 2^5sint. (15) 

We assume that the body slides without rolling along the 
plane, as otherwise the motion would not be one of pure trans- 
lation. 

42. Telocity acqaired In Movliig down an Inclined 
Plane. — Let / represent A£y the length 
of the plane, and h its height AC; then 
if t? be the velocity acquired on arriving 
at -B, we have 



v^ = 2^/sine = 2gh. 



(16) 




Accordingly, the velocity/ acquired at any point in the descent of 
a body down a smooth inclined plane is that due to the vertical 
height through which the body has descended. This is a 
particular case of an important principle which shall be 
subsequently considered. 

43. Time of Descending a Chord of a Tcitical 
Circle. — We next proceed to show that the time of de- 
scent down any 9hord of a vertical circle, 
starting from its highest point, is constant. 

Let AC he the vertical diameter of 
the circle, A£ any chord drawn from A. 

AB 

Join BCi then, sine = ^mBCA = -7^; 

' ' AC B 

and, if 7 be the time of descent for AB, 

we have, by (15), 




AB = yr 



AB 



hence 



AC 



.. r = 2 



AC 



(17) 



where a denotes the radius of the circle. 





Hence, the time down any chord such as AB of this oirde 
is constant. It can at once be seen, in like manner, that the 
time of descent down BC has the same value. 

44. Line of UaiokeBt DenoenC to a Circle. — To find 

the right line down which a particle 
under the action of gravity would 
descend in the shortest time from a 
given point to a given vertical circle. 

Draw.4C, the vertical diameter of 
the cirelSj and join OC, meeting the 
oirole in B, then OB is the line of 
quiokeat descent in question. For 
join AB, and produce it to meet the 
vertical drawn through in J). 
Then it is obvious that the circle described on OD as 
diameter touches the given circle in B : consequently the time 
of descent down OB being the same as that down any other 
chord of the circle OBD, drawn from 0, is less thitn the time 
down any other right line drawn from to meet the circle 
ABC. 

The preceding method of investigation applies equally 
if the point lie inside the given oirole. 

45. Line of 4,uiekest or Slowest Descent to an^ 
Carve. — It ia easily seen from the precediug Article that the 
determination of the right line of quickest or slowest descent 
to any given vertical curve from any point in its plana re- 
duces to the problem of drawing a circle, touching the given 
curve and having the given point for its highest point. 

The problem admits also of being treated by the ordinary 
method of maxima and minima, as follows : 

Suppose the curve referred to polar co- 
ordinates, tho given point O being taken as 
pole, aud the vertical OD through it as 
prime vector ; then, if i bo the time of de- 
Boent down any radius vector OP, we have 



A 



r = i gCa 



•Vff cosfl 



Accordingly, the time ( is a maximum or a mimmmn wheu 

r . 
— — IS a maximum or a mimmum, 
costf 

To find the maximum or minimum values, asaume 



^ ; then since 



0, we have 

^ + rsine=0. (18) 

obtained by comfcining this equatioi 



The solutions b 
■with that of the curve. 

To distinguish between the maximum and minimum 
solutions, we proceed to differentiate the equation 



. rf'- 



(lU 



rsinS 



observing that, in this case, coa 9 -r^ + rsin 9 = Q. Hence {Bi/f, 

Calc, Art- 138), iis & minimum or a maximum according aa 

/■ + -Tnj is positive or negative. 

These results can be readily verified from geometrical 
oonsideratious. , 



ofib 

2. Prove that tho velocity ooquired down any cliord, tonniiiated lit the lawost 
point of a Tortical uirole, ia proportional to the length of the chord. 

3. If the length of an inclined plana be ISO yiLrds, and its inclination 30', 
what velooity would a hody acquire in descending it P 

Aai. 40 yorda per setond . 

i. A body slidss down a smooth incliaed plans of given height ; prove tbiit 
the time of deecent varies as the length of the plane. 

G. Find the iQulinition of a plane, of given lengOi I, eo tbat the velocity 
acquired in moving down it shall be of a given amount T. . . . V^ ' 

6. Given the base n of an inclined plane, find its height bo that the huii- 
zontol Telocity acquired by descending it may be the greatest possible. 

Aru. h - ,1. 
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' 7. Find ths gradient in a rniliraj IMt a carriage descending tlie plane byit* 
own weigbt may move througli one quarter of a mile in the first minute ; and 
find bow for tbe cOiriiigG will move in the next minute ; friction beiug oeglccted. 
(1) siiii = A'(!; (2) i of B mile. 
S. A bod; is attaclied by a string to a point in it amootb inclined plaue. on 
wbich it rests ; if it be projected from its position of cebI up tho plane with a 
Telocity jufit sufficient to take it to the highest point to wbich the string allows 
it to go, find the time of its motion. n f 

Am. 1=2 I — r-r, ' being length of itring. 
■y? Ein I 

9. A groove is cut in an inclined plnne. making an angle a with tbe inter- 
section of the plane and the horizon. Tf a heavy particle be allowed to do3i;ead 
the groove (supposed smootb), prove that its acceleration is ; sin i ain a ; where 
I denoten tbe inclination of the plane. 

10. If two vertical circles have a common highest point, then if any line be 
drawn from that point, the time of descending nie portion intercepted between 
the circles is constant. 

11. Find the right line of quickest descent from a point to a given right 
line lying in the same vertical plane as the point. 

1 2. Find the right line of quickest descent from u given right line to a given 
vertical circle. 

13. Find the lines of quickest and slowest descent between two vertical 
ULTOlea which lie in tbe some plane. 

14. A pmboU whoBB latus rectum is^ is placed in a vortical plane, vith its 
mis horizontal. Find the inclination of tbe normal terminated by the axis down 
which a particle would descend in the ihort««t time, and Qnd the time of ita 
descent. 

Jn», i = 45'. lime 



= # 



16. Find the latus rectum of a parabola, so lliat when it is placed ii 
tical plane with its axis horizontal tbe least time in which a paiiicle falls f 
rest down a normal from the curve to the axis may be one second. 



descent from a given poiut to a given ^ ^ ... 

iiial at its extremity and the vertical ; and verify the result goometrically. 

18. An ellipse is placed with its major axis vertical ; And tbe semi-diameter 
along which a particle will descend in tlio shortest time possible from 
i:uniferenco to the centre. 

^ru. It makes with the axis major tbe angle gec-'(BV2), where 

eccentricity. If «< — tbe line of quickest descent is the luus major. 



Parabolic Motion. 

30- It is required to dmw to k given right linn from n giren point > line sudi 
tliat if a licayy portiule move along it, starting with a sivcn velocity, the time of 
reaohiag the given line may Iw the least possible. Find an equation tor dol*r- 
mini ng the inclination of tlie required line. 

31. AB is a quadrant of a circle whose contre is O, the radins OB being 
hooRontal; Cia a point on the quLidrant, und the ungle HOC = S. Show tbnt 

I e 
the time of lalling ftom A to Chto that of fulling from C to £ as J<'ob- tn 

Section II. — Parabolic Motion. 

46, Patb of a Projectile, — We Have hitherto considered 
rectilinsar motion ; we now proceed to the case of a par- 
ticle projected in any direction, and acted ou only by the 
force of gravity, which is supposed to be nniform. 

In this case it ie easily shown that the path* described bij 
i he projectile ia a parabola. 

For, suppose a. body projected from with the velocity V, 
in the direction OX, and draw Y 
vertically downwards. 

Let ON he the space which the 
body, moving with the velocity V, 
wotild descjibe in t aeconds ; then, ^ 
if no force were to aot on the body, ^ - 
iV would represent its position at 
the end of that time. 

Again, as the force of gravity acta in the direction OY, it 
will produce its effect in that direction, by the Second Law of 
Motion, independently of the previous velocity of the body : 
i. e. it will produce the same effect as if the body fell freely 
from rest. Measure off, accordingly, OM = i^g^, then OM 
repreaenta the space moved through in the vertical direction 
in tlie time t. 

Complete the parallelogram OMPN, and by the combined 
effect of the two motions P will be the position of the projec- 
tile at the end of the time t. 

Let {x, y) be the co-ordinates of P referred to the axes 
OS and OY, and we have 

a^ = OiV = vt, I! = 0M~ ye. 

a undsiEtond the path ds- 





38 Paraholie Motion. 

If t be eliminated tetween these equations, the equatioa of 
the path described ia ny^ 

This equation represents a parabola, touching OX and having 

If B be the height due to the velocity V (Art. 37), the 
equation of the parabola becomes 

«= = 4_Sy. (2) 

47. Construction for Focns and Directrix, — From 

the preceding equation it follows (Salmon's r 

Conic SedioM, Ai-t. 214) that ^is the dis- ' 
tance of from the focus of the parabola, 
and also from its directrix. 

Hence, if OD be measured vertically 
upwards equal to IT, and DM drawn in ^^ 
a horizontal direction, the line DM will be 
the directrix of the parabolic trajectory. 

Also if OF be drawn through 0, making the angle XOP 
= L XOD, and if we take OF^OD; then F will be the focus 
of the trajectory. 

Hence, as the foeus and directrix of the curve are known, 
it is completely determined. 

Again, the velocift/ at any point in the trajectory is equal \ 
to that which the body xcould acquire in falling from the direc' * 
trie. 

We have seen that this property holds for the point of 
projection : moreover, after passing through any point tlia 
body will move in the same path as if it had been projected 
from that point, in the direction and with the velocity that 
it has at the instant ; therefore the property holds for any 
point in the path. 

Hence, whenever the velocity at any point is given, the 
position of the directrix is completely detenpined. 

Dejtnitioii. — The angle which the direction of projection 
makes with the horizontal is called the aitg/e of ehrafioH of the 
projectile. 

48. norizontal Range and Time of Fiigbt. — ^Let 
R be the point in which the projectile strikes the horizontal : 
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plane through ; then OE is called the horizontal range, 
and the time T of describing the 

corresponding path is called the ^^^ 

time of flight. 

Through R draw -BQ in the 
vertical direction. 

Let OR--R,L QOR =e; then 
we have 

OQ = FT, Qi2 - ^gTK 

But QR = OQ sin e ; hence we get 

tJ^'^\ (3) 

9 

Also R = OQ cose = FT cose = 2 — sine cose ; 
therefore 22 = 2-3" sin 2e. (4) 

If Fbe giveti, the horizontal range is the greatest when 
sin 2e = 1, or e = 45°. 

The maximum horizontal range is accordingly 2H or 
double the height due to the velocity of projection. 

49. Range and Time of Flight for an Obliqae 
Plane. — ^First suppose it an ascend- 
ing plane, and let i be its inclination, 
and e the angle of elevation QOW. 
Then, as before, we have 

OQ = FT, QR = ^gr. 
But in the triangle QOR^ we have 

QR _ sin (e - i) ^ 

OQ cos i ' 
hence 

sin (e - i) _ gT 

cosi ""2F' 
or 

y^2F sin(e-0 

g oosi ' ^ ^ 




Also the raDge 

OOB I COS t 

therefore 

2 F' Bin {e - i) ooa e 



(8) 



In the case of a descending plane, it is easily seen that 
the range and time of flight are obtained by changing the 
sign of t in the preceding results. 

For given values of V and i, R becomes a maximum when 
Bm[e-!jGosc is a maximum, or when 

sin (2e - /) - sin i is a maximum ; 

but this is greatest when 



2e-i = 90", 



= i(90'. 



Hence, the direotion of elevation for a maximum rang* 
bisects the angle between the vertioal and the inclined plane. 

Again, since in this case OB = RQ, the maximum range 
and the corresponding time of flight are connected by the 
relation 

M . yr: 

From the value of e found above it follows immediately 
that the focus of the parabola, in this case, lies on the in- 
clined plane. 

'jO. GicMt the Velocity qf projection to find the elevation in 
order to strike a given object. — Here, in formula (6), we are 
given V, R, and i, to find e. Hence, sin {e - i) cos e is given, 
and therefore sin (2e - i) is given, from which e can be de- 
termined. 

The problem admits of a simple geometrical investigation 
also, as follows : — 

Let be the point of projection, and jp the position of 
the given object. Then since the velocity of projection is 
given, the position of the directrix HK is kuovn- 



bA 
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Hence, with and P as centres, describe circles toaching 
the directrix, and let F, F be their 
points of intersection. These points 
are obviously the foci of the two pa- 
rabolic trajectories which satisfy the 
proposed conditions. Hence the pro- 
blem admits in general of two solu- 
tions. 

The corresponding direction^ of projection are found by 
bisecting the angles FOH and FOH^ as is obvious from the 
elementary properties of the parabola. 

The problem becomes impossible when the circles do not 
intersect. 

The range in the direction OF is obviously a maximum 
when the circles touch one another. In this case there is but 
one solution, and the focus of the parabola lies in the line OF<t 
as already seen. 

51. Trajectory referred to Tertieal and HorisEon- 
tal Axes. — Suppose OX and OJTto be the horizontal and 
vertical lines drawn through the 
point of projection 0, and let a?, y 
be the coordinates of P, the posi- 
tion of the projectile at the end of 
any time t. 

Let OQ, be the direction of 
projection, and resolve the initial 
velocity V into its horizontal com- 
ponent, Fcose, and its vertical, Fsine. Then, since the 
force of gravity has no effect on the horizontal motion, the 
component Fcose remains constant during the motion; con- 
sequently we have 

X = ON ^ Vtoo^e. 

Also, for the motion in the vertical direction, we get 
(Art. 37), ^ ^ y^^^^^ _ ^^^.. 




therefore 



g^ 



= iptane - 



X' 



4:Hoos'^e' 



(7) 



This equation represents a parabola, whose axis is vertical, 



Again, if V be the velocity at the point P, and ip the angle 
the dii'Bction of motion maies with the axis of x, we have 

vooatp = Fcose, and osin^ = Feine - gi; 

hence, tr" = f^eos'e + ( Fsin e - gtf, 

= V-'ig{VtBme-igf) 

= V'-^gy = 2g{M-ij). 

Hence, as already shown otherwise, the velocity at any 
point ia that acquired by a body falling from the directrix. 

52. Height of Aseent. — Since vertical and horizontal 
motions may be considered separately, it follows that the 
greatest height above the horizontal plane is that to which a 
body projected vertically with the velocity V sine would 
aaoend. This (by Art. 37), is 
F'sin' 



Also, the time of ascent is 



or iZ'sin't. 
V sine 



from the some Article : 



a result which can also he obtained by finding the maxi- 
mum value of y in equation (7). From these the same ex- 
pressions as before for the rouge and the time of flight can 
be easily deduced : for, the whole time of fiiglit ia obviously 
double that of reaching the highest point ; and the range iB 
got by mulliplying the value so found by V cos e. 

53. IfPT. P^The the tmigenh at two poind P, P" on a 
parabolic trajectory, and v, v the cor' x 

responding velocities, to prove that 
c:v' =PT:P'T. (8) 

For, the line joining T to the 
middle point of PF' is vertical, 
being parallel to the axis of the parabola. Again, let 

a^ I TPP', a' = L TF'P, ^ = L PTL, ^' = L F'TL. 



Projectiles. 



4a 



Then, since the horizontal component of the velocity at P 
is equal to that at P', We have 



or 



Also, since 



we get 



1? sin /3 = t^ sin /3', 

V __ sin j3^ PT 
/ " sin /3 " P^r 

PT mia 
PT^sina' 

t? sin a « / sin o'. 



(9) 



• 64. Itemma. — If $ be the angle BDC which a right line CD drawn from 
the yertez makes with the base of a triangle ABC, we have 

AB cot e = BD cot A- AD cot B. (10) 

For, draw CiV perpendicular to AB^ and we have 

AD , BD 

cot A — cot(> = — -, and cot(> + cot-B = -zrrz ; 

Cy UN 

therefore 

AD (cot e + cot-B) = BD (cot -4 - cot d), 
or 

-4^ . cot = 5i) cot-4 - AD cot 5. 

Again, if a and )3 be the angles which CD makes ^ 
with AC and BC respectively, we have 

AB cot e = -4i) cot a - ^i> cot j8. 

This follows at once by drawing AE parallel to BC, and applying the pre- 
ceding result. 

55. Being given the direction and the velocity of projection ^ 
to find the velocity with tchich a projectile would strike an oblique 
planCy and also the direction of its motion at the instant^cf 
impact. 

Let i be the inclination of the plane to the horizon, then, 
by the preceding lemma (see figure on last page]. 




cot a - cot o' = 2 tan i. 



(11) 



Hence, the angle a is determined from the known angles 
a and i. 



Parabolic Motion. 
-gam, Bin 06 i'sina = u'sinn', we. 






wliich determines v'. 

If the projectile impinge at right angles on the plane, we 
have a = 90° ; therefore oota = 2 tan i, which determinea a, 
or the corresponding angle of elevation. Also the velocity 
with which the projectile strikes the plane is usina in this 



56. niotloii OD a Smooth Inclined Plane. — In OUT 

discussion of motion on an inclined plane in Art. 41 the 
moveable was supposed to start from rest : iu this case the 
motion ia rectilinear. It is also rectilinear if the initial 
motion has place in the direction of the line of greatest slope 
in the plane. I3ut when the body is projected along the plane 
in any other direction the problem is the same as that pre- 
viously discussed, namely, the motion of a projectile acted oa 
hy a constant force, parallel to a given direction. Its path ' 
along the plane is, accordingly, a parabola ; and its axis ifl 
in the direction of the line of greatest slope. 

67. noria's Apparatus. — We conclude with a short 
description of the apparatus, designed by Poneelet, and coa- 
structed by Morin, for experimentally exhibiting the laws of 
falling bodies, 

A cylinder ia made by clock-work mechanism to revolvfli 
around a fixed vertical asis, A weight is suspended at the' 
summit of the cylinder close to the outer surface and between 
two vertical guides. When the rotation has become perfectly 
uniform, the weight is allowed to fall. A pencil, attached to 
the falHng weight, is so arranged as to trace a line on a sheet 
of paper, which is wrapped tightly around the revolving 
cyHnder. When the paper is taken off and unrolled on a 
plane surface, the curve traced on it by the pencil is found 
to be a parabola. 

That this curve is a parabola maybe shown iu the follow- 
ing manner : — 





Morin's Apparii/us. 

Jjei GP'P represent the ourre traced out by the pencil. 
Draw the tangent GL to the curve 
at the initial point G, and at any 
point P draw the tangent PL, and. 
erect LF perpendicular to it at the ' 
point X. Make a corresponding con- 
struction for the other points oq tho 
path ; then the lines LF, L'F, &c., 
are all found to intersect in a com- [ 
mon point F, This is a character- ^ 

iatio property of the parabola which has its focus at F, and 
its vertex at G. Having found the curve to be a para- 
bola, we can show that the motion of the weight has been 
uniformly accelerated. Let PM, PN^ be the coordinates of 
P, referred to the axes GL, GF, then if t denote the time in 
■which the moving weight arrived at the position P, the line 
PM will be equal to the arc of the circle through which a 
point on the circumference of the cyhnder has rotated in the 
time I. Let V denote the constant velocity of any point on 
the circumference of the cyhnder, and we get PM = Vi. 

Again, from the property of the parabola. 



Accordingly 



PM'' 



MG' 



~4F0 


y.MO. 


PIP 


V 


iFO 


iFB 



but MG is the space through which the weight has descended 
vertically in the time t ; henco the spaces described by the 
falling body vary as the squares of the times ; its motion 
consequently is uniformly accelerated. 
Comparing with the equation 



that is, the distance of the focus of the parabola from its 
Bummit is equal to the height due to the velocity of a point 
OD the surface of the rotating oyhnder. 

The student can easily prove that the parabola described 




Parabolic Motion. 



izontallj from a M 



ia the same as that of a body projected horizontally i 
point with the velocity V. 

58, In the preceding investigations we have neglected the 
effects of the resistance of the air. When this is taken into 
aoconnt the problem becomes one of great uncertainty, arising 
from the law of resistance of fluids not being accurately known, 
and from the diffioultiea still, remaining in integration of the 
equations of motion, when the law of reaiBtance is assumed. 
The most generally received theory is that the reaistanoe of 
fluids is proportional to the square of the relative velocity of 
the fluid and the moveable. When the resistance of the air 
is taken into account, it is easily shown that the preceding 
results are not even approximate, especially in coses of high 
velocity ; such, for instance, as shot and shell projected by 
artillery. 



= is°. 

2. If a, number of partjclu he projected eimidtfljieously from the same piuiit 
with a common velocity, but in different directions, prove Ibat at an; eubie- 
qiient instant Ihej will oJl he situated an the eurface o! a Bphere. 

3. Given the homontal range and the time of fi^ht uf a projectile ; Gnd it* 
initial velocity 

i. If a hoily he projected ohliquely on a Bniooth inclined plune, the path in 
which it mavos will be a parabolu f Findthe position of the focus ojid directrix 
of the parabola when the initial velocity and direction of motion ore given. 
I. Given the velocity with which a shot is projected from 



ing through that point. 

fl. If a body bo projected with a velocity of 100 feet per second from a height 
of 66 feet above tho ground, in a direction making an angle of 30° with iha 
horizon : find when and where it will strike the ground. 

Ans. Tims = if sec. Eange = 357-23 feet, 

7. If -i, B be two points on a parabolic trajectory, prove that the tims of 
passage from one to the other is proportional to tan ^ — ton p' ; where p, ^' 
represent the inclinations to the honiton of the tangents drawn at A and S. 

S. Given the initial velocity, find the angle of elevation, that a projeotOv 
Bhould just clear a wall at a given distance from the point of projection. Find 
alio the distonco at which tho body strikes the ground afterwurda. 

9, A piece of ordnance, under proof at Woolwich, at a distance of 60 yardi 
from a wall U feet high, burst, and a fragment of it originfllly ia contact witi 
the ground, after just grazing the wall, fell 6 feet beyond it on the oppodta 
ude. find how high it lou in the air. 



^ 
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10. When the velocity of projection is given, all the parabolas which can be 
described in the same plane by a projectile are enveloped by a fixed parabola : 
prove this, and hence &id the maximum range on a given plane. 

11. A body is projected with a velocity of 100 feet, in a direction inclined at 
an angle of 60° to the horizon : find its leeist velocity during the motion, and the 
time of attaining it. Ans. 50 feet, 2*7 seconds. 

12. If two bodies be projected simultaneously, with a common velocity, 
from the same point on an obUque plane, one upwards and the other downwards, 
and if the directions of their projection make equal angles with the inclined plane : 
show that the times of flight are equal. The motion is supposed to take place 
in a plane peipendicular to the inclined plane. 

13. With what velocity should a projectile be discharged at an elevation ol 
30°, so as to strike an object at a distance of 2500 feet on an ascent of 1 in 40 ? 

14. Find the latus rectum of the parabola described by a projectile. The 
velocity at the highest point of the path is Fcos^, but it is also equal to 
the velocity acquired in falling from the directrix (47); therefore the latiis 

rectum is cos'tf. 

9 

15. If a body be projected from the x)oint A in the direction AC, and from 
any point C in the line a vertical line CD be drawn, meeting the curve described 
by the projectile in D ; again, if By the middle point of AC, be joined to D, show 
that £1) will be the du:ection of the motion at J), and that the velocity at J) will 
be to that at ^ as BD is to AB. 

16. A number of bodies slide from rest down the chords of a vertical circle, 
starting from its highest point, and afterwards move freely : prove that the locus 
of the foci of their paths is a circle whose radius is half Uiat of the given circle. 

17. If bodies be projected from the same point with velocities proportional 
to the sines of their elevations, find the locus of points arrived at in a given 
time. 

18. Two bodies are projected simultaneously from the same point with equal 
velocities, but in different directions : prove that the line which connects their 
positions at each instant moves parallel to a given line. 

19. Two particles are projected from a point with equal velocities, their 
directions of projection being in the same vertical plane — t, t' being the times 
taken by the particles to reach their other common point, and T, I" the times 
of reaching their highest points. Show that tT+t'T' is independent of the 
directions of projection. — Camb. Trip., 1876. 

20. If two particles be describing the same parabolic trajectory, prove that 
the right Une connecting them envelopes an equsl parabola. — Ibid, 

21. A train is moving at the rate of 60 miles an hour when a ball is dropped 
from the roof inside one of the carriages. Prove that the ball describes a para- 
bola in space, and find the position of the axis and directrix. 

If the height of the carriage be 9 feet, and the ball rebound from the floor 
without loss of velocity, describe by means of a figure, drawn as nearly as you 
can to scale, the path of the ball in space so long as the motion continues. — 
Ind. Eng. Exam., 1876. 




Friction. ^^H 

22. Find tlie directioo in which a ri£a must be pointed in order that the 
bullet may strike a body let fnll from a baUoun at the instant nf firing. Find 
also the point at n-biub the bullet meets the body, Buppoaing the balloon to bo 
220 yards high, the angle of eleration from the position ol tlie rifleman 30°, and 
the velocity of the bullet two milea per minute. — Ind. Civ. Serv., 1878. 

Section III. — Friction. 

59, £>aw8 of Dynamical Friction. — Before completing 
our diBcussion of motioa imder the action of a ooDstant force, 
it is desirable to make a few obeervatioiiH on the resistance, 
arising from friction, wliich takes place when one body slides 
on another. We shall consider only the case of motion along 
a fixed plane, and shall assume that the roughnessof the plane 
is the same throughout. Under these circumstances the laws 
of friction — as estabHshed by experiment — may be stated as 
followH. 

(1). The resistance caused by friction against the motion 
of a body sliding on a uniformly rough plane ia proportional 
to the normal pressure which the body exerts against the 
plane. 

(2). It ia independent of the amount of surface in con- 
tact. 

(3). It is independent of the Telocity of motion. 

(4). The ratio of the friction, during the molion, to the 
normal pressure is called the coefficient of Dynamical friction. 

(5). The friction between two substances in motion is in 
general less than the friction in the state bordering on motion^ 
or the Statical friction. 

(6). The mutual friction varies with the nature of the 
surfaces in contact, and can be much diminished in amount 
by the use of unguents, as also by polishing the surfaces in 
contact. 

The student will observe that the laws of Dynamical fric- 
tion are in every respect similar to those of Statical friction 
(Minchin's Sialics, Arts. 34-36). 

For fuller information on the laws of Friction the student 
is referred to Jellett's Theory of Friction. 

60. notion on a Rough Horizontal Plane. — Let W* 
be the weight of a body sliding on a uniformly rough hori- 
zontal plane, and n the relative coefficient of fiictiou ; then. 



Motion on a Rough Indined Plane. 

as in this case the normal preasure is reprssanted by W, the 
friction is nW', and since it acts as a retarding force we eet 
by Art. 39, 



Accordingly, sahstitutiDg — ^17 for / in the equations of 
Arifl. 34, 35, and 36, we get 

v^V - fxgt 

s = n - i i^gi' 

By means of these equations the motion is completely 
determined whenever ji, the coefficient of friction, and V, the 
initial velocity, are known. 

To find when the body ia brought fo rest by the friction, 
we make i^ = in the first of these equations, and the required 

y 

number of seconds is — . Again, the space moved over be- 

fore the body ia brought to rest is given by lugs = V". 

61. SIotlOD OD a Rough Inclined Plane. — Suppose 
a body of weight IF" to slide on a uniformly rough plane, of 
inclination i; then resolving W into its oompoDcnts, TFcost 
and W&mi, the former, Wqq&i, represents the presHure on 
the plane ; and aooordingly the friction is represented by 
fiWoG&i; and since it acts against the motion, we have for 
the total force producing motion down the plane the expres- 
sion Wsaii - fiWooBi, If this value be substituted for if in 
equation (12), Art. 39, we get 



/= j[sini - n cos*). 



(3) 



If tjt be the limiting angle of resistance for the plane, i.e. 
ii fi = ta.n<p, the preceding formula becomes 

..^ sin(»-») 

0O8^ ' 

for a body sliding down the plane. 

The corresponding equations oonneoting velocity, time. 



^ 



J 





Mbmentttm. 

varies in the same proportion as the quantity of matter or 
mass of the body. 

Again, if the mass remain the same, F varieB as the acoe- 
leration/(Art. 39). Hence, if the mass and the ocoeleration 
both vary, the force must vary as their product ; i. e. as mf. 

T/te product of its mass and the mlocitj/ which a body has at 
atiy inetant is called its guantitij of motion or momentum at 
that instant. Accordingly we conclude that F varies as the 
quantii-y of motion it can generate in one second (taken as the 
unit of time), the force being supposed to act uniformly 
during that time. Consequently, by properly assigning the 
units of force and of mass, we may write this result in the 
form" 

F=mf. (1) 

Since the velocity ((/) which gravity can produce in ona 
second is the same for all bodies, the quantity of motion 
gravity can generate in one second in a falling body of mass 
Vi is represented by mg ; hence equation (1) assumes in thig 
case the form 

W^mg; (2) 

in which the units of mass and weight are connected in eudi 
a manner that when one is fixed the other is also determined, 

6;j. AbBolDte Unit of Force. — From equation (1) the 
unit of force is defined aa the force which acting uniformljf 
during the unit of time on a unit of mass produces a unit of 
velocity. This ia called by Gauss the absolute unit of force. 

The most convenient unit of mass in the British Isles iS 
the mass contained in one standard pound avoirdupois. 

Hence, adopting as before a second as the unit of time, 
and a foot as the unit of length, the absolute unit of force is 
that which acting during one second would produce in a 
Btandard pound mass a velocity of one foot per second. Tliis 
unit of force is sometimes called a pomiiiah Hence, if 
g = 32'19, with reference to the preceding units the unit of 
force is T^n part of the attraction of the earth, at London, on 
a standard pound; i.e. about half an ounce, approximately. 




Graaitation Units of Force and Mass. 

In the metrio system the force which in one second would 
generate a velooity of one centimetre per aeoond in a gramme 
of matter ia called a ilym. Hence, since 1 lb. = 45;J-6 grammes, 
and 1 foot = 30*48 centimetres, one poundal ia approximately 
13825 dynes. 

64. Gravitation Units of Force and Masi. — In 
practical questions concerning bodies on the earth's surface, 
it is in general more convenient to measure forces by weights, 
and to speak of a force of so many pounds weight. In this 
system the unit of force is the weight at some definite place 
(London) of the pound mass, or of a kilogramme when the 
metrio system is taken. This is called the gravitation or 
statical measure of force ; and since the unit of force in this 
system, acting on one pound mass for one second, produces 
a velocity of 32'19 feet per second, we see that this unit i£ 
32'19 times the absolute unit. Moreover, since the weight 
of a body varies, within certain small limits from place to 
place (Art. 37), when scientific accuracy is required we must 
correct for the change in the value of g due to any difference 
in altitude or latitude from those of the place to which the 
Btandard was originally referred. 

In practice this correction seldom requires to be taken 
into account, as the variation in the value of g is generally 
too small to affect the result appreciably (Art. 38). 

ESAldFLEB. 

1. Au ounce being tn^cn oa the iinit of tn 
and an iuch us the umt of length, compure tbi 
one pound. 

Here tbo unit of force U that whioli in one sewind would geaemte a Telocity 

of one mch per second in on ounce mass ; and therefore is — r — — ^^r-^ part 

of the weight of one pound, or 1 BB grains. 

2. Determiiie the unit of time in order that g may be eipressed by imity 
when the foot ia the unit of length. j _ 

Am. - Va aooonds. 

3. Find the units of space and time in order that the occeleratiun of a body 
foiling in vacuo and the velocity it acquires in one minute may respectively he 
ihe unite of acaeleratiun and of velocity. 

65. Two ClaBses of Forces. — There are two classes of 
forcee to be considered in Dynamics : one, such as gravity and 




Momentum. _^__ 

those hitherto discuSBed, which require a finite time to pro- 
duce a finite change of velocity. Poroes of this clasa, when 
uniform, are, as Baa been stated, measured by the change 
produced in one second {taken as unit of time) in the mo- 
mentum of the body acted on. There is another class, called 
ordinarily impulses, such aa blows, sudden impach, &o., which 
act only during a very short time, but are capable of pro- 
ducing a finite change of velocity in that time. 

These are sometimes called imtajitaneous forces; it is ne- 
cessary, however, to observe that force in all cases requires 
some time to produce its effects, though that time may be 
exceedingly small. In fact, we cannot conceive that a forco 
could produce any change in the velocity of a body if itft 
time of a^tioD were absolutely nothing. 

!Forces of the former class are frequently styled Jtnite or 
continuous forces, to distinguish them from the other class, 
namely, impulsive forces. 

It should be observed that whenever both impuhive and 
finite forces act at the same time on a body, the latter may 
in general be neglected in determining the motion at the 
instant ; since the effects produced by them, in the time 
during which the impulsive forces act, are so small that they 
may be neglected in comparison with the effects of the ' 
pulses. 

66. Impulses. — The measure of an impulse, i.e. of a force 
of great intensity, which acts during a very short time, 
and then ceases, is the whole change in the quanliti/ of motion 
tc/iich it communicates to the body on which it acts. 

Accordingly, the proper measure of all forces in Bynamiol 
is a quantity of motion produced. The two classes of forces, 
considered above, must be considered aa diilering in degree 
but not in kind : an impulse being regarded as a force o{ 
very great intensity, acting during a very short time. 

Examples. 

1. If 1 ball diBctargtd vcrlitally from a gun aecoads to a height h, to what 
*"""'"'' — ■"' "t to aaci'Dil if the ohttrgo of powder be doubled, neglecting thf 




If a shot weighing a ounces vith B charge at p Ounces of powdei ru 
a height of A feet, to what height ought a ehot of b ounces, with a charge of 
- - to aaeend from the aome gun ? I''\' I ^\' 



Genfral JEqitalions of Motion of a Particle. 

67. Cleneral Eqaatlonij of Klotlon of a Particle. — 

Suppose that the force F acta as before in the line of motion 
of the mass acted on, but that it voriea continuously, then we 
may consider that in an indefinitely small portion of time its 
intensity is unaltered. The variable acceleration _/; caused by 
it, ifl determined by the equation F= mf: hence, as in Art. 21, 
we have at any instant 

Hitherto the motion has been supposed rectilinear. In 



the case of curvilinear motion the last equation expresses the 
tangential component of the foroe, and it can be similarly 
seen (Art. 25) that the normal component is expressed by 

tf 
in — . We now proceed to consider the motion of a particle 

P 
of mass m, under the action of any forces. If the particle be 
referred to a system of rectangular axes in space : and x, y, s 
be the coordinates of its position at any instant, i. e. at the 
end of the time i, reckoned from any fixed instant, the com- 
ponents of its velocity parallel to the axes of coordinates are 
(Art. 12) represented by t, y, z. 

Resolve the whole force acting on the particle at the 
instant into three components, parallel to the axes of t, y, x, 
respectively ; and let these components he represented by 
X, Y) Z; then, since by the Second Law of Motion each 
of these forces produces its change of velocity in its own 
direction, we deduce from what precedes (see Art. 24) the 
equations 



(4) 



dt\dtj df 



These are called the differential equations of motion of 
the particle ; and the solution of the problem depends in each 
caae on tlie integration of these equations. 

As already stated, the preceding equations hold for the 
motion of any rigid body, provided the direction of the force 
which acts on it always passes through its oentre of gravity. 
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Section V. — Action and Reaction. 




68. Third Law of notion. — Reaction is always equal 
and opposite to action : that is, the mutual actions of two bodiet 
are always equal and take place in opposite directions. 

On tiiiB law Newton remarks as follows : — " If any person 
press a stone with Viis finger, his finger is pressed by the stone. 
If a horse draw a body by means of a rope, the horse also is 
drawn (so to speak) towards the body; for the rope being 
strained equally in both directions draws the horse towards 
the body as well as the body towards the horse, and impedes 
the progress of one as much as it promotes that of the other. 
Again, if any body impinge on another, whatever quantity of 
motion it ooramtinicates to that other it loses itself (on account 
of the equality of the mutual pressure)." 

Newton verified this law experimentally in the ease of the 
collision of spherical bodies. — See Scholium, Axiomata. 

He also showed that the law holds in the case of the 
attraction of bodies, as follows: — 

Let A, B be two mutually attracting bodies, and conceive 
some obstacle interposed by which their approach to one 
another is prevented. If the body A be acted on towards 
.B by a greater force tban B is acted on towards A, then the 
obstacle will be more urged by the pressure of A than by the 
pressure of B. The stronger pressure should pi-evail, and 
cause the system consisting of the two bodies and the obstacle 
to move in directum towards B ; and as the force is uniform 
the motion woidd be accelerated ad infinitum, which is absurd 
and contrary to the first law of motion ; for, by that law, such 
a system, as it is not acted on by any exteitinl force, should 
continue in a state of rest or of uniform rectilinear motion. 

69. Forces of Inertia. — The fact is that force is always 
exhibited as a mutual action between two bodies; and tluB 
phenomenon, regarded as a whole, is described by the term 
Hiresa, of which action and reaction are but different aspects. 
Thus to the action of a force producing an acceleration of 
motion in a body corresponds an equal and opposite reaction 
against acceleration ; this is called the /ores of inertia of the 
body. It thus follows that the force of inertia of any material 
particle must be equal and opposite to the resultant of all the 
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iorcee which aat on the particle, whether ariBing from the 
action of the other parts of the BjBtem or from that of 
forces external to the Bystem. Hence in the motion of any 
material system, eince the aotions and reaotionB of its difEe- 
rent parts equilibrate in pairs, we infer that there is equili- 
brium between the external forces which act on the system 
and the several forces of inertia of the different partidea of 
which the system is composed. This is equivalent to the 
celebrated principle introduced by D'Alembert, and called 
by bis name, but which is directly implied in Newton's 
Scholium on the tiiird law of motion. This has been observed 
by many writers on Mechanics, but the connexion of New- 
ton's Scholium with the modem theory of work and energ-y 
was first pointed out by Thomson and Tait ; see their Treatise 
on Natural Philosophy, pp. 185-6. 

70. The laws of Motion, like every law of nature, must 
ultimately depend for their establishment on their agreement 
with experiment and observation. Accounts of the different 
apparatus that have been devised for the purpose of verify- 
ing these laws will be found in the hooka especially devoted 
to the purpose, such aa Ball's Experimental Mechanioa. 
The most complete proof of the laws of motion, however, 
is derived from Physical Astronomy. The Lunar motions, 
for instance, have been calculated from equations depending 
solely on these laws ; and the observed and calculated posi- 
tions are found to agree with a precision that could only 
arise from the perfect accuracy of the principles from which 
they were deduced. 

One of the simplest contrivances for illustrating the lawa 
of motion, in the case of falling bodies, is that devised by 
Atwood, which we shall now proceed to consider. ^ — ^ 

71, Atwood'8 niaclilne. — In its simplest / 
form this machine may be regarded as consisting '\ 
of two masses connected by a string which passes | 
over a small fixed pulley. We shall neglect the 
weight of the pulley, and also that of the string, i 
as well as the friction at the axle of the pulley, ^^ 

Suppose W and W to represent the weights 
of the bodies, of which JF'is the greater. 

Xiet T denote the tensioii of the string at any instant : 



58 Aetitm mmd RemeUam^ 

tins ifeosaatLf hj the law of action and re a ction , moat act 
eqnall jy and in fjpfOBiXe directions on tlie two lM)diM& 

Aeoordin^ J, we mar regard the body W as acted on by 
Hie piCMUie W downwuds, and the tendon T upwards ; t. e . 
hj the an^ foroe W - T acting downward^^ — thsxk^ the 
c om«p onding aooelaation /j from Art. «19, is given by the 
equation 

ffindlaily, the upward acceleration of the other body is repre- 
•oited by -^^r— ^. 

Again, as the string is supposed inerientibley the Tolocities 
of the bodies at any instant are equal and opposite, and henoe 
their accelerations also. 

Accordingly we have 



W W ' 




2WW 
W+ IT' 
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igai 



^ ^= nr . HT^ ' (1) 



9 . 9 

therefore w -W = IW+JT)'-, 

9 

/= WTW'9^ (2) 

This determines the acceleration. By it the velocity and 
the qpace described in any time can be readily deduced. 

The most important advantage of this apparatus is that, 
by taking bodies of nearly equal weights, we can make the 

acceleration = — —,g as small as we please. 
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A oomplete aooount of Atwood'a apparatus ia beyond the 
scope of this treatise. In a aubaaquent place we shall conaidar 
the modification required when allowanoe is made for the mass 
of the pulley. 

EzAUFLEa. 

1. A masa of 488 granuDee is fastened to one end of n chord wbioh psnes 
OTor a amooUi pulley. Whit mnaa muat bo sttaohed to the other end in order 
that the 4S8 gramroes may rise through a height of 2DQ centimetres in ID seoonds, 
nsauming g =^ 9SD centimetres P Am. 492 groimneg. 

2. Two weights of 14 and 18 ozb. are suspended by s. fine thread which 
poastB over a sm'iuth pulley, if the system bo free to move ; find how far the 
beavier weight will descend in the lirst three secondi of its niotiou, and also the 
tension of the string. Ant. 18 feet, and ISJoza. 

72. Suppose that one of the bodies is placed on a smooth 
horizontal table, and that the striug, by which the bodiea are 
attached, passes over a amooth pulley placed at the edge of 
the table ; then, denoting the tension of the string by T, we 
hare, as before, 

. W-T 

Again, sinoe the motion of the body on the smooth table 
arises from the tension T, we have 

Eliminating T, we get 

Again, equating the two values of/, we get 

WW 

T (A) 

It may be observed that the tension of the string in this 
case is half of that in Atwood'a machine for the same masses. 

73. Maases on Two Smootb Inclined Planes. — 
Sappose two bodies, of weights W and W', placed on two 
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i, of inolinationa i and i" to the horizon ; and suppose 
innecting string to lie in a vertical plane at right angles 
to the line of intersection of the two inclined planes, and to 
pass over a small pulley placed at the common summit of 
the planes : then, representing as before the tension of the 
string by T, since TfsiQt is the component of TF acting paral- 
lel to the plane, we have 

W 

WBini - T = — /, 



r-JF'8in('= — / 
9 

Wwjii - Want' 



/= 



W+W"^ 



(5) 

(6) 



It is evident that W or W will descend according as JF'sini 
or W^sin i' has the greater value. 

The results of the two former Articles are particular cases 
of the preceding ; and are, accordingly, cases of the formulffl 
(5) and (6). We shall next consider the preceding problems 
for rough planes. 

74. Motion on Uniformly Rough Planes. — Suppose ' 

two bodies connected as in Art. 12, and let ju denote the ' 

coefficient of friction for the horizontal plane. , 

The friction acting against the motion of i(F' is represented | 

hyfiW; hence the pressure producing motion ia T - fi W. \ 
We accordingly have the equation 
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Hence we get 

WW 



W-nW 

J ~ -or . •or' y» V) 



and 



r=-^;^(i + M). (8) 



There can be no motion unless JFis greater than /nJT'; 
as is also evident from elementary considerations. 
Equation (7) may also be written in the form 



^-W'-J^-^w)'- (^) 



from which /i can be determined when JFand W are known, 
/having been obtained by observation. 

By this means the value of ju, the coefficient of dynamical 
friction, was obtained for several substances by Coulomb. 

Again, let /i, /it' be the coefficients of dynamical friction 
for the inclined planes, in Art. 73. 

Since the pressures on the planes are represented by 
TFoost and TF^cosi', respectively, the corresponding fric- 
tions are fiWoosi and fiJF'oosi'; consequently the total 
pressure acting on JT", down the plane, is represented by 

W{Bmi - fiOOBi) - T; 
and we get 

Tr(sint - fxoosi) - T = — /. 

And, similarly, 

T- jr(sin»' + /i'cosfO = — /. 

Hence, we have 

TF(^i - fioo^i) " TT^fsinf^ + M^oost^) .^^. 

and T- -== — = (sinf + sint' + j/ooai^ - jucost) . (11) 

It t rr 
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1. If the two equal maeeGs in Atwood'e mu^Mne be eiiit 1 111. ; regnired 
Iho aiJditianal maas wHch, added to one of them, would generate s velooi^ of 
one foot in each maBB at the end of the firet eecond. . ^ ii. 




,se, find the lensioQ of the string wbidi o 



3. Two smooth inclined pknea are placed bact to back : the inclination of 
one is 1 in 7, and of the olber 1 in 10 ; it mass of 2Dlbe. is pliuied on the find, 
and ii connetted by a string, with a masg of 30 lbs. placed oa the second plane. 
Find the acteliinLtion of Ibe descent, and the tension of the string. 

4. A niiti<9 of IDlba., falling vertically, draws a mosa of ISlbs. ap a unooUi 
plane, of 30° inclination, by a string passing over a pulley at tbe lop of the 
plane. Find the acrcteration, the apace fallen through in 10 seconds, and tbe 
tension of the string. g , .„ „ ,v 

^ni. /= 7^. » = S?, r=Blb«. 

n. A body, descending vertically, draws nn equal body 25 feet in 2^ seconds 
up a smootb plane, inclined 30° to the horizoc, by moaos of a string passing over 
a pnlley at the top of tbe plane. Determine tbe corresponding value of g. 

Am. 33. 

6. Given the height, R, of a smooth inclined plane, find its length so that a 
giien weight P, descending vertically, shall draw another given weight Q up 
the plane in tbe least possible time. , 2Qh 

An>. ~. 

7. A mass P, faUing vertically, drawl anolber, Q. by a sliing passing over ft 
fixed pulley : if, at the cad of ( seiands, the connecting string be cut, find the 
height to which C will ascend afterwards. //"- Q\'?'- 

''"'■ [rraj T- 

5. A mass, banging vertically, draws an equal mitss along a rough horisontal 
plane. If at tbe eod of one .aecoud the string be cut, find how far the mass 
will move along the plane before it is brought to rest by the friction. 



l^^ll. In 



In Uie previous exunple, fiod at what inttant daring tlie motiDn llie 
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string should be cut in order that the mass should just reach the edge of the 
table ; and find the whole time of motion. 



Ans. 12^— seconds, - ^66 seconds (q.p.) 



12. Two masses move on two smooth inclined planes, whose directions are at 
right angles to each other, and 'are connected b^ a string passing over the inter- 
section of the planes. If the tension of the string be a maximum, find the in- 
clination of either plane to the horizon. Ana. 45°. 

13. In a single movable pulley, when there is equilibrium, the power and 
the weight hang by parallel strings. The weight being doubled, and the power 
halved, motion ensues. Prove that if the friction and inertia of the pulley be 
neglected, the tension of the string will be unaltered. (Camb, Trip., 1874.) 

14. In general, if P be the weight attached to the movable pulley, and Q 

that to the other end of the string, prove that the tension of the string during the 

SPQ . 2Q-P 

motion is -= — j^ ; and that the acceleration of the movable pulley is — — — r ff ; 

the friction and inertia being neglected as before. 

Let T denote the tension of the string, /the acceleration of P, and/' that of 

f f 

Q\ and we have 2T- F^F^-, Q- T= Q-^— ; but /^ = 2/; therefore, &c. 

P 9 

15. A train is travelling at a uniform rate on level rails. W is the weight 

of the fore portion of the train, and W that of the brake-van at the end of 

the train. If the brakes be applied to the brake-van, find the stress produced on 

the couplings between it and the next carriage, assuming /u to represent the 

coefficient of friction. WW 

Am. u.-T==. — ==;• 

16. In Atwood's machine, if the descending weight be a rigid homogeneous 
vertical rod ABy prove that the longitudinal stress at any point P of the rod, 

JBP 
during the motion, is represented by — - T, where T is the tension of the string, 

AB 

17. In Atwood's machine if the pulley be rough, and if the effect of friction 
be to prevent motion until the tension of the string at one end be greater than 

that at the other by -th of the latter tension, prove that the effect on the accele- 

ration will be the same as if the pulley remained smooth and the smaller weight 

were increased by -th. 

18. In Atwood's machine, a mass P is attached to one end of the string, and 
two masses, Q and R, to the other end, where Q-\- R>Fy and P> Q. After 
the united masses Q and R have descended s feet from rest, R is detached : find 
how much further Q will move before being brought to rest. 

Let / be the acceleration in the first stage of the motion, f that in the second, 
9 the velocity at the instant R is detached, x the required distance ; then 

2/r = t'3 = 2/V; 
therefore x^j^s^ fTqVR' P^Tq'' 
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IMPACT AND COLLISION. 



75. Collision of HomogeneouH Spheres. — In this ctiap- 
ter it is proposed to consider some elementary cases of impact I 
of solids, but priuoipally the collision of homogeneous spherical 
hodies, moving without rotation, whose centres, at the instant 
of collision, move in right lines lyiug in the same plane (all I 
friction being neglected). 

There are two cases to be considered, according as the 
oentrea of the spheres move in the same or in different right 
lines. The former is called direct, the latter oblique collision. 

We commence with the former case, and at first suppose 
the centres to move in the same direction along the line. 

76. Direct Collision. — Let M and M' represent the | 
masses of the bodies, V and V their velocities before, v and ] 
if those after, colhsion. We also suppose M to impinge I 

o--"'- . ... . i 

The whole impact may be divided into two stages. During 
the first, the bodies compress each other, and the impinging 
body M, moving with a greater velocity than the other, aooele- 
rates its motion, until the exact instant at which their mutnal 
compression is the greatest, and when they are moving with 
a common velocity. During the second stage, the bodies J 
tend to revert to their original shape, and the forces thuB'J 
brought into play, called the forces of rcstiiution, tend to I 
cause the hodies to separate by still further diminishing I 
the velocity of the impinging body, and increasing that c3' J 
the other. | 

Suppose H represents the common velocity at the instant .1 
of greatest compression ; then the quantity of motion lost by I 
M during the first stage of the shock is M{ V - u}, and tbtut 1 
gained by M' is M.\u - F). 



^A 
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These are the measures, by Art. 66, of the entire mutual 
forces which aot during this stage of the ooUision ; and, by 
the Third Law of Motion, they must be equal and opposite. 

Hence, we have 



M{V-'u)=M'{u- V'}. 
" M+M' ' 



(1) 



In the case of perfectly iwn-eloiiic bodies, in which no 
forces of reBtitutiou are brought into play, the bodies would 
proceed after collision to move with this common velocity. 

There is probably no case in nature of a perfectly non- 
elaatio solid. All solid bodies with which we are acquainted 
have a tendency to recover, in different degrees, their original 
forms after being compressed. This tendency arises from 
their elasticity. 

Bodies are said to be perfectly elastic when the forces of 
restitution, brought into play during the seeond stage, are 
exactly equal to the forces of compression, which act during 
the first. In this case the impinging body M would lose 
a further quantity of motion, M{ V — w), equal to that which 
it lost in the first stage. Therefore its velocity v, after the 
^oek, will he equal to 2i* - V. 

In like manner we have t' = 2m - V. Thus we are enabled 
to determine the velocities, v, if, after direct collision, in the 
case of perfectly elastic bodies. 

Bodies are in general, however, imperfectly elastic ; that 
IB, the whole force of restitution is less than that of compres- 
sion. The Law of restitution, as derived from experiment, is 
usually stated thus: — The ratio tohick the whole force of resti- 
tution bears to the force of compression is constant tchile the 
impinging substances remain the satne. This ratio is usually 
represented by the letter e, having been by many writers 
called the modulus or coefficient of elasticity ; but as this title 
IB now employed in a different sense, we shall follow the 
ourrent usage in adopting the name, coefficient of restitution. 

From this law it follows that the quantity of motion lost 
by M during the second stage of the impact bears a constant 
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ratio to that lost during the first ; and similarly for the quan- 
tity of motion gained by M'. 
Accordingly 

M{u - r) = eM{ V- «), M'{t' - u) = eM'{u - r). 

Hence we get 

V- - ,> = e{V - r), (2) 

and MV+M'V = Mr^-M'v'. (3) 

These equations enable us to determine the velooities. 
r, »*, after impact, when those before impact are given, ' 
^80 the massRS M, M', and tbe coefBoient of restitution. 

It should be observed that equation (3) expresses that the 
total quantity of motion of the two bodies is the same afte^ 
impact as before. This result is a particular case of a gena- 
ral principle which shall be subsequently considered («M 
Art. 81). 

The result contained in (2) may be stated thus — In direct 
collision' of two gphf^res, the relatire velocity after collision bears 
a constant ratio to the relative relocity be/ore collision. 

This law was established by Newton, as the result of ex- 
periment (see his Leges Motm, scholium), and the ooeflScienta 
of restitution for several substances, such as glass, ivory, 
steel, tte., were determined by him. 

In more recent times a number of careful experiments 
were undertaken by Mr. Hodgkinson on the laws of restitu- 
tion. The results are to he found in the Eeport of the British 
Association, 1S34, and also in the Transactions of the Eoyal 
Society. His conclusions agree in the main with the law 
laid down by Newton, given above. 

Some of the more important results of Mr. HodgHnson's 
experiments may be briefly stated as follows ; — 

The ooefEcient of restitution diminishes slowly as the 



* Ttiit result is by eome wrilers taken oe the basu of the rational theory of 
collimon. Hawever, the method here given ia that more ususll j adopted ; it baa 
the great advantage ol connottiiiK the prohlom dirmlly witli the considBration of 
force, aod of iUuatmting the principle (Art. 66) that impulsive forces must be 
ropuded u foioei of great iotmaity whoge time □fsctutniaTerf short. 
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velooity of impact increases ; it is independent of the relative 
magnitude of the maBsea. In impact between bodies differ- 
ing much in hardness, the coefficient of restitution is nearly 
equal to that between two specimens of the softer body. 

No perfectly elastio body exists in nature : glass, however, 
may be regarded as nearly so, its coefficient being \^, approii- 
mately, as determined by Newton. 

If the mass M' be supposed at rest, and very great in 
oomparison with M, v becomes very small, and we have ap- 
proximately v = - eV. 

Hence, if a body impinge perpendicularly, with a velocity 
V, upon a fixed plane, it will return back in its former direc- 
tion of motion vrith a velocity represented by eV, where e is 
the coefficient of restitution. 

77. Height of Rebound.— If a body fall from a height 
A on a fixed horizontal plane, then V, the veloeity with which 
it strikes the plane, is equal to ^2gh. The velocity of rebound 
is equal to e F", or e^2gh : hence, if h' be the height to whicli 
it rebounds, we have 

or A' = eVi. (4) 

In all cases of collision the student should be careful to 
give the proper algebraic signs to the velocities. The velocity 
V of the mass M is usually taken as positive ; and hence the 
other velocities will have positive or negative signs, accord- 
ing as they take place in the same or the opposite direction 
to that of V. 

Examples. 



2, A baa of 6 Iba. mass, mOTing at the rata of 10 milee au hour, overtatpB 
anollier of 4 Iba. mass, moving at fi miles on hour : determine their TelooitjcB 
■fiei collidon, aesumiug « = j — the impact being supposed direct, 

n the cstae when the bulla are moTing 
jitu. u = 1, r' = Sj. 
F 2 
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i, A mas of SQ Iba., moving at Iho rate of 10 foet per second, overtakes 
another ma^s of 35 lbs., moving at the rate of 6 ffet per second ; if both moBi ~ ~ 
be perfootlT elaatia, find lieir velodtiefl after tho eboak. 

An,. e = 7J; </ = Hi- 

G. A sphere impinges directly on it sphere of the same maes. If they be 
both perfectly elastic, prove that they interchange velocities, after collision. 

6. A mass drops from a. height of 26 feet above n fixed horizontal plane, ai 
rebounds to a height of 9 feet ; Und the coetBcient of restitution. e = I- 

7. A nutAS of 10 lbs., moring withs velocity of 10 feet per second, impingM 
directly on another of 6 lbs,, suppoeed at reet. If lie coefficient of reetitr' — 
be }, and the duration of collision be iii;1h part of a second, detenuine the 
taha of the mutual pressure between the balls during the collkion. 

Here, we easily find i' = 13. Hence, by Art. 39, we find that the pre 
which, acting for i^glh of a. second, would generate a velocity of 12 feet par 



which, actuig for rJola of a se 
second, in a body of 5 lbs. mass, 



I 187^ lbs. 



■ 8. An imperfectly elastic sphere falls from a given altitude above a hori- 
zotital plane, and rebouods continually : find the whole space desciihed ; and 
also tbe whole time before it is brought to rest ; neglecting the time occupied by^ 
the series of impacts, and also the resistance of the air. 

Let a denote the given altitude, and i the whole space described. 

Then the height of the first rebound h ac= ; that at tbe second a^, &c. 

Therefore i = a + 2ae' + 2ae' + 4c. = « -. 



L, li, &e,, I,, be the corresponding intervals of time ; then 



Hence, the enttie time T it given by the equation 

r--(l + 2s+ 2«> + &o.)=.-\^. 

78. ObUqae Collision. — We now proceed to the < 
of oblique collision ; i, e. where the centres of the spheres 
not tQOviiig in the same right line. 

We shall suppose the spheres to be homogeneouB, and 
perfectly smooth ; so that their entire mutual action and re- 
action baa place along the common normal at their point o£ 
oontaot, which is the line connecting the centres of the spheres j 
and that the lines along which the centres of the spheres are 
moving before collision lie in the same plane. 
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liBt r, V be the velocities at tlie instant of impact ; and 
a, a the angles which the line joining the oentres, at the 
commencement of the collision, makea with the reapeotiye 
directions of motion. 

Let V, v ; ii, ji' be the corresponding velocities and angles 
at the end of the collision. 

Resolve F" into its components, F'oosa and F"Bina, re- 
spectively along and perpendicular to the right line joining 
the centres. Make a similar resolution of the velooities 
after collision. Then, since the forces brought into play 
during the collision act along the line joining the centres, 
the velooities perpendicular to that line are unaffected by the 
collision. 

Hence we have 

^siB<. = t'sin^, FBin«'-r'sin(3'. (6) 

Again, the component velocities r''cosn, &o., along the 
line joining the centres of the spheres, will, by the Laws of 
Motion, be subject to the same relations (2), (3), as those 
already established for direct collision — hence, we obtain the 
two additional equations 

tj'cosjS' - ;'cos/3 = e{ Fcos a - Foos a'). (6) 

Jlf rcos a + M' F'cosa = MtCOB^ + M'lfoQB(i'. (7) 

These, along with the two preceding equations (5), are 
gofficient for the determination of the velocities and the direc- 
tions of motion after impact, when the corresponding velo- 
cities and directions before impact are known ; as also the 
masses and the coefficient of restitution. 

In the case of obUque QolliBion of a sphere against a 
smooth fixed plane, let V be the velocity of the sphere before 
collision, and a the angle its direction of motion makes with 
the perpendicular to the smooth plane ; then F'oos o repre- 
sents the velocity perpendicular, and P'sina that parallel, to 
the fixed plane. 

If V and /3 represent the corresponding velocity and 
angle after collision, since the velocity parallel to the smooth 
place is unaltered by collision, we have 

rsin3= rsino. (8) 
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Again, the velocity perpendicular to the plane will be affected I 
in the same manner as in direct collision, and we accordingly I 
have 

fcoajS = eVooBa. (9) 

Heuoe, by division, we get 

tan Q = e tan (i, 

which gives the direction of motion after impact. 

The angles a, |3 are sometimes called the angles of inci- 
dence and reflexion ; and the preceding result shows that the 
tangeiits of these angles are to each other in the constant ratio 
of the coefficient of restitution to unity. These angles are 
equal in the case of perfectly elastic bodies. 

The subsequent motion of the body depends on thd 
continuous forces which act on it. 
Under gravity only the path is a 
parabola, as in Art. 46 ; and the para- 
bolic path is determined from the initial p\ 
velocity t', and the initial direction of ^. 
motion, /3. 



1. If the mass M' be at rest before coUieion, find tbo diroctiana of motioa 
after oolliaion. , . M + M' 

2. A perfectly ekitic ball impinges obliqaely on anothar of equal mi 
reet ; prove thst the diicctioiii of their luotioua after impiuit ore at right onglN 
to one BQoiher. 

3. A ball impinges OQ another at rest ; prore that if the coefficient of 
tutiun be equal lo the ratio of their maasoB the bolla will more in directic 
right angles to each other, whatever be the direction of the impact. 



4. How is this Btatement to be modiHed in the caao of direct oolliaion P 
The impinging ball is brought to reat by the collision. 

5. A. ball is reflected in Buccessioa b; two fixed smooth planes of the subs J 
•ubstance, wfaich are at right aoglOB to one another ; the ball movee in a plaiM I 
at right angles to tbe intersection of the filed planes. Prove that the directifl^l 
of motion before the first and after the second reOevtioa are parallel. H 

B. A projectile atrikcs a perfectly eUatic wall, which is perpendicular both 
to the horizon and to the plane of the projectile's flight: find the horizoatAl 
range of the reBocled projottile. 

Since the aoglea of incideace and reflection are equal in this case, as also 
. ths Telocities before and after impact, it is OTidont that the poraboiic path of th^^ 
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projectile after striking the wall is equal in every respect to that which it would 
have continued to describe if there had been no wall interposed. Accordingly 
the problem is solved by aid of Art. 48. 

' 7. An imperfectly elastic particle is projected from a point in a smooth hori- 
zontal plane, with a given velocity F» and in a given direction a, and proceeds 
to describe a series of parabolic paths by a number of reliounds from the plane : 
find the whole time elapsed before it ceases to rebound ; and also its subsequent 
motion. 

Besolve the velocity of projection into vertical and horizontal components, 
F'sina and Fcosa. 

The horizontal component Fcos a will be unaltered by the successive impacts, 
and accordingly remains constant throughout the motion : the vertical component 
Fsina will be altered at each impact in the same manner as in direct collision ; 
accordingly it may be treated as in Ex. 8, p. 68. 

Hence if T be the entire time before the vertical velocity F'sina is destroyed, 
we easily get, as in the example referred to, 

arsin g 1 



l-fi 



Again, since the horizontal velocity is constant, and equal to Fcosa, the whole 
range before the vertical velocity ceases is 

r»sin2a 

The body would subsequently move along the plane with the constant velocity 
Vcosa. 

It should be observed that the particle, in this problem, describes a series of 
parabolic curves, one for each rebound. 

79. TIs TlTa of a System. — If any mass m be moving 
without rotation, and if v denote, at any instant, the velocity 
oommon to all its points, then the quantity represented by 
mv^ is called the vis viva of the mass at the instant. In gene- 
ral, in the motion of any system of masses, if each element of 
mass be multiplied by the square of its velocity at any instant, 
and the sum of these products taken for the entire system, 
this simi is called the vis viva of the system at that instant. It 
is represented by the expression 

2 {mv^) 

In perfectly elastic Spheres the Vis Viva is unaltered by CoU 
lision. 

Since e=l in this case, equation (2) becomes F-i^t?= F'+r'; 

alBO, we have M{ V-v) = Jf' (i?'- F). 




Impact and Cotlmott. 
Multiplying we get 

or MV' + M'V'^ = Mv^-yM'^. (11) 

Hence, in direct colliBion, the total m viva is the same 
after collisioE as before. 

It can be eaaily seen that the same prinoiple holds in the 
obliqae coUieion of perfectly elastic spheres. For the preced- 
ing demonstration holds for the components of velocity esti- 
mated along the Une joining the centres of the apherea, at the 
inatant of collision : moreover, the tangential components of 
velocity are unatfeeted by collision ; consequently {sinoe 
F*= F'sin'a+ FVos^'a, &o.) it follows that the total m viva 
is unaltered by collision, in the case of perfect elasticity. 

80. Momentam of any Sy stem In Blotion. — Let 
{x, y, e), [t', f/', z"), {/', If", a"), &c., at any instant, denote 
the coordinates of a number of moving particles, w, m', m" 
&c., referred to a fixed system of rectangular axes ; then, by 
Art. 12, the component velocities of m, at the instant, parallel 
to the axes of x, y, z, are x, y, z, respectively. 

Again, resolving the quantity of motion of wi, in the same 
directions, we get for its components, the expressions 

dx dy ds 

mx.my.ms, or HJ-77, »i -77, m-r,- 

at at at 

If this be done for the other masses m', m", &o., the whole 
qnantity of motion or momentum of the system, at the initatit, 

ettimafed parallel to the axis of x is represented by 2"ii. 

In like manner, the whole momentum parallel to the axM 
of y and a are 2my and S'"2, respectively. 

Again, let x, 1/, z represent the coordinates of the common 
centre of gravity of the system iw, m', &o., at tlie same in- 
stant, we have, denoting the sum of the masses by M, 

Mx = ^mx, My = Smy, Mi = Snw, 

Uoreover, since thew equations hold throughout the 



k Jlo 
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motion, we may differentiate them, ■with respect to the time 
t, and thus we obtain the equations 

_, dS „ dx' 



■-I 



Sm J 



dt dt 



(12) 



Hence the resolved part of the momentum of a system, in 
any direction, is equal to the whole mass of the system mul- 
tiplied into the component of the velocity of the centre of 
gravity, in the same direction. 

8. Conservation of Homentum. — It is easily seen 
that the Momentum in any direction of any system of bodies 
is unaltered by their mutual collision. I'or, under all cir- 
cumstances of collision, the actions and reactions are equal 
and opposite ; and as these forces are measured by the quan- 
tities of motion which they generate or destroy, it follows, if 
two bodies of the system come into collision, that whatever 
momentum, in any direction, is generated by the impact in 
one of the impinging bodies, an equal momentum in the same 
direction must be destroyed in the other. So that the entire 
momentum, in that direction, is unaltered by the collision. 
The same holds whatever number of collisions be supposed 
to take place between the members of the system. 

Hence, we inter that the entire momentum of the system, 
resolved iu any direction, is unaffected by any impacts among 
the parts of the system. 

It can be seen, without difficulty, that the same mode 
of reasoning applies to any case of internal mutual action 
between the several parts of the system, whether arising' 
from attractions, molecular forces, or otherwise : since, in aU 
casoB, to every action corresponds an equal and opposite re- 
action. 

We acoordingly infer that, if a system be only subjected to 
the internal mutual forces between the bodies tehick constitute it, 



^ 



—It follows from (12) tliat - 



i.e. the component 
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the total resolved momenttim in any direction is constant ; i. e. 
2fl) X, S'W y, 2wi a, have constant values during the motion. 
83. CoDBCrvatlon* of Motion of Centre of Oravlt;. 

dr dy dz 

~' di' di' 

velocities of the centre of gravity of a system, will be constant 
throughout the motion whenever the quantities of motion 
Smi, Si" y, Shjc, are constant. 

Hence, from the preceding Article, it followa that the 
velocity, and also the direction of motion of the centre of 
gravity of any system, are constant, whenever the system is 
only subject to the mutual actions and reactions of the bodies 
which constitute it. 

This is a generalization of the principle of inertia con- 
tained in the First Law of Motion, and may be otherwise 
stated thus: — A system of bodies cannot by their mutual aetiotu 
and reactions alter the motion of their common centre 0/ gravity. 

Hence, in such a system, when not acted on hy any 
external forces, the common centre of gravity must either 
remain at rest or move uniformly in a right line. 

83. The general principle, that the entire quantity of 
motion of two or more bodies is unaltered by their mutual 
actions and reactions, fumishes us with a ready method of 
solving some elementary problems. 

For example, suppose two masses, w» and m', to be con- 
nected by a string, and laid on a perfectly smooth horizontal 
table, at a distanoe from each ot)ier less than the length of 
the string. Now, let a given impulse be applied to m along 
the line which joins it to ni, the motion which ensues after 
the string becomes stretched, can be easily found as follows : 

Let m F" be the quantity of motion communicated to m 
by the impulse, then, after the string becomes tight, the 
bodies must move with a common velocity. Let Vi denote 
this common velocity; then, since the whole quantity (rf- 
motion of the two bodies remains the same, we have 
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Consequently they move along the line -with a ooramon 
velocity 

mV 



In this problem we have siipposed the motion one of pure 
sliding ; and we neglect the weight of the string in it as also 
in the next problem. 

84. A mass M, after falling through a height h, from the 
edge of a smooth table, comtaencea to draw by an inextensihle 
string another mass M', tchich rents on the table ; to find the 
telocity communicated to M' at the ittxtant that the string be- 
comes tightened, and also the impiilmve tendon of the string. 

The velocity acquired by M, in oonsequenoe of its fall, is 
represented by ^/%gh ; and since at the end of the impulsive 
strain the bodies are moving with equal velocities, and also 
the quantity of motion is unaltered by the impulsive aotion, 
we must have 




where «i denotes the common velocity at the instant in ques- 
tion. 

Again, the irapnlaive tension of the string is measured by 
the quantity of motion communicated to M'; and accordingly 
is represented by 

If the table be rough, since the friction of the table is pro- 
portional to the weight of M', it may be neglected in com- 
parison with the impulsive force, and we obtain the same 
value for th, as in the case of a smooth fable. 

Again, if the string be extensilile, equation (2) gives the 
velocity of M' at the instant that M and M' are moving with 
. the same velocity. The subsequent motion is determined, as 
in Art, 72, for a smooth, and Art. 74 for a rough, table. 
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' 1. A flphera, of 30 Iba., moTing with a velocitj of 45 feet per Beoond, over- 
takes another, ^of 27 lbs., maviiig 32 feet per BGcond ; if the relative coeSicient 
of elasticity be'S, find their yeloeitiBB after collision, Aru. 34iS, 43f J^. 

2. Two spheres meet directly with equal velocities ; find the rafio of their 
masses that one of them, IS, should be reduced to rest by the collision — (IJ when 
pcrf ecUy olaatio ; (2} for elasticity ». Ans. {\)ll='iM', (2) Jf= J/'{1 +2<). 

3, If two equal and perfectly elastic spbeiea bo dropped at the same instant 
from different heights, /i and K, above a horizontal plajie ; determine whether 
their commoD centre of gravity will ever rise to it« original height. 



« JJ, i. . 



4. A 10 lb. shot is'fired from a gun of 12 cwt., that is quite free to move. 
The velotity with which the shot leaves the mouth of the gun is 1 600 feet per 
second : find the velocity of the gun's recoil. Am. I1'9 feet per seoond. 

fT 6. Three homogeneous apherioal bodies, in, trl, n", are placed with their 
centres in a row. If m be projoclod with a given vfjocity y towards m\ to 
find the magnitude of m' in order that the velocity communicated to ni" by it« 
intervention «l»ill be the greatest possible. 

Let t, s' denote the relative coefficients of realitulion botween m, m', and 
between «', m", respeotivelv. Then, if e' be the velocity of m' after the fint 
collision, we get from (2), (3) Art. 76, 

... "(W.lr 



In like mstmet, if v" be the velocity of m" after the second coUision, we have 
„ Wtl+Qo- _ mm'(H-. )(l+.-) r 



, consequently the masses m 

. . s reasoning is readily extended to the case of any number of sphere* 
placed in d row ; and, when the Erst and lost are given, the masses must be in 
geometrical progression in order (hat the velocity rommunieated tu the tart 
should be the greatest possible. 
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6. Two particles are connected by a string, and laid on a uniformly rough 
horizontal table, at a distance from each other less than the length of the string. 
One of the particles receives a given impulse along the line joining them: deter- 
mine the motion which ensues after the tightening of the string. 

7. Find an expression for the vii viva lost in the direct collision of two 
imperfectiy elastic spheres. 

f^m equations (2), (3), Art. 76, we have 

{mV+m' r')' « (mv + m'i/Y, 
and tnm'e»{r- F')» = fnm'{v - »')'. 

This latter may be written 

fnm'(r- n* = mm'{v - 1;')» + (1 - t^)mm\V - V'f, 
Hence, by addition, 

(m + ni){mr*' + mT'*) = (m + m') (mt;* + mV^) + (1 - ^)mm'{y- T')". 



mm' 



Therefore mV^->,m*V"^^ m^ + mV' + (1 - ^ ; ( V - V'f, 

*• m •\- m 

Accordingly, the vU viva lost by the collision is represented by 

m-\-m 

8. Find the loss of vii viva caused by the direct impact of two balls, one 
weighing 10 lbs. and falling from a height of 20 feet, the other at rest and 
weighing 30 lb. ; assuming tiie coefficient of restitution = ^. 

Ant. i^th of the original vts viva. 

9. A body, after sliding down a smooth inclined plane of given height, re- 
bounds from a hard horizontal plane ; find the range on the latter plane. 

10. A mass M, after falling freely through h feet, begins to puU up a 
heavier mass Mi by means of a stiing passing over a pulley, as in Atwood's 
machine ; to find the height through which it will lift it. 

Let vi be the velocity communicated to Mi by the impulsive action ; then by 

Art. 84, we have vi = — — — - V2^A. 

During the subsequent motion, as in Art. 71, if i is subject to a uniform re- 
tardation — -g ; accordingly, if ^denote theheight through which Jfi ascends 

Jbi -f M 

before it is brought to rest, we have 

<;.'_ M* 
2/ Ml* - M* 

11. An inelastic particle falls from rest to a fixed inclined plane, and slides 
down the plane to a fixed point in it ; show that the locus of the starting point 
is a straight line when the time to the fixed point is constant. {Camb, Trip., 
1871.) 
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11. Two equal belle of railius n are in contact and are etruck Bimullaneauely 
by a ball ofrndiuB e moving in the direction of their common tangent ; if all the 
balls be of the same material, the coefficient of elasticity being t. find the relo- 
citiet of the bslla aiter impsct, and piove tlint the impinging boll will be reduced 

'" T'lLVq ' (a.». r,„., 1871.1 

13. Show how to detenoine the motioQ of two elastic Epherea after direct 
impact, and provu that the relative velocity of each of them with regard to iba 
LtonlTG of moss of the two IB, oftor the impact, rOTcrsed io direction ^d reduced 
iu the ratio e.l, e bebg the coefficient ot restitutioa, 

A aeries of h elastic spherea whose masses are 1, i, e-, &c,, are at rest, sepa- 
rated by intervals, with their centrea on a straight line. Tbe first is made to 
impinge directly on the second with velocity u. Prove that the final ci'i vteaof 
tiie sjalem is (1 - . + e*)ii'. {Hid., 1875.) 



14. .in elastic ball mokes a series o 
plane : to investigate its motion. 

Let i be the inclination of the 
place to tlie horizon, and suppose 
tJie ball projected from lie pomt 
in the plane, in a direction whieh 
makes the angle a with the plane. 
Let^, ^1, &c., 0, be the angles at 
which the hall strikes the plane at 
the first, second, . . . n'* impacts; and 
m, m, . ■ . Bn. the angle 
after rebounding. 

Then by equation d, s. 5i, we bare 



rebounds from n peifootly smooth inelintd 




DtfloCl 



but by (10) Art 78, 



B-2taDi. 
o. - 2 tan i 1 
a-2(l+.)ta 
in general, 
a-2(1 4« + 
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If On be the first of the series of angles which exceeds 90** — t\ we will have 
cot On < tan t. 

If cot a is greater than it can be readily shown that for all values of ti, 

€tn is less than 90° — t ; and in this case accordingly the ball would proceed to 

ascend the plane by an indefinite series of parabolic paths. 

2 tan t * 

But if cot a be less than -i , after a certain number of impacts, the body 

would proceed to rebound d<nim the inclined plane. 

In the particular case where cot a = , or 2 tan « = cot a (1 — $), we have 

e cot ai= e cot a ; .*. ai = a ; 

hence a = ai = a2 = . . . = Om* 

or, all the angles of rebound are e^ual to one another ; consequently the series 
of parabolic paths in this case are similar, and the particle would proceed up the 
plane with an indefinite number of rebounds. 

In general, let ^i, ^2, . . . tn be the times of flight for the series of parabolic 
paths, and vi, 1^2) .. . Vn,. the velocities of the successive rebounds, then by equa- 
tion (6), Art. 49, we have 

2f;sina 2i;isinai 

^1 = r, h = r » &c. 

^ cos t ^ cos t 

But if v' be the velocity with which the ball strikes the plane at the first 
impact, we have 

v' sin jS = V sin a ; 
but by Art. 78, 

vi sin ai = 0t;' sin jS = tft' sin a ; 
consequently 

t2 = eti; also tz = et2=eHif &c. 

Hence the times of flight are in geometrical progression, having e for their 
common ratio. 

If the intervalB of time occupied by the successsive impacts be neglected, we 
get for the time T, of describing the first n parabolas, 

^ COS i 1 — tf 

Again, let J?i, JRzt • . . i^ denote the consecutive ranges on the inclined 
plane ; then, by Art. 49, we have 

jRi - igh^ — -. ' = hffti^ cos t(cot a - tan «). 

'^ sma ' ' 

Similarly, 

J?2 = iffh^ cos t (cot ai - tan «) = Jy^i* cos t («' cot ai - #* tan «) 

= iffeti* cos i {cot o — (2 + tf) tan «} . 
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And, in geoeral, 

= iji*-'ii'eo8i{cota-(2 + 2e-h 



= ij«"-'(i'<: 



+ 2e^ + f-')ttai] 



-ij<^'(i'aL 



n TiingBB ia found to 'be 



If cot a to greater than - — 
hj maUng n = oo ; hence tlis ei 



e get the entire range on the mcllDed plane 



1 9. In tlie preceding eiremple show that the greatest diatancea of the hody 
trma the inclined plane in the auccesaive parabolic paths are in geometncsl pro- 
gtessiou, haling ^ aa their cotnman ratio. 

16. If two bodies, of the same elasticity, be projected wifh the same velocity 
from a pointon an ioolined plane, and H the direotiODS of projection make oqnu 
anglca at opposite ddes of the perpendicnlar to the plane, piore that the eeiiea 
of parabolic paths described, one up, the other down the plane, will be described 
in times which are respectively equal in pairs. 

17. An imperfectly elastic ball falls from a height, h, upon an inclined plane ; 
find the range between the Grat and aocond rebounds. A«i. ttkiini (1 + «). 

18. Ptoyb that, in order to produce the greateat dovintion in the direction of 

a smooth billiard ball of diameter a by impact on another equal ball at rest, tha ' 



former must be projected in n i 
line (of length f) joining the ti 



Q making ai 



■WK 



withtha 



juit balai 
Whet fi 



a distance h sbove it ; find the ti 



» that elapiet before tha hilt J 
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ceases to rebound, and proye that the whole descent of the bucket during this 

Amh t 

interval is rrrrz. T^ rr, whcre iw, M. are the masses of the ball and the 

2 Jf + m (1 — ty- 

bucket, and e is the coefficient of restitution. Camb. Trip.y 1876. 

Let V be the velocity of the ball just before the first impact. The relative 
velocity after the first impact is ev, and the relative acceleration is ^, since the 
acceleration of the bucket is zero. 

Therefore the time during which the ball rebounds is 

— (« + «» + tf8+.. .) a = 2- J—. 

ff g l-e \-e\ g 

Let Fi, F2, Fs, . . . be the velocities of the bucket between the first, second, 
third, . . . impacts. 

,^ „ mil •\- e) „ „ m(l+e) 

and the space described by the bucket is 



g (2Jf + m) (1 - e)2 2M+ m (1 - ef 

(This proof is taken from Greenhill's solutions of Cambridge Problems and 
Eiders for 1875.) 

20. A particle is projected with a velocity F, in a direction making an angle 
a with the horizon, and strikes a vertical wall, at a distance a from the point of 
starting. Find when and where it will strike the horizontal plane drawn through 
its initial position. 

2F'sina 
Ant. T— . The distance from the wall at which it will strike 

9 
the ground = * ( « ) > where e is the coefficient of restitution for the 

particle and the wall. 

21. A large number of equal particles are fastened at unequal intervals to a 
fine string, and then collected into a heap at the edge of a smooth horizontal 
table, wi& the extreme one just hanging over the edgCv The intervals are such 
that the times between successive particles being carried over the edge are equal : 
prove that if <?n be the interval between the n** and the (» + 1)** particle, and 

Vn the velocity just after the {n + 1)'* particle is carried over, then ~= — = n. 

Professor "Wolstenholme, Educ. Times. 
If 1^ be the velocity acquired by the first particle during its fall through the 
interval <?i, we get immediately, fix)m the conditions of^the problem, the two series 
of relations, 

fi = iv, V2 = i{vi-}-v) = iv, t?3 = |(v2 + v) = iv, &c. 

2gei = v^y 2^(j2 = (i;i+t>)2-vi2t=2t;2, 2gez={v2-\-vY-V2^ = ^v'^, kc. 

Hence 

*i : va: ni&c. :On = <?i : ^ J^s: &c. :rn = l : 2: 3:&c. :n. 

G 





CHAPTER V. 



CIRCnLAR MOTION, 



Section I. — Harmonic Motiot 



85. Uniform C'trcular Motian. — If a point P describe a 
circle with a uniform motion, the radius of the circle ie called 
the amplitude of the motion, and the time of making one 
revolution ie called itsperiod. If the ores are measured from 
a fixed point A, and the time counted from the instant the 
moving point passed through a fixed point E, then the angle 
AOE IS called the angle of epoch, or briefly, t/ip epoch. Also 
the ratio which the arc PE, at any instant, bears to 
oumference of the circle is called thephase of the moving point 
at that instant. 

The arrowheads on the figure denote the direotion in which 
the motion is supposed to take place, 
and such a rotation as there repre- 
sented, i.e. in the opposite direotion to 
that of the hands of a cloci, is con- 
sidered a positive rotation : that in the 
opposite direction, or clockwise, being 
considered negative. 

Ijet (u be the angular velocity of 
P, or the circular measure of the arc 
described in one second, £ the circular 
measure of the epoch A OE, and 6 that 
oi AOP, we have B = mf + s. 

Again, if T denote the period, we get w - -= > and hence, 
if desuable, we should write 




but the form = w/ + 
ehall generally employ, 



(, being 



(1) 

LOUS, is that we 



Earmonic Motion. 

86. Harmonic notion. — If PM be drawn perpendi- 
cular to the diameter AA', then aa P moves uniformly round 
the circle, the point M moves backwards and forwards along 
the line AA', and is said to have a simple harmonic inolion. 
The amplitude, period, epoch, and phase of the harmonio 
motion are the Bome as those of the corresponding oiroular 
motion. 

If OM- X, then the position of M at any instant is given 

by the equation a: = ncos {lot + t), (2) 

where a represents the ampUtude, and e the epooh of the 
motion. The angle lot + t is called the argument of the 
motion, and the distance x is said to he a simple harmonic 
function of tlie time. 

Again, if PN be perpendioular to OB, and y = ON, we 
have y = aain[(o( + e) = rtoo8(wi + e - \-ir). 

Hence the point N has also a harmonic motion, and we 
infer that a uniform circular motion is equivalent to two 
simultaneous rectangular harmonic motions, of the same 
amplitude and period, but differing ono-fourth in phase : 
and conversely. 

Again, if the point M be projected on any line, the pro- 
jected point plainly has a harmonic motion of the same 
period and phase, but having for amphtude the projection 
of the amplitude of M. 

If we differentiate equation (2) we get 

D = — = - (i(K am [mt + t). 

Consequently the velocity of a point which has a simple har- 
monic motion is a simple harmonic function of the time, and 
its maximum value is equal to the velocity in the circle. 
Again, the acceleration/ is given by the equation 



^-ir 



.(a.( + .). 



Consequently the aaeeleration at any instant is propor- 
tional to the distance from the middle point of the motion, 
and ia always directed towards that point. The acceleration 
St either extremity of the motion is - ai°'«. 
g2 



Karmonic Mo/io. 



Any mimber of harmonic motiona of equal periods in the 
same Ime are equivalent to a single harmonic motion. 



For let 
Then 



= re COB {loi + () + (('cos (luf + /) + &e. 
X = A COS lof - Bain lot, 



-i=2aooB(, and £=SrtsinE. 



Hence x = Cco8(wi + y), where 

= ■/A'' + B", and tan y = 



B 



This result admits also of a simple geometrical demon- 
strati on. 

87. Elliptic narmonip Motion. —If a circle he pro- 
jected orthogonally on any plane its projection is an ellipse, 
and the projection of any point whion moves uniformly on 
the circle is said to have an eUipiic hai-momc motion. 

An elliptic harmonic motion may be resolved into two 
Bunplb harmonic motions of the same period, along any two 
conjugate diameters of the ellipse, these motions differing 
one-fourth in phase. This follows immediately from the 
property that rectangular diameters in the circle are projected 
into conjugate diam.eters in the ellipse. Conversely, any two 
simple harmonic motions, in different Hnes, of the same period 
and differing one-fourth in phase, compound an elliptic har- 
monic motion, having the lines for conjugate diameters, 



1. If two harmomc motiona in , , 
equiil periods, but difl'erent epochs, *, *', find (ho amplitude of iheir re 

An: 2aoQ»\f 

2. If tho difference of phase in the last psueacosticuouslyfromO to 2ir, find. I 
the mean value of the equare of the amplitude of tho reaulting vibratioa. 



Them 



nyalue is repreBonted by the definite integral {Int. Cak.,Ari. 221}. J 



I naeai 

i w^hiol 



whioh conititutee (he light, 
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3. If two or more harmonic motions in different directions have the same 
X>eiiods and phases, show that their resultant is also a simple harmonic motion 
of the same phase. 

4. Prove that the resultant of any nimiber of simple harmonic motions, dif- 
fering in directions and phases, but haying the same period, is an dliptic har- 
monic motion. 

5. In elliptic harmonic motion prove that the areal velocity of the moving 
point, round the centre, is constant. 

6. Prove that any simple harmonic motion is equivalent to two circular 
vibrations, in opposite directions. 

7. A horizontal shelf moves vertically with simple harmonic motion, the 
complete period being one second. Find the greatest amplitude in centimetres 
that objects resting on the shelf may remain in contact with it when at its 
highest point : assuming g — 981. Ans, 24*85. 

8. In elliptic harmonic motion, being given the difference of phase and the 
ratio of the amplitudes of the comx>onents along two given right lines, perpen- 
dicular to each other, determine the position and ^e ratio of the axes of the ellipse. 

If ^ be the ratio of amplitudes, — the difference of phase, /a the ratio of axes, 

and a the angle made by the axis major with the direction of greater amplitude, 
then 

, 1 + A;2 - a/i + 2A2co82€ + A* ^ « 2A;cos€ 
f**= — — - , tan 2a = • 

1 + A2 + y^n.2A8cos2€ + >fc* 1-** 

9. Show that two simple harmonic motions, in rectangular directions, of the 
same epoch, and whose x>eriods are as 1 : 2, compound a paraboHc vibration. In 
this case the motion may be represented by the equations 

x = a cos 2e0^, y = h cos at, 

X 2y* 
Hence, eliminating t, we get - = -rr — 1- 

a 0^ 

10. In the same case, if the vibrations differ in epoch, show that the har- 
monic motions compound a curve of the fourth degree. The motion is repre- 
sented by the equations 

x = a cos ifiat — e), y = h cos at. 
Hence, eliminating ^, we get 



5*¥(g-')4"('-¥) 



cos € + cos- e = 0. 



Section II. — Centrifugal Force. 

88. Centrifiigal and Centripetal Force. — A heavy 
partiole may be made to move in a circle, either by having 
it attached to a fixed point by an inextensible stnng, and 
made to move on a plane passing through the fixed point, or 
by its being constrained to move in a fixed circular groove. 
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During the motion in the former case the string Bustains a 
strain or tension : in the latter, the moving particle pressea 
outwardly against the groove. This tension, or pressure, 
is called the centrifugal force of the particle, and is always 
directed outwards from the centre of the circle desorihed. 

The groove, or string, exerts at the same instant an equal 
and opposite reaction, inwards on the particle. This latter is 
called the centripetal force which acts on the particle. If 
m be the mass of the particle, and V its velocity at any 
instant, then, by Art. 25, we infer that the centripetal force 

V' 
is represented by m—^, where r is the radius of the circle. 

This result can also be established otherwise in the fol- 
lowing manner. Let P be the position of the 
partiole at any instant, then if it were acted on by 
no force it would move along the tangent at P 
with the velocity V, which it has at the instant, 
and at the end of the time At would arrive at the 
point N, where PN = V^At: accordingly QN 
denotes the space through which it has moved, 
in the time Ai, owing to the centripetal force. 
This force is directed towards the centre of the 
circle, and may be regarded as constant in 
magnitude, and direction, during the indefinitely abort time 
At. 

Hence, if/ denote its acceleration, we have, by Art. 35, 
Qy.i/(A<)'. 

But, in tlie limit, PN- = %QN.PC, 

whei'e C is the centre of the oirele ; 

.-. r-(a')' - •im.pc. 

V 



/-- 



(1) 



Or, lAe centrifugal acceleration f is a third proportional to the 
riitlius of the circle and the re/ocilr/ of the particle. 

The centrifugal force is accordingly represented by — — . 



to the oentrifuEral foroe we subetitute — for m, and tlie prc- 
ceding expression becomes . 

Sinoe the centripetal force is always directed to the centre 
o£ the circle, and consequently at right angles to the directioii 
of motion, it baa no effect in altering the velocity of the mov- 
iDg particle. Hence if no other force act on the particle its 
velocity will be constant during the motion, 

Converaely, if a particle m describe a circle of radius j-, 
with a uniform velocity V, we infer that the resultant of all 
the forces which act on it passes through the centre of the 

circle, and is represented by - - . 

Again, aa the velocity in the circle is uniform, if T denote 
the number of seconds in which the circumference is deeoribed, 

we have V = --,^. 



Hence, in this ease, we have 



r' 



(2) 



Consequently, in uniform oiroular motion, the centrifugal 
force varies directly aa the radius of the circle, and inversely 
as the square of the time of revolution. 

Again, if &> be the angular velocity of the radius CP, we 

have lu = — : accordingly, in terms of the angulai' velocity 

and the distance, we have 



1. Calculate the centripetal itcceleration of a. particlQ which moves in 
circle of 5 feet radius with a velodty of lu feet per second. Aits. 20. 

2. A parlide perfannB 20 reTOlutioDs per minute in a circle of 1 foot <:i 
comfereoce : find its oeatrifugal scceleretion. Am. '69SI. 



3. A bodj of 1 lb. mass revolves, in a barizontal plane, st tlie eztremitj of 
a string 10 feet long, bd as to moke a complale revolutioa in 2aoconds; find the 
teneion of tlie string ia pmmdfi. lOir' 

9 

i. A railway carriage of 1 ton weight is moving at the rate of 60 milea an 
hour round a curve of 1210 feetradiue; find the centrifugal pressure on tho 
rails. Ant. 148 Iba. 

3. In the Innt einiaple, find haw much the outer roil should be raised in 
order tbat the total presBure should he equal! j distributed between botbthe rails, 
the dlslaoce between the roils being four feet. 

Am. SJ inches, approiimatelf . 

89. CirCHlar Orbits. — In the case of uniform oircular 
motion, since the centrifugal force acting on the particle at 
each instant is directed from the centre of the circle, we may 
Buppose the particle to be kept in ite circular orbit by the 
action of an attractive force always directed to the centre 



of the circle, and whose acceleration is 4jr' - 



Hence, 



if the magnitude of the acceleration directed to a fixed 
centre of force be known, we can determine the conditions 
that a particle should describe a circle, having the fixed 
point OS its centre. For, if f be the attraction caused by 
the central force at the distance r of the particle, we must 

have/= — , and therefore o = ■>//>'• This determines the velo- 
city at each point in th^ circle. 

Conversely, if the particle bo projected at the distance r 
from the centre of force, at right angles to the radius vector, 
with a velocity v = ■v//'", it will proceed to describe a circle 
freely round the centre of force. 

Also, the time T of describing the circle will be or 

-Jr ..." 

For example, if the attractive force be directly propor- 
tional to the distance, we have /= juf, where /i is some con- 
stant ; and consequently, in this case. 
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Henoe, for this law of attraction, the time of revolution 
in a oircular orbit is independent of the distance ; and we 
infer that the times of revolution for all circular orbits round 
the same centre of force are equal. 

Again, let the attraction vary inversely as the square of 

the distance from the centre, that is to say, let/= ^^. 

In this case the velocity in the circular orbit is represented 

by J-, and the time of revolution by 27r J-. Hence we see 

that in different circular orbits round the same centre of 
force (which varies as the inverse square of the distance), the 
sqtiares of the periodic times vary as the cubes of the distances 
from the centre of force. 

This establishes Kepler's Third Law for circular orbits. 

The preceding are particular cases of general results, con- 
nected with the problem of Central Forces. 

90. CentiifiDigal Force at Earth's Equator. — We 

now proceed to consider the centrifugal force arising from 
the rotation of the Earth on its axis. 

Let r be the nimiber of feet in the Earth's radius ; T the 
number of seconds in the time of a complete rotation on its 
axis; /the acceleration due to centrifugal force at the Equa- 
tor, and we have 

The most convenient method of determining / is by compar- 
ing its value with that of g at the Equator : thus 

•^=*^^ (5) 

Substituting their numerioal yalues for ir, r, g, and T, we 
find, to the nearest integer, 

g = 288/ 
Again, as the centrifugal force, in this case, tends to diminish 



the action of gravity, it should be added to the observed 
value of g, to obtain the true acceleration due to the Sarth's 

attraction at the Equator. 



Hence we have G = g +/ = 

■■■ / 



O 



or, the centrifugal force at the Equator is the 289tb part of 
the Earth's attrauliou at the same place, approximately. 

It is easy from this result to determine what the time of 
the Earth's rotation sbould be in order that bodies fihoiJd 
have no weight at the Equator. 

Eor let 2" be the time required, then the correHponding 

centrifugal acceleration would be ^=7^ ; 



. r. 



b 



17' 



(7) 



Aooordingly, if the Earth were to rotate 17 times faster than 
it does, bodies would lose all their weight at the Equator. 

Hence also we infer that if a body revolve around the 
Earth in a circle, near its surface, and subject to its attrac- 
tion solely, it should {ravel round the circumference of its 
circular orbit in the 17th part of a day. 

91. Verlflentlon of tbe Law of Attraction.— The 
last result can be ap[ilied to verify, by a rough calculation, 
the fact that the Moon is retained in her orbit by the attrac- 
tive force of the Earth ; the law of force being the inverse 
nquare of the distance from the Earth's centre ; and the 
Moon's path being assumed to be a circle having the centre 
of the Earth as its centre. 

For let R denote the distance of the centre of the Moon 
from the Earth's centre ; T her periodic time expressed in 
days ; I" that of a body revolving roimd the Earth close to 
its surface. 



Tangential and Normal Componenh. 
TheD, by Art. 89, we have 



(8) 



Assuming the Moon's distanoe from the Earth's centre to 
be 60 times the Earth's radiua, as found approximately by 
observation, we have M = GO r. 



Hence 

but, by the last Article, 7" 
preesed in 



(sinoe the times T, T are es- 



60 



This, when calculated, gives approximately 
2"= 37-3387 days. 
The near agreement {within 24 minutes) of this result with 
the mean value of T as obtained by observation, viz., 
27'3216 days, affords a strong confirmation of the Law of 
Gravitation. When more accurate values are substituted, 
and all the circumatanceB of the problem taken into account, 
the calculated agrees completely with the observed result. 

Example. 

Show, roughly, that if a tower were biiilt Hour the Equator ao high that a 
Iwdy at the top should appear weightleaa, the height of the tower waulii be less 
than jth and greater thnji i^th of the Moon's diatonce from the Earth. — Camli. 
Tnp. 

93. Tangential and IVormal Cnmponents. — Let Q 
represent any place, of latitude A, on _p_ 

the Earth's surface, supposed spheri- 
cal; OiVthe perpendicular drawn from 
to the Earth's axis, PP'. 

Then the centrifugal acceleration 
at is in the direction NO pro- 
duBed ; and its amount is represented 

4ir'. NO 47rVcoBX 

— Y^ — ' <*' — fi— =/'!0S A, 

irhere / denotes the oentrifugal acceleration at the Equator. 
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The centrifugal force aloDg NO can be reaolved into two 
oomponentB ; one along CO produced, the other iu the tan- 
gential direction. 

These are plainly represented by /cos°A, and/cosAeinX, 

respectively ; or by - ^,^q ~ ^^^ ooo ■ '^^^ effect of 

the former is to diminish the Earth's attraction, as before. 

Hence for the actual value of g at any latitude X, assum- 
ing the Earth an exact sphere, we get 

This result has to be modified when the spheroidal form of 
the Eftrth is taken into account. 

The tangential component of the centrifugal force vanishes 
at the Equator and also at the poles. For intermediate places 
it varies as Bin2A, and has its greatest value at 45" latitude, 
where it is equal to half the centrifugal acceleration at the 
Equator. 

Examples. 

1. Colculale the diniiniition of gravity due to rentrifugal force at a latitude 
of 45". 

2. Caluulate the tacgoDtJul compoQGnt for the some cose. 

3. CslciUnte the ceatrifugBl acceleratioD at the Equator of the phuet Mer- 
uury, its ladiua being 1670 iniles, und time of reiolution 24'' 5". Am, -0435. 

93. Rotation of a Rigid Body. — If a rigid body be 
conceived to turn round a fixed axis, each of its points will 
describe a circle, having its centre on the axis of revolution. 
Also, since every line in the body that is perpendicular to the 
axis turns through the same angle, the angular velocity of 
each point of the rigid body will be the same at any instant. 
This instantaneous angular velocity is called the angular 
velocity of the body, and it is plainly the same as the velocity 
of any point in the body which is at the imit of distance from 
the fixed axis. 

If the angular velocity at any instant be represented by 
(ii, the velocity of a point whose distance from the axis is p is 
represented hj pw. 



i 




Rotation of a Lamina. 93 

94. If a plane lamina rotate about a fxed axis, at right 
angles to its plane, t/te centrifugal forces of the different elements 
of the lamina are equivalent to a single force, pasting through its 
centre of mass, and which is the y 

aame aa if the entire mass were con' 
centrated at that point. 

Let the plane of the paper 
repreaent that of the lamina ; ajid 
taie the point 0, in ivhich the 
fixed axis meets the plane, as the 
origin of a pair ai fixed reotangu- ' 
lar axes OX and OY. 

Suppose lu to be the angular velocity of the lamina at any 
instant; then, since each point in the lamina doBorihea a circle 
round 0, the centrifugal forces for all its elements pass 
through that point ; they accordingly are equivalent to a 
single force. To find the value of this single resultant ; let 
OP = r, and let dm denote the mass of an element at the 
point P ; then the centrifugal force of the element is m^rdm, 
acting along the line OP produced. This force can be de- 
composed into two, ui'xdm and ut''i/dm, parallel to the axes of 
X and y respectively. 

Suppose the centrifugal forces of the other elements re- 
solved in like manner, then the entire system is equivalent to 
the forces m^'Sadm and o)''S.ydm, parallel to OX and OY. 
But 

Sarrfwt = Mx, ^ydm = Mij, 



where I 
lamina. 

Hence the resultant of tho entire syati 
forces is the same as that of the two forces 



are the coordinates of the centre of mass of the 
of centrifugal 



III' Mi and id^Mi/; 

or to the single force iii'Md, where d deuotes the distance of 
the centre of mass of the lamina from the fixed axis. 

95. A similar theorem holds for any uniform rigid body 
turning round a fixed axis, provided the body has a plane oj 
symmetry passing through the axis. 

For the body may be conceived divided into a number of 



Centrifugal Force. ^^* 

indefinitely thin parallel platea, by planes perpendicular to 
the fixed aiia, and the preceding theorem holds for each of 
these plates or laminEe. 

Again, if m,, i>h, nh, ■• • &o., denote the masses of the 
plates; and /)„ pi, Pt, ■ - . &o., the distances of their respective 
centres of gravity from the fixed axis ; then as the body is 
supposed uniform and symmetrical, the centres of mass of 
eaoh of the plates all lie in the plane of symmetry ; therefore 
the forces w'mi^i, io'm,p„ ... form a system of parallel forces. 
They consequently have a single resultant, equal to their 
sum, or to in'Md, where if denotes the mass of the body, and 
d the distance of its centre of mass from the axis of rotation. 

Hence, the «/ress on the fixed axis produced by the cen- 
trifugal forces ia in this case, in general, represented by ui'Md. 

If the fixed axis pass through the centre of mass the 
stress on the axis becomes a momenta! stress or a couple : as 
will be shown also in the following Article. 

96. Next, let ua consider the case of any rigid body 
rotating round a fixed axis. Suppose a plane drawn through 
the centre of mass, perpendicu- 
lar to the fixed axis, and meet- 
ing it in the point 0. Take 
as the origin, the fixed axis as 
that of s, and two rectangular 
axes as those of x and i/, respec- 
tively. Let rf/i( denote an element 
of mass at the point P, whose co- 
ordinates are a-, y, z; then, by 
Art. 94, the centrifugal force for 
the element dm is equivalent to 
the forces, m-xdm and lu'ydm, act- 
ing at P, parallel to OX and Y, 
respectively. 

Transferring these forces to the point N, they are equiva- 
lent to the forces ui'xdm, ui'ydm, parallel to OX and 0¥ ', 
and to the couples la^xzdm, to^yzdm, parallel to the planes 
XZ and TZ, respectively. The resultant of the forces 
w'xdin, lu'ydm, acting at N, ia obviously directed to ; and 
consequently if it be transferred to 0, it can he resolved into 
bi'xdm and ui^ydtn, acting along OX and OY, respeotivelj. 
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If each of the centrifugal forces be resolved ia like 
manner, the whole Bystem is equivalent to the forces 

ta'^xdm and n^'S.ydtn, 

or to lu'Mx and tu'Mff, 

acting along OX and OY, respectively; and to the couples 
w'^xsdm, lu^Si/zdm, acting in the planes of XZ and TZ, re- 
apeotively. 

If the fixed axis be a principal axis relative to the point 
[Int. Cale., Art, 214), we have 

^xzd?n = 0, and Sysrfwj = 0. 

Hence, in this case the strain on the axis produced by the 
rotation is the same aa if the entire mass was concentrated at 
the centre of gravity of the rigid body. 

If, further, the fixed axis be one of the prineipnl axes 
passing through the centre of gravity of the Body, iho cen- 
trifugal forces arising from the rotation produce no strain on 
the fixed axis. And accordingly, if, from any cause, a rigid 
body eommence to rotate about such an axis, it will continue 
to rotate permanently round the axis, provided the only 
external force be that of gravity. 

For example, if we suppose a homogeneous spliere, whose 
centre is fixed, to receive any impulse, it will commence to 
rotate around some one of its diameters ; and, as every dia- 
meter ia in this case a principal axis, it follows, from the 
preceding, that it will continue to revolve permanently round 
that axis, if we suppose no external force but gravity to act 
on it. 

On aocount of the property established above, it is of im- 
portance, in order that any machine should work smoothly, 
that the centre of gravity of any wheel, or portion which 
rotates rapidly, should lie on the axis of rotation, which should 



be a principal axis ; for otherwi 

cause strong disturbing vibrati 

The theorems of this secti 



i the centrifugal forces would 

IS. 

on are particular c 



s of im- 



portant general results which shall be discussed subsequently. 



Moiion in a Vertical Circle. 



1 . A atring of 5 feet length is just ua{iiiUe of Bupportine a weight ol ... 
find the greatest number of revolulioaB per minute that n weight of 4 lbs. attached 
a the extremity of the Btringis capable of maiingin a horizontal plane nithout 




breaking the string. 

%. A mass of Slhs. is anspended from tl 
find the least velocity that should bo given 
its breaking teniion be 12 lbs. 

3. Two balls weighing 8 lbs. each are 
10 feet length, which revoWes 100 times i 
axis; find llie tBDBion of the connectiiig roa. .diK. iuzids. 

4. If two cqnal bodies moving nu a rough horizontal pkne bo oonnected by 
fi string of invariable length a, but without weight ; find the loneest ti ' ' 



le eittemityof a string 10 feet long ; 

to it in order to break the string, if 
Arts. 12'64 feet per second. 

fiied at the eitremitieB of a rod of 
in a minute around a central vertical 



e after the other has baen stopped by fiic 



'■ ^« 



B. A body m eliding on a perfectly smooth boriionlal table is connected by a 
string passing through a imootb hole in the table, wiHi another body ih' which 
hanga freely ; find the condition that in' should remain at rest, and also the tims 
of revolution of ni in its circular path, supposed of radius a. 



Am. Velocity of ni should 



b.J'fi-'tt 



e of revolution = 2ir . 



0. If a body, attached at its centre of mass to one end of a string of length 
r, the other end of which is attached to a flied point on a smooth horif^ontal 
plane, makes n revolutions per second ; prove that the tension of the string is to 
the pressure on the plane as ii^n'r to ij. 

Prove that at the Equator a shot fired westward will velocity 8333, or east- 
ward, with velocity 7407 metres per second, will, if unreaiatod, move horizon- 
tally round the Earth in one hour and twenty minutes, and one hour and a-balf 
respeclivelj. Camb. Trip., 1878. 

7- A rigid body of any form revolves freely round an aiis in space : required 
the conditions unusr which the centrifugal forces of its several elementa will 
have — (a) no resultant; (ft) a resultant pair; (c] a resultant single force; (i) n 
resultant pair and single force. Lloyd Exhib., 1873- 

Section III. — Motion in a Vertical Circle. 
97. VelftcUy In a Smooth Verttral Curve. — Before 

the diaeussion of motion in a oirclo 
we shall consider some properties 
of the motion of a particle, under 
the action of gravity, on any ver- 
tical curve. 

Take OX a horizontal, and 
OF a vertical line in the plane as 
axes of coordinates ; and suppose 
*■, y the coordinates of P, the posi- 
tion of the particle at the end of 
any time t. Let A be its position 




k 



■when t = 0, and let AP = s; then, by Art. 41, the aooele- 
TfttioQ along the curve at P ia represented by 



Mnltiply by 2ds, and integrate; then 

Let !/„ = AB, and !'o = velocity at A, then 

I'.i' = - Sjy,, + const. ; 

theirefore v' - tv = 2g (j/o - y). 

Again, if AJi be measured upwards = h, the height due 
to the velocity vo, and BD be drawn parallel to the axis oix; 
then 

v' = 2g{h+y,~y) = 2gPL. (3) 

Consequently the velocity at any point P is the same as that 
acquired in falling from the horizontal line DR. 

This is an extension of the result given in Art. 47, and is 
itself a ease of the general principle of work which shall be 
given in the next chapter (see Art. 128). 

98. Motion In a Tfertlcal Circle. — If a particle be 
constrained to move in a vertical circle under the action of 
gravity, its velocity at any point, by (2), is the velocity due to 
falling through a certain height from a certain horizontal line, 
or level. The motion will be one of complete revolution if 
this right line lies altogether outside the circle- If the line 
out the circle the motion will be oscillatory. We proceed to 
oonfiider tho latter case in the first instance. In this case 
we may either consider the particle as moving iu a smooth 
circular tube, or as attached by an uiestensible string to a 
fixed point in the centre of the circle, the weight of the string 
being neglected. 



98 



Molio. 



II a Vertical Circle. 



When the arc in which the oBcillation has place is but a 
Eimall portion of the oiroumferenoe we get what is caJled a 
Bimple pendulum. From this statement the student will 
Bee that a simple pendulum can only he approximately repre- 
sented. However, a small leaden ball suspended from a 
fixed point by a very fine wire may be regarded approxi- 
mately as a simple pendulum. 

99. Simple !PendalDin. — Let C be the centre of the 
circle ; its lowest point ; A the point 
from which the particle may be sup- 
posed to start ; P its position at the end 
of any time t ; r the corresponding ve- 
locity ; 

e^LPCO, a = LAGO, 
estimated in ciroular meaeure, 
s^AP, 1= OC. 

Then, since tbe velocity at P is that due to falling from 
a horizontal line drawn through A, we have 

ii' = 2gl{ao&B - cobo); 




'fly ^9, 



4Ff 



Consequently 



Again, since in the motion from A to 0, 9 dimini 
; ie negative. Accordingly we have 



4U~^ 



Henoe we g:et 



Time of a Small Oscillation. 



4-i- 



m 



100. Time of a Small Osdllatian. — The preceding 
definite integral which represents the time of describing a. 
cdroular arc cannot be expressed in finite terms by means of 
the ordinary algebraic or trigonometrical functions; however 
when the amplitude of the oscillation is smaU we can eaaily 
get an approximate value for t, as follows : — When a is so 
small, that we may neglect powers of o and beyond the 
second, we have 



Hence (4) becomes, 

•Ji J. y^- - if w 

when ( = 0. Consequently 

8..oo»^<. (6) 

simple harmonic function of the time 

AguQ, when = 0, we have Jji'^n'' hence the time of 

descent to the loweat point ia represented by ^ /-. 

The particle, after arriving at the lowest point, plainly 
moves up the other side of the arc, and if the whole time of 
a small oscillation, expressed in seconds, be denoted by T, we 
have 



No constant is added as 
yn have 



Accordingly 
(Ajt. ""' 



-4 

Bince this expression ia independent of a 



(6) 
it follows that 




L 



100 Motion in a Yeytical Circle. 

the time of a small oscillation is the same for all 
Hon in the same circle. From this property the vibratioiiB of 
a pendulum are said to be isochronous. Also the time of a 
email OBcillation at any place varies as the square root of the 
length of the pendulmn. 

101. The Seconds Pendnlum. — A pendulum which 
oscillates once in every second is called a seconds pendulum, 
If L be its length, since the corresponding value of T is 
unity, we have 

S-i'i. (7) 

Hence the value of ff can be determined for any place 
■whenever the corresponding value of L is obtained. 

This gives the most accurate method of finding the value 
of g at any place, since that of L can be determined with 
great accuracy by observation. 

Any rigid body made to vibrate about a fixed horizontal 
axis is called a compound pendulmn. It will be shown sub- 
seijuently (see Ait. 133) that in every such case there is an 
eqtiivalent simple pendulum which would vibrate in the same 
time as the actual pendulum under consideration. This oir- 
cmnstance renders the consideration of the ideal pendulum 
above diaouBsed of the utmost practical importance. 

The length of a seconds pendulum at London is found to 
be 39'1416 inches, approximately, and hence the correspond- 
ing value of g is 32-1908 feet. 

Pendulum observations furnish the most accurate proof of 
the fact that the force of gravity acts with equal intensity 
on all substances ; as it will be seen that the length of the 
simple pendulum equivalent to aaiy compoimd one depends 
merely on the shape of the latter, but not on its material, 
provided it be homogeneous. 

Again, if T, 2" be the times of small oscillations of two 
pendidums of different lengths, / and f; and if n and «' be 
the number of their respective vibrations in the same time 
(a day suppose), we shall have 

Hence, if the length / of any simple pendulum be known. 



and also the number n of its vibrations in a day, tbe length L 
of the seconds pendulum at the place can be calculated. For, 
since the number of seconds in a day is 86400, we have, from 
formula (8), 



\8SimJ 



(9) 



The time T of the vibration of a pendulum varies either, 
(1) by altering the length / of the pendulum, or (3) by 
chMiging the place of vibration. We shall consider these 
causes independently. 

102. Change of Length. — Adopting the same notation 
as before, we get 



When the change in length is a very small fraction of the 
whole length, n and n' are nearly equal, and we have, approii- 
mately. 



■ where A^ denotes the ehai 



2 ; ' 



(10) 



where Al denotes the change of length of the pendulum. 

If the pendulum be lengthened, i.e. if Al be positive, 
n - h' is positive, and hence the number of vibrations in a 
given time is diminished when the length of the pendulum is 
inoreased, as is also otherwise evident. 

In the case of a seconds pendulum we substitute L for I 
in the preceding ; and since n = 86400, we get for the dimi- 
nution in the number of vibrations in a day, 



43200 
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Hence we can determine the number of seconds gained or 
lost by a seconda pendulum in a day when its length is 
slightly altered. 

As bodies in general expand slightly with an increase of 
temperature, an ordinary clock should go slower in hot 
weather, and faster in cold. The difEerent methods of 
compensation for correcting the error arising from this 
cause will be found in practical treatises on the subject. 
The amount of expansion for an increase of temperature for 
different substances has been accurately determined, and 
registered in Tables. 

If Ai denote the change in the length of a seconds pen- 
dulum arising from this cause, the corresponding loss or gain 
can be determined by (10). 

We add a few examples for illustration. 



I. Calculate the length of a pRnduluni beating seconds in London, asavuuing 
g = 32IB. 

!i. If the bob of a sctonds pendulum be surowed up one tum, the acrew 
being 32 threads to tlie inch ; find the number of leconds it should gain in tliB 
day u FOQse^nence, osEuming Z = 39-14 inches. Am. 34-T seoonds. 

3. A heavy ball, suspended by a fine wire, makes 885 oscillntiooa in an 
hour. Find the length of tbe wire approxiniatcly, assuming the length of tha 
aecond^ pendulum to be 39-14 iuohos. Ans. 51 feot. 

4. Find the error in one day produced by on inereoBo of 15° F. of lempcra- 
liu-o in a. steel seconds pendulum ; aHEuming tbat — for 10° F = ■. 

Am. 4-15 seconds. 

5. A Heconda pendulum is lengthened -^tb of an inch ; find the number of 
aeponds it will lose in one day. Am. 110-4. 

103. CbaDge of Place. — The acceleration g Taries* 
from place to place, and consequently the number of vibra- 



• For places at the sen lerel, this arises from t» . 

of oontrifugal force already considered (Art. 03) ; the other, that the Earth is 
not an eiaot sphere, but is more nearly an oblate spheroid of reTolutlon round 
its axis of rotation. From each of theae it arises that the value of f diminisheB 
iTi proceeding from the pole to the eqmtor. It was from the observation bj 
Iticher, in 1672, that a clocli lost tn'o minutes doily when taken to Cayenne, 
lal. 5° N., and that when the corrected pendulum was brought back Ut Paris il 
gained an equal amount, that the variation of the force of jn^vity on the Earth's 
surface was first established. The explanation is due to Huygens. 



I 




'PTaci 



tlonB in a given time will vary with the plaoe for the Bame 
pendulum. 

Suppose n and n' to represent the number of vibrations 
made in odo day by the same pendulum at two places, at 
whioh g and g' are the corresponding accelerations, we have 



n r -J,' 



Hence, as before, for one and the same pendulum. 



(11) 



From this, if L and L' be the lengths of the seconds 
at the two places, we get 



» i'-i 



(12) 



It is shown by theory, and verified by observation, that 
the variation in the length of L, and Qonaequeutly in g, at 
the sea level, is proportional to the square of the sine of 
the latitude (compare Art. 92). Thus, if L denote the length 
of the seconds pendulum at the equator, L' that at latitude A', 
we have 

i'=i: + msin=A'. (13) 

Hence, if iibe the length of the seconds pendulum at 45" 

latitude, we have Xi = L + -^. 

Eliminatirig X, we get 

i-.i.^|cos2\'. (14) 

Again, if L" be the length corresponding to the latitude 
X", and g" the corresponding value of g, we have 

?^' = ^, (cosSX" - COB 2A') 
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By accurate observation of tlie number of vibrationa lost 
by a pendulum which beats seconds at the latitude A, when 



Such observations give y- = j^, approximately, and 

£, = 39-118 inches. 
Hence, we get, 

i'= 39118 --iV cos 2V. 

Again, euppose a pendulum, beating Bsoonds at any 
place, taken to the height h above the Earth's aurfaee at that 
place ; and let g' be the value of g for the new position ; 
then, since the force of gravity varies as the inverse sq^naie 
of the distance from the Earth's centre, we have 

'■-"(FT*)- , ., 

where r denotes the length of the Earth's radius ; therefore 



Hence, when - is a very small fraction, the number of 
seconds lost in a day by the seconds pendulum is 

86400 -. 
r 

Suppose, for example, A = 1 mile, and r = 3956 miles, 
then the number of seoonds lost in a day will be 22, approxi- 
mately. 

In this investigation the attraction on the pendulum of 
the part of the Earth above the sea level has been neglected. 

1. If a. pendulum, beating secouds at the foot of a mountain, lose lOeecondl 
in a day when taken to its summit ; find approximiLtely the height of the 
mountnin, asBiuning the radiuj of tho Earth iOOO nules, and neglecting the 
attraction of the mountain. Am. 24H feef. 

2. How much would a i:lott guiu at the equator in 24 hours if tho length of 
the day were doubled ? Am, 1 1 2 J aeeonds, approiimaldj. 



Airt/'a Investigation of Mean Density of Earth. 

104. Alry's Investigalfan of tbe IHean Density of 
Eortb. — A aeries of important pendulum experiments were 
undertaken hy Sir G. B. Airy, in the Harton coal mine, for 
the purpose of determiuing the mean density of the Earth. 
He found that a pendulum heating Beoonds at the surfaoe 
gained 2^ seconds a-day when taken to the bottom of the 
mine, 1260 feet deep. The calculations employed in arriving 
at this result, and in determining from it the Earth's mean 
density, are very intricate ; they will be found in the Royal 
Society's Transactions for the year 1856. 

The following b a method of arriving, approximately, at 
the result : — 

Let g, ^ denote the accelerations due to gravity at the 
surf aee and at the bottom of the mine; then, hy equation (11), 
we have 

tf 43200 19200" 

Again, let r and r' denote the distances of the upper 
and lower stations from the centre of the Earth, supposed 
spherical. 

Suppose a concentric sphere described through the lower 
station, then the attraction of the Earth at the upper station 
may be regarded aa consisting of two parts — one due to the 
interior sphere, the other to the coucke or shell, hounded by 
the two spheres. Again, if we suppose this shell to be of 
uniform density, it exercises no attraction on the pendulum 
at the bottom of the mine (Minohin, Statics, p. 419). Hence 
the part of g due to the attraction of the inner sphere is re- 
presented by 

If / denote the acceleration at the upper station doe to 
the attraction of the shell, we have 



9=/^ff'-j=/+9[^ + 



19200y 



L 



A^ain, let A represent the depth of the mine, then r = 
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, . A . ,, , r", 2A 
and, Bmoe - la very small, we nave —7 = 1 , approxi- 
mately. *" r r 

Accordingly we get, from the preceding equation 

f. f'^A 1 \ 

■^~^\r 19300/ 

In order to get another expression for/, let Jif, V, D de- 
note respectively the mass, volume, and mean density of the 
Earth ; and ni, t; p the corresponding quantities for the shell. 
We assume that the Earth and the shell each attract as if 
their whole mass was concentrated at their common centre ; 
in this case we have, approximately, 



■f-'u-'n^-S 






■a 24 1 ip 

Sutstitutiog 3956 miles for r, and 1260 feet for A, we get 
i) = 2-625 /.. (15) 

The determination of the mean density of the Earth ia 
thus reduced to finding the value of p ; but this is a question 
of extreme practical difficulty. 

Prom an accurate examination of the mineral components 
of the stratum of the Earth in the neighbourhood of the 
mine, p waa calculated by Air y to be 2^ times the density of 
water. This would give the mean density of the Earth 
about 6'66, assuming that of water as unity. 

Professor Haughton calculated 2059 as the value of p, 
{Phil. Trans., July 1856), adopting as his basis Humboldt'a 
investigations of the mean heights of Continents on the Earth's 
surface, and Eigault'g, on the relative areas of land and 
water. This woiild give 5-406 as the value of the mean 
density of the Earth. 

105. Time of Oscillation In Clcneral. — The ampli- 
tude of the vibration has hitherto been considered so email 
that powers of a higher than the second have been neglected. 
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We now proceed to find a general expression for the time T 
of vibration for any amplitude. 

From (4), since ^T represents the time to the lowest point 
on the circle, we get 



- /r, '' 



(16) 



Now, assuming* sin ^ = sin ^ sin ^, we get 
dO 2d<t^ 2d(l> 



/sin*^ - sin'^ ^ cos 2 J 1 - sin* 5 ^* ^ 

• If 

Also, when 6 = 0, we have ^ = 0; and when 6 = «, ^ = o- 

Oonsequenily r=2jij^-=^=- (17) 

J* /I -ain'^ sm'0 

Again, substitute A' for sin' „> then since 

(1 - A* sin'^)"* = 1 + s *" sin** + k^ **sinV 



■^Itlfl*''^'* ■'*••' 



and (/n^. Calc.y Art. 93), 



i: 



• 2« J 1. 3. 5... (2m -1) IT 
"°"»^» = 2.4.6... 2 ^2' 



we get 

* This asgumptioii is obyiously a legitimate one, because the value of $ 
dmiiig the motion can never be greater than a. 
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If A be the vertical heiglit of the point from whioh the 
pendulum oommences to descend above the loweet point in 
the circle, we have 

. „ a 1 - ooa a h 

and the preceding result becomes 

The first term gives the value already arrived at for a 
ffluall OBcillation, and ia independent of the amplitude. 

The second approximation, which is the one commonly 
adopted when the lowest powers of the amplitude are taken 
into account, 

(20) 



'4l-f. 



(19) 



In terms of the semi-amplitude a, it is 
<g\ 16j' 



(21) 



in which a is taken in circular measure. 

The general equation (10) is immediately integrable in 
one case, viz., when the velocity at any point on the circle 18 
that due to a fall from its highest point ; for in this case we 

= 1. Equation (4) booomes 



have o = IT, and therefor© sin ^ 
in this case 



^-J^ 



hence we get 



-l = \og tan 



be observed that in this case the particle would \ 
oite time to reach the highest point on the circle, r 



Integration of ^ ± /ua? = 0, 



df 
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Examples. 



1. How is the value for the time of yihration of a pendulum to be corrected 
when the length of the arc of yihration is taken into account P 

2. Apply to the case where the amplitude of yihration is 120**. 



^®re ^rr = 7 . we have 
M 4 



-4 ('4 



H 1- &c 

^ 1024 



■)• 



3. If a pendulum, which heats seconds for very small oscillations, he made to 
yibrate through an arc of 10"* ; find, approximately, the number of seconds it 
should lose in a day. Am, 41* 

106. Motloii in a Tertlcal Cycloid. — ^Let a paxtide 
be supposed to move along a smooth y 
cycloid, haying its vertex at its lowest 
point, and its axis 01^ vertical. 

Calling OP = a, FN = y, and 
a = diameter of generating circle. 

Then {Bif. Cal, Art. 276), we have 




or 



Also, 


from 


(1). 














d'8 

de 


dy 
Us' 


2a*' 








d^s 
df 


^L' 


= 0, 



(22) 



107. Integratton of -r^ ±fiX'' 0, — As differential equa- 



df 



d^x, 



tions of the form ^ |± /ua? = are of frequent occurrence in 
physical problems, we proceed to consider their solution. 



Motion in a Vertical Circle. 

There are two casee, according as the upper or lower Bign 
is taken. 

let. — Let — + ^o; = 0. 

Multiplying hy 2dr, and integrating, we get 



To determine the constant, suppose x = a when ^ ~ ^i 
then the constant is plainly fio' ; 



therefore 
Eenoe 






or sin ' - = -/n i + a, 

where a denotes an arljitraiy constant. Consequently, 

r = (iBin{y7'( + a), (23) 

where a, a are arliitriiry constants, to be determined in each 
case bj the conditions of the problem. 

It may be observed that « is a simple harmonic funotion 
of the time (Art. 86). 

The preceding solution admits of being also written in 
the form 

a: = Cco8v^(+ C'siuv^^, (24) 

where C and C are two arbitrary constants. Either of the 
latter equations may he regarded as the complete integral 
of the differential equation 



L 



Integration of -^^ ± aa? = 0. Ill 

av 

2nd.- dP'f^' 

proceeding as before, we get 

(|J-M^-«'); 

in whioh a is an arbitrary constant, 

dx •— 

therefore, t^/^ 4 a = = log (x + ^x^ - a*), 

J y^ic* — a' 

in which a is an arbitrary constant. 

Hence x + \/ar^ -a' = ^+^'** = -4^*^*, 

where ^ is arbitrary. 
Again, since 

{x + -/^■^)(a? - y^"^) = a% 

we get X - yx" -c^ = — e"^'*^ 

Adding, we obtain 

- a^ - 

which may be written in the form 

X = Ce*"^ + (7 V^ (25) 

when C and (7^ are two arbitrary constants, to be determined 
as before, by the conditions of the problem in each particular 
case. 
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108. The equation 

is immediately reducible to the preceding, for it may be 
written 

If we substitute s f or a? + -, this becomes ;^ + M^ = ; 
consequently we have ^ ^ 

a? = — + (7 cos i*/ti + C sin ^ ^/ul. 
ft 

In like manner the solution of 

is a? = - + C^^ + C'e-''^. 

109. Time of Oscillation in Cycloid. — ^Betuming 

a *^ 

equation (22), Art. 106, substituting a for a?, and ~- for fx, in 

equation (24), we find for its integral 

s^coosjlt^c'^Jfj. (26) 

In order to determine the constants c and c\ suppose the 
particle to start from rest, at the distance s^ from the ver- 
tex o (measured along the curve) ; then we have s = /, 

da 
and ;5: - 0, when ^ = 0. Making these substitutions in (26), 
at 

as well as in the equation derived from it by differentiation, 

we get 

c = s', and d' - ; 

therefore « = / cos J^ t. (27) 




Conical Pendulum. 



'-Jj-- 



this gives the time of descent to the lowest point. If T d 
note tho time of an oscillation, we have 



Siace this result is independent of the length of the arc of 
vibratioa, it foUowa that the time of vibration is the same for 
all arcs of the cycloid, and the property of tautochroiiism, which 
in the circle holds only for very small arcs, holds in all cases 
for the cycloid [compare Art. 86]. 

The foregoing value of T is the same as that for a small 
oscillation in a vertical circle of radius 2a. Moreover, as 2tf 
is the radius of curvature at the vertex of the oycloid [Diff. 
Calc, Art. 276), the duration of an oscillation in a vertical 
oycloid is the same as that of a small oscillation in the circle 
which osculates it at lis lowest point ; as is maoif est also from 
other considerations. 

It is readily seen that the time of an indefinitely smalt 
oscillation about the lowest point in any plane vertical curve is 
the same aa that in tho osculating circle at the lowest point ; 

and its duration is accordingly represented by TT J -, where p 

denotes the radius of curvature at the point. 

110. Conical Pendnlum. — Suppose the pendulum, in- 
stead of moving in a vertical plane, to describe 
a right cone around a vertical axis, and let 
P be the position of the revolving particle at 
any instant; the point of suspension; PiV" the 
perpendicular let fall on the vertical axis ; 
OP=l, iPON^B. 

Then the motion of P may he considered a. 
taking place in a horizontal circle, whose centre 
ifl N, and radius PN or ^ain 9. 



Motion in a Circle. 

Now in order that this motion ehould take place it ia 
necesBary that the resultant of the tension of the string and 
the weight of the particle should aot along PN, and he equal 
and opposite to the centrifugal force ; i. e. that the resultant of 

the weight W, and the centrifugal force, — TlZa' should act _ 

in the line OP. This gives 



, = 0N: PN, 



This gives the Telocity in terms of 6 and /. 

Again, if T he the time of revolution, we have 



(39) 



(30) 



This determines the time of revolution when the angle 6, 
which the pendulum makes during the motion with the ver- 
tical, is known. It is evidently the same as that of a douhla 
oscillation in a simple pendulum of length /cos 9 or ON. 
The tension of the string is represented hy TFsecfl. The 
preceding is a particular case of the motion of a particle on a 
smooth sphere, which will he considered subsequently. 

111. Watt's ftiovcrnor. — The principle of the conical 
pendidum was employed by Watt in the instrument called a 
governor, for the purpose of regulating the supply of steam 
BO as to maintain, approximately, a steady motion in a steam- 
engine. Its construction, under a form which ia commonly 
employed, ia as follows ; — 



^^^^^^^^^^&Kon in a Vertical Circle. if^^^B 


1 Let AB represent a vertical spindle rotating with an 1 


angular Telocity, whose speed is so 1 


regulated as to be always proper- ^ fl 


tional to that of the machine. CP \ 




and CF are rigid rods, jointed at C^ 


ac' 


and C" upon the revolving spiodle, /f 


^ 


and having massive equal baUs P and // 


Vl 


infixed at their extremities, i^i) and „// 


\V ' 


rU are two rods also jointed at D J^ 


J^L 


and -D' to the rigid rods, and jointed (^^\\ 


/7t^% 


at J^ and F' to a collar, moveable ^*^ ^ 


//\J^ 


freely on the spindle. The collar at \ 


// 


F, shding freely up and down the j-V 


/p' 


spindle, is united to a lever which ^ 


' 


opens or oloses the valve that regu- fJ 




latea the supply of steam to the 1 


cylinder of the engine. When the shaft AB tnma too fast. 


the balls P and P' fly from it, raising the collar F, and 


thus diminishing the supply of steam, and consequently re- 


ducing the speed. For a more complete diaoussion the 


sfnident is referred to works on practical mechanics. 


1 112. RevolDtloD Id a. Vertical Circle— We now re- 


ii turn to the question of the revolution of a particle in a vertical 


(lirdle niifTer the antion of grn.vity. 


1 Suppose BR to be the horizontal line 


D R 


to the distance below whioh the velocity 


B-^ 


at any point is due, and let AB = h ; then, /'^ 


rx 


ty Art. 97, the velocity at any point P / 


\\ 


IB given by the equation [ 


^A 


e' = 2^(A-^A") = 2?(/i-2flsin"|9), \ 


"^^ 


where PCA = Q. ^^~if^ 1 


Hence, denoting ^ by 4% and substituting a^ f — J for v-, 1 


we get m 


, (fJ = S.(— *»)^ J 


■- " ■■ 




Motion in a Verlical Cirele. 

3B than unity. 

If ^ = ^ PBA = ^, the time of describing any arc of the 
circle is represented by the definite integral 






^ ^-^, (31) 

3 y^l - F Bxn^ $ 

where a and /3 are the vdues of ^ corresponding to the ea 
tremities of the arc. 

Comparing the result here given with Art, 104, we Be 
that the time of describing any arc of a circle is in this case 
in a constant ratio to the time of describing a corresponding 
arc of a second circle, in which the motion is oscillatory, o.. 

The time of describing any arc of the circle is, in general, 
an elliptic function. There is one case, however, in which it 
admits of a simple expression, viz., where DM is a tangent to 
the circle, as in Art. 105. 

In this case we have A- = 1, and the definite integral be- 



^ '"-' 



The time of motion from any point to the highest point 
in the circle becomes infinite in thia ease ; accordingly the 
particle would continually approach the highest point without 
ever reaching it. 

113. Pressure on Carve. — If m denote the mass of 
the particle, then the normal pressure R on the circle oon- 
sists of two parte, one arising from the centrifugal presHure, 
the other from the weight ; hence we get 



where CD = d. 



R = m- + mg cos 6 
= mgi — + 3 ooafl], 



Pressure on Carve. 



At tlie lowest point this becomes mj/ i - 
f2d 



- 3 ), and at the 



highest point mg ( ■ 



3 ], and when the string is horizontal, 



If the particle, instead of moving in a tube, is attached by 
a string, of length a, to a fixed point C, and thus conafcrained 
to move in a vertical circle, the preceding espreasion gives 
the tension of the string for any position. As long as the 
tension is positive the string remains stretched. At the point 
where a = the tension vanbhes, and the particle will leave 
the cirde and proceed to describe a parabola. It is immediately 
Been that the distance of this point from the line DR is one- 
third of CD (see fig. of last Article). 

These results will be illustrated by the following ex- 
amples : — 



EXUIPLES. 

1. A pajlicle elidoK down tlisi:DiiTeK aide of a vertical circle; determine the 
point at which it wiU leave the curve- 
Here, ainqa the velociW' at the highest point on the eircle is zero, we have 

d = ; and accoi'dlngly the poiut at vhith A = is given by the equation 
COB fi = — S. The geometrical conBtruction ia evident. 

2. A particle ie projeated from the loveat point along the inside of a amootb 
vertical circle ; find the least velocity of projection in order that the particle 
should make a camplole revolution in the circle. _^„,. i/5o?. 

In this cuae the preasure at the highest point ia zero, and at overy other point 
ia positive. 

3. If the initial velocity be lesa than that in the preceding example, find 
the point F at which the particle will leave the circle, and where it will striio 
it again. 

The construction for the point F in question has been given above. 
After leaving the circle the particle describee a parabola, and the point Q in 
which it again meets the circle is found by drawing FQ, mating with the ver- 
tical direction an angle equal to that which the tangent ut F makea with the 
vertical. This result follows immediately from the principle that the vertical 
eircle osculates the parabolic tnijectory at F. 

4. In the same case find the direction of motiuu of the particle at the instant 
it returns to the cirale. 

Ant. ton^ = jtan a, where /Sis the angle the required dir»tion of motion 
mates witi the vertical, and a is the cotreeponding angle at the 
F, where the particle leaves the ciicle. 



Motion in a Vertical Circle. 



5. Find the Telocity of projection from the lowest point on Iha circle, in 
order tliat tie particle after leaving the circle should meet it again at ita lowest 
point' A«i. i'^lig^. 

S. Show that the solution of the general problem of finding the initial Telo- 
city, in order that the particle after leaving the circle shall meet it again at a 
given point, depends on the trisection of an arc. 

7- A material particlomoTesiu a circular groove onaemoolb inclinadplanB ; 
if it be projeuted from ita point of rest with a velocity just euffioient to cany it 
to^the highest point in the groove, fiod the time of ita motion. 

114. Iiemma on Coaxul Circles. — A chord PQ of a 
circle touches a second circle at 0; 
and PL, QM are drawn perpen- 
dicular to the radical axis of the 
two eirolea : to prove that 
FO' : QO" = PL : QM. 

Let P be the point of intersec- 
tion of PQ with the radical axis ; 
then, since the tangents from S to 
the circles are of equal length, we 
have MO" = RP.PQ; 

therefore 

Consequently 




RQ 
QO 



:RO = EO: RP. 
: OP = EQ: RO, 
:OP' = RQ':RQ.RP 

RQ:RP= QM-.PL. 



If now we suppose a particle to describe the outer 
circle with a velocity due to the level LM, and P'Q' be 
drawn indefinitely near to PQ, touching the inner oirole, 
these tangents may be regarded as intersecting in 0, and we 
accordingly have 



PF': 



= PO:QO = -/PL : ^^U. 



Again, let f, v' be the velocities of the particle when at P 
and Q, respectively ; then r' = %gPL, o™ = 2^ Qif ; 



L therefoi 



- v/Pi :•*«■- -PJ' ! ««'■ 



Lemma on Coaxal Circles. 

Henoe the indefinitely small time of describing PP' is the 
same as that of descrihing QQ"; consequently the time of 
motion from P to Q is the Bame as that from P" to Q*, and 
henoe we infer that the time is the same for the description 
of all arcs cut off by tangents drawn to the inner circle. 



ESAKJLBS. 

1. A pnrtii'le ia moving m a amooth vertical circle midar the actioB of 
gravity ; the time of dBBcriplioii of a ■variable arc oi' the circlo lieing supposed 
COnalant, Bhow that tie envelope of its chord is another circle. 

2. Show that if the time of motioo from /" to « he the asme as that fi-ora 
the higheat to the loweet point on the circle, the line J^ always pafiseB through 
a fizedpoint. 

3. Two pattioloB are projected from the eiano point, in tho same direction, 
Bud with the same velocity, but at diilbrent inatunis, in a sinucth circular tube 
of small boM, whose plane is vertical. Prove that the line joining them always 
touohes a circle. 

4. In the same caae, if the particles be projected in opposito directions, the 
other circumstancea being unaltci«d, prove that the tine joining their positions 
always touches a circle ; and find when tho circle becomes a, fixed point. 

fi. A particle is moving in a vertical circle under the action oi gravity. If 
three points L, M, A" he toien on the circle, find a fourth poiut P, such that the 
time of motion from iV to i* shall be equal to that from £ to Jf . 

6. In the same case find P so that the lime of describing AT Bball ho double, 
or any given multiple of that of describiug Xjtf. 

7. jiB is the vertical diameter of a fine circular tube in which move three 
equal particles JF, Q, Q! (modulus of restitution = 1 f or any pair) ; T starts from 
^ and Q, Q', in opposilo aenaeB from B with auch velocities that at the first 
impact all three have equal velocities ; prove that throughout the motion the 
line joining any pair is either borixontal or passes through one of two fixed 
points, and that the intervals of time between successive impacla are all equal. 

CainS. Trip., 1871. 

115. Since the time of description, tmder the action of 
gravity, of any arc of a vertical circle, is expressible by a defi- 
nite integral of the form 

re ^ d^ 
J B v^i - W sin'f 
the results of the last Article have important applications in 
the theory of elliptic functions. Por example, they furnish 
TIB with simple methods for the addition, subtraction, and 
multiplication of auch functions, depending on elementary 
properties of coaxal circles. This connexion was first pointed 
out by Jacobi [Crelle's Journal, 1828 ; LionviUe's Journal, 
1845). 
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1 . Ptore that the tioie ol descending any bihbII arc terminated st the lowest 
point of B veHical eircJe is to the time down ite vKord ae ir : 4 . 

2. If the length of a eeiKinds pendulum be 30'11 inches; Gnd the corre- 
ajrending valuer of ff to two places □! decimols- 

psudulnm should 
ItB liath part. 

i. Assuming the length Z in inches of a seconds pendulum Itt the Utitude \ 
1o be given by the formula 

Z: = 3B>lia-]VcOB2A; 

find the ratio of the difference hatwecn the Taluea of poUr and equatorial gravity 
to equatorial gravity. jIiui. rrtru- 

5. Find the correetion in tha time of vibration of a cirEular penduimo when 
the amplitude of the vibration is 30°. 

6. If two particlea be eonnecteil by an inextensible string, and if one be 
inado to move as If under the action of a conetont force ; prove that the ralatiTe 
niolion of tbe other la that of a simple pendulum. 

7. A series of smootb circles in a vertical plane have a common highest 
point; B pnrtide starting at this point slides doim the eonrez side of each circle; 
lind the locua of the points where the particlea leave the circles. 

8. A mass m, after sliding down the inner Burfacc of a smooth hemiipherical 
bowl, Btriies a mass m' placed at the lowest point of the bowl. If both bodios 
be perfectly elastic, find the heights to wbich they respectively ascend after 
coUisioo. 

9. If tbe length of a conical pendulum be 1 foot, and the weight attached 
to its extremity be 1 lb. ; find approiimalely the tension of the connecting wire 
when the time of ita revolution is one second. Find also approiimalely the 
angle which the revolving wire makes with the vertical ipindle. 



Am. Tension = — lb, ; c 



10. InvestigBte the mi 
touBtant force/, always in 
to the force of gravity. 

Here tbe equation of n 



and we got, by Art. 108. 

,-?5^4,oos /i( + ='sin 111 



Exampka. 121 

da 
If, when « = 0, » = »' and ;tt = 0, we get 

at 

This Tanishes when ^— < = » ; accordingly the time of an oscillation is ir A — ; 
the same as when unresisted. 

11. A heavy particle is connected by an inextensible string, 3 feet long, 
to a fixed point, and describes a circle in a vertical plane about that point, 
TnaTring 600 revolutions per minute ; find, approximately, the ratios of the ten- 
sions of the string when the particle is at the highest and lowest points, and 
when the string is horizontal. 

12. A body hangs freely from a fixed point by an inextensible string 2 feet 
in length. It is projected in a horizontal direction with a velocity of 20 feet 
per second. Compare the tensions at the highest and lowest points of the circle 
which is described, assuming g = 32. Ana. 29 : 6. 

13. Show that the time of a small oscillation of a pendulum which vibrates 
in the air is unaffected by its resistance. 

The resistance is usually assumed to vary as the square of the velocity. It 

can accordingly be expressed by a term of the form M ( 7~ ) > where ju is a very 
small fraction ; hence in this case the equation of motion may be written 



dH g 
dt^ ■*■ 



9^ (dey 



Since fi. is small, as also — , we get as a first approximation = a cos J^-^t, 

dt V / 

^ J , in accordance with the 

method of successive approximations, the differential equation becomes 



dH 
d^^ 



or 






de 

The integral of this, subject to the condition that 9 = a, and 3- = 0, when 
< = 0, is _ »* 

^ = iit*«' + (a - f/Aa*) cos « ^j + iaVcos 2^^|. 



122 Examples. 

Hence, smce ^ = at the end of one yibration, if T be the corresponding^ 
at 

value of ty we have sin TJj = 0, or T= ir ^-. Accordingly the duration of 
the oscillation is not affected by the resistance. Also, since we have in this 

case, cos t ^j = — 1, the corresponding value of is — (a — ifxa^) ; accordingly 

the resistance of the air reduces the amplitude of the oscillation by ifia^. The 
successive angles of oscillation diminish according to the same law, but the time 
of oscillation remains the same for eafh. 




( 12a ) 



CHAPTER VI 



WORK ASD KNERGY. 

116. Work. — la all oasea where ioife ia employed in over- 
coming resistance so aa to produce motion, work is said to be 
performed. Hence the conception of work involves both 
motion and resistance ; and therefore a corresponding effort 
or force to overcome the resistance. In general, work may 
he defined aa the act of producing a change in the configu- 
ration of a system in opposition to forces which resist that 
change. We proceed to consider how the amount of work 
performed in any case is to be estimated. 

117. Measure of IVorb. — ^The simplest idea of work 
is derived from raising a weight tlirough a vertical height ; 
in which case the attracting force of the Earth is the resistance 
overcome. The amount of work in such eases evidently in- 
creases in proportion to the weight of the body raised and to 
the height to which it ia raised. Eor example, the work done 
in raising one ton through a height of 10 feet is ten times 
that of raising it one foot, or twenty times that of raising one 
owt. through 10 feet ; and bo on in all cases. Hence it is 
readily seen that the work performed in such oases is measured 
by the product of the weight into the height, i.e. by Wh, where 
JP" represents the number of units in the weight, and h that 
in the height. 

In general, if we confine our attention to a single point 
which is moved in direct opposition to a constant resisting 
force, the work done is estimated by the product of the force 
and the distance through which the point is moved, i.e. by Pp, 
where P represents the force, which overcomes the equal and 
opposite resisting force, and p the distance passed over. 

lis. Clravitation Unit or Worb.— From the ordi- 
nary units adopted in this country we derive the unit of 
work called & foot-pound, i.e. the work performed in raising 



Work and Energy. 

one pound through one foot in height. This is the unit 
usually adopted in prjictical local appHcation of work, and ig 
called the Qraritation Unit of Work (Art. 64). The corre- 
flponding unit in the metric syBtem is called the kilogram- 
metre, or kgm. That ia the work of raising a kilogramme 
through the height of a metre. A kilogrammetre is 7 '233 
foot pounds. The unit of work in this system varies slightly 
from place to place with the value of g, and this should be 
remembered if numerical or scientific accuracy were required 
(Art. 38). 

119. Absolute Unit of Work. — In the absolute syB- 
tem the unit of reaistance is that already adopted (Art. 63) 
as the unit of force. Thus, if we take a poundal as the umG< 
of force, the corresponding unit of work is that done by n 
poundal acting through a foot. This is sometimea called the' 
toot-poundal. It ia obvious that a foot-pound is g times a . 
foot-poundal ; accordingly any result in the former system u > 
reducible to the latter at any place, by multiplying by th« 
■corresponding value of g. 

Again, adopting the definition of a dyne given in Art. 63, 
the icork done by a dyne in woi'king through a centimetre iB 
called an erg ; and a foot-poundal is 421,394 ergs. 

In such measurements as are required in electrical and 
magnetic investigations, the absolute unit of work is always 
adopted, and the erg is the unit usually employed. 

120. Horse-power. — Although in our definition of 
work we have taken no account of the time occupied in its 
performance, yet time becomes a necessary element when we 
oome to compare the efficiency of different agents. For in- 
stance, if one agent working uniformly performs an amount 
of work in one hour which it requires another 5 hours to 
accomplish, the former is said to be five times aa efficient. 
In comparing the work done by a steam-engine or othw 
agent we usually adopt a& our unit the horse-power defined 
by Watt. 

Thus an engine is said to be of one-horse power when it J 
ia capable of performing 33,000 foot-pouuds of work in one I 
minute of time, or 550 t'oot-pounda in one second, and s 
in proportion. 



Continental writers employ horse-power as 75 kgm. per 
second, which is 542-475 foot-pounds. 

121. Again, the work performed in raising a body of 
weight W to any height /( is the same whether the body 
be raised vertically up or brought up by any other course. 
The whole work is still represented by W7t, where A is the space 
through which the weight has been moved, estimated in the 
vertical direction, i. e. in that in which the resistance of 
gravity acts. And, generally, the work done by any uniform 
effort or force, acting in a constant direction against an equal 
amd opposite force P, is measured by the product of the force 
into the space through which its point of application is moved, 
estimated in the direction in which the force acts. 

Thus, if a force P bo supposed to act at A, and to move its 
point of application to £; then if 5^be „ p 

drawn perpendicular to AP, the work yi ' * 

done is estimated by Pp, or by P As . cos 9, / \ P > 
wher&p = AM, As = AB, and 9 - z BAM. * M 

The work done is, accordingly, regarded as positive or 
negative according as the angle 0, which the direction of the 
force makes with that of the motion, is acute or obtuse. 

If 6 = -^TT, the direction of the motion is perpendicular to 
that of the force, and the work done is zero. 

If two or more forces act on a system, the whole work 
done is the sum of the works done by each force separately. 

If any number of forces be in equilibrium, the total work 
done by them for any displacement is zero : from this the 
statical principle of virtual velocities can be readily deduced. 



EsiStPLES, 

I. Prove that the whole woilc done mraieing a system of heavy bodies, esch 
througli a diSereot height, is tlie aame as that of raiaiug t}ie eum of the weig;lib< 
through a hoight equal to lliat tJnough wHch their centra of grarity vt raised. 

3. Find the work performed in moTing a ton along 100 yud« on a tinifonnly 
lougli horizontal road, tho cooffideat of friction being ■^. 

Ant. 67,300 foot-pDimds. 

3. Show that the Baiiie work is oippnded in drawing a body up an inolinod 
plane, subject to friction, ae would be expended npon drawing it lirat along the 
DBBe of the plane (anppoaiag the coefficient of friction the same), and then raiaing 
it up the height of the plane. 




Work and Energy. 

WLat time will 10 men take to pump the hold of a sMp vbirQi eonlAiiu 
au,wiill ciibiu foet of water ; the cenlie of gravity of the water being 14 feet 
below the point of discharge, andcathman hping supposed to perform 1500 foot- 
pounds per Qiinute, assuming the weight of a cubic foot of water to be 62^ lbs, P 
Am. 29 hra. 10 mus. 

122. ^ITork done by a Variable Force.— If the force 

te not constant, we suppose the path deacrihed by its point of 
application divided into infinitely email portions, through 
each of which the force may be considered constant. Henc^ 
if the force P act constantly in the direction of the displace- 
ment ds of its point of application, Pds is the corresponding 
element of work, and the total work in moving through any 

space s is represented by the definite integral | Pda, 

If the direction of P makes an angle 9 with ds, the cor- 
responding element of work isPcosflt/s, and the total work, 

J Peoserfs. 

Again, let x, y, s, be at any instant the coordinates of the 
point of application of the force P, referred to a system of 
rectangular axes ; and let S, Y, Z, be the components of P 
parallel to the ooordinate axes respectively ; then we have 

Pcos dd» - Xdz + Ydy + Zdz. 

Hence the total work done by P in moving its point of 
application from one point to another is represented by 

J(X<i«+ Ydy-i Zda) 

taken between the two points. 

If the expression Xdx + Ydy + Zdz be an exact diffe- 
rential, ('. e. if 

Xdx ■{■ Ydy + Zds = du, 

where » is a function of x, y, s, then the integral , 

I (Xrf« + Ydy + Zdz), 

taken between any two points, is a function of the ooordinatea 
of those points ; and the work done is accordingly a function 



^ 



Fofces directed to Fixed Centres. 

of the extreme coordinates solely. When this is bo, the 
mutual forces between the parts of a system always perform 
or always consume the same amount of work during any 
motion whatever by which it can pass from the one particular 
configuration to the other ; hence such a system is called a 
conservative iy»tem of forces. In general, for any syatem of 
forces acting at different points, the total work done for any 
finite displacements is represented by 

SjPrfjU, or ^\{Xdx + Ydy + Zdz), 

where the summation extends to all tho forces of the system. 
123. Forces directed to Fixed Centres.— If we 
suppose the force F to act from a fixed centre, and if r be (he 
difltanee of its point of application from the centre, then the 
corresponding element of work is represented by Fdr ; and 
the total work, when the point is moYed from a distance / to 

a distance r" is represented by , Fdr. 

If F\i& afunctionofrrepreBentedby^'(?-), then the value 
of this integral will be 

*(>■")-*(>■■)■ 

In the law of attraction which holds in nature we have 
F=- --^•, and the expression fiiy, — -, j represents the corre- 
sponding work, in moving from the distance / to the dis- 
tanoe /'. 

Henoe the work done in motion from an infinite distance 

to the distance r is represented by -. The function 2 — in 

the case of the ordinary law of gravitation is called the poten- 
tial of the system of attracting masses at the point from 
which the distances ore measured. 

Again, if a number of forces F, F", F", &c., be directed 
to fixed centres, and if r, /, r", &c., be the corresponding 
distances, then the total work is represented by 

IFdi- + {Fdr' + jF"dr" + &c., 
taken between the limiting positions. 




Work and Eiierg- 

If the forces be eaoh a known function of the distance \ 

from the corresponding centre of fores, the result can, in ga- ' 

nerol, he immediately integrated, and the work is a function 

of the initial and final positions of the points of apphoation 

solely. Consequently such a Bystem of forces is always a 

oonseryative system. 

If in, ni' be tlie masses of two particles attractizig eocli other with afora»a 
H~-^, where ris their distance apart, show that the work done when they haw J 
mOTed from an ineiiite dislnnco apart to the! diBtanoa r 

124. VTork done by a Stress. — If two equal and oppo-'l 
site forces, each represented 
by F, act respectively at the 
points A and B, to find the 
element of work for a small 
displaoement. Suppose A' 
and -B' to be the new positions for an indefinitely email dis- 
plaoement, and let fall the perpendiculars A'M and SN 
on the line AB ; then the elements of work are represented 
by F . AM and F . BN. Hence their sum is F{AM + 5if) 
= F{A'B' - AB), or FAs, where As denotes the indefinitely 
small change in the distance between the points of apphoati 
of the forces. 

Hence, if the points A and B be rigidly connected, as . _, 
distance AB is invariable, the total work done by the foroes] 
for any displacement is zero. 

Also the point of application of a force may he transferred 
from any one point to any other on its line of action without 
altering the work done, provided the distance between the 
two points is invariable. 

The pair of equal and opposite forces that two bodies 
exert on one another in accordance with the general prin- 
ciple of action and reaction is called in modem treatises a 
stress. When the forces act away from each other, as in the 
figure, the stress is called a tension ; when they act toward*, 
each other it is called o. pressure. 
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Bodj/ with a Fixed Axis. 

Hence the work done by a stress is positive or negative 
acoording as the change of distance between the points of 
application is in the direction of the mutual action of tho 
fowes or in the opposite direction. 

Also in the ease of a rigid body it follows that the lotal 
worJi done by the internal forces ofstrem is alii-oys sui-o. 

125. Body with a Fixed Axis.— To find the work 
done by a force acting on a body which is capable of turning 
round a fixed axis. 

Suppose the force resolved into two components, one 
parallel, the other perpendicular to the 
fixed axis. The former does no work, 
since it is perpendicnlar to the direction 
of motion of every point in the body. 

Let the latter component be repre- 
sented by P, and suppose it to act in the 
plane of the paper ; the fixed axis being 
perpendicular to that plane, and meeting it in the point 0. 
Xiet iV be the foot of the perpendicular drawn from to the 
line of action of P, then by the last Article we may take iV as 
the point of application of P. 

Suppose now the body to receive a small angular displace- 
ment A^ round the fised axis in the direction of the arrow ; 
then, if OiV = p, the displacement of JV will be p^d, and the 
corresponding element of work is PpA9, or Ad multipHed 
by the moment of P with respect to the fixed axis. 

Again, if we suppose a pair of equal, parallel, and opposite 
forces to act on the rigid body; then, provided the plane of 
the pair is perpendicnlar to the fixed axis, the work done by 
the pair is evidently, from what precedes, represented by the 
moment of the pair multipUed by the small angle of rotation. 
And if the pair continue to act on the body, the work done by 
it during any rotation is represented by the product of the 
moment of the pair by the angle in oiroular measure, through 
which the body has rotated. 

EXAMPLI:. 

A pivot or flcrew turns round a central oris and presses against a rough 
plane ; find fax expression for the work expended on the frictlan which acta oil 
the diouliu' end of the pirot in ooe rerolutioa round it 
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Let Q denote the entire normal preuum 'between the pivot and the pUee, , 
ft tie cocfflciont of friction, Biippoaed constant, a the radius of the end of tlia 1 
piTOt. This End rony be regarded as conjuating of on indefinitely great number j 
of concentric circular rings. If r be the rodinn of one of the rings, dr it* 
breadth, then the area of the ring is Irrdr, aod the corresponding fiictioa, 






irtheei 



-e ring, is repreaented by 



2>iQ 



dr. Hence 



corresponding 1 
get ^ir/i Qtt for tie ei 



■wort for ono revolution is — - — r* dr. Integrating, » 

tire work expended. In this inveBtigation 
pMcd to be uniformly distributed over Ihe 

126. Energy. — Energy is the capacity of doing work. ' 
For instance, a spring when hent by pressure contains a cer- 
tain amount of energy stored up in it ; thus the mainspring 
of a watch, by the energy which it posBesses, maintains the 
motions of the works until that energy haa been expended. 
Again, a quantity of air, when compressed into a smaller vo- 
lume, possesses energy, and can perform work when oceasion 
requires; for example, in projecting a bullet from an air-gun. ■ 
Also a raiaed weight is said to poasesa energy and is capable | 
of doing work. For instance, the motion of a clock is main- J 
tained by the energy of its descending weights. This energy 1 
of a weight }f raised to a height h above the ground is | 
measured by Wh, that is, by the work it is capable of perform- I 
ing by its descent to the ground. In general, when th© I 
configuration of a system is altered, it has a tendency to I 
return to its former state, and in efEecting this return is I 
capable of doing a certain amount of work. This capacity i 
of doing work, arising from change of configuration or of re- I 
lative position in a system, is called potential energy; the work I 
employed in producing this change being in a sense aeon- I 
mulated. For example, if two bodies whicli attract one I 
another are separated, they have a tendency to rush together, | 
and iu so doing are capable of overcoming a certain amount I 
of resistanoe. I 

Again, a body in motion possesses a certain amotmt of I 
energy which is measured by the work it is capable of per- I 
forming before being brought to rest. This latter is called I 

Kinetic enenjij of the body. We proceed to consider how j 
■)unt ia measured. 1 

, SleaBure of HJaetIc Energy. — The measure of I 
etio energy of the mass m moving, without rotation,! 



Energy due to a Variable Force- 
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with the Telocity v, ia easily found. For, Buppose the mass 
acted on by a uniform resistance R in the direction of its 
motion, and let R = mf; then, if v be the initial velocity, 
and s the apace described before coming to rest, we have, by 
Art. 36, v' = Ifs ; hence \ h(c' = Rs. 

Accordingly, the work which a mass m moving with the 
velocity v is capable of performing before being brought to 
rest is \m v'. lience its kinetic energy is equal to half its vis viva, 
and is represented by |*nit^. 



1. A train of 60 tons, (□ovingat tho rate of IS miles an hour on a homoittal 
raflwaj, ruim, whan the ateam is Hhut off and lie breaks applied, through a 
quarter of a mile before etopping. Find in lbs. the mean resistance, and ite time 
of action. Ati>. 770 lbs.; 2 mmutes. 

3. The breadth of n river at a certain place is 100 yards, it« moan depth ia 
S feet, and its meim Telocity Smiles an hour. Calculate its hor»e power, aaauming 
H cubia foot ol water ta weigh 62t lbs. 

Bere the quantity of water which paesea per minute is 633,600 cubic feet ; 
and the required answer ia caaily aoen to be 363 borae-power. 

3. A ahot of 1000 lbs., moving at 1600 feet per second, strikes a fixed target. 
How far will the shot penetrate, the target exerting on it an average preasuiv 
equal to the weight of 12,000 tona? Ant. 1} ft., approximately. 

i. Detenoine ia ergs the kinetic energy of n maaa of oae hundred pounds 
moving with a Telocity of one foot per minulfi. Am. SB53. 

5. A heavy particle resting on a rough inclined plane, and attached by a 
string to a fiied point on the plane, is projected from the lowest point of tin; 
oiiole in which it moves in the du'ectiun of the tungent; (it) fiad the velocity 
necessary to carry the string to a horizontal poailian ; (i) If the partick' 
descending from this positioa reach the lowest point and remain there, deter- 
mine Ihe i^oefficient of fiiction. 

6. A boll moving with a velocity of 1000 feet per aecond haa its velocity 
reduced by 100 feet in posaiug through a plauk. Through how many anih 
plocilu would it pass before being stopped ; assuming the same amount of work 
to be performed in overcoming the reaistanoe of each plank. Am. 5^. 

128. Energy dne to a Variable Force.— If a va- 
riable force F act at the centre of gravity of a mass m, in 
the direction of ita motion, we have, oy Art. 67, 

„ da dv 

F= 



dt 

Fds =mvdti; 



ds 
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accordingly, if Fo and Vi be the initial and final velocities of m, 
we have 



\m{V,'-V„')-\ Fds. 



(I) 



From this we infer that if a variable force F act on a 
, in the direction of its motion, the work done by it ia. 
measured by half the corresponding ciiange in the vis viva of 
" e moving body, or by the change in its kinetic energy. 

In general, let X, Y, Z, as before, denote the oomponentB 
parallel to the axes of «, y, z, acting on the mass in, then, by 
Art. 67, we have 

d'^y 



^ = w'^- 



Z = 



Multiply the first by djc, the second by dy, and the third by' 
ds, and add; then 

fd'x , (Py , (f c , \ 



Xdx+Ydy + Zd%^n 



'^-a^^m^m 



Hence, if Fo and V, be the initial and final Telocitiee, 

^,«(r.' - V,") = S{Xd.r, + Ydy + Zdz), 

' the integral being taken from the initial to the final positioa 

of the point. Hence we infer that in this case also the work 

done by the forces during any motion is equal to half the 

' ange in the kinetic enert/y of the moving mass. 

If after the lapse of any time the velocity of m become 
equal to its original value, the work done in that interval by 
the forces which accelerate the motion is equal to that done by 
the forces which retard it. 

In the case of a central force, represented, as in Art. 123^ 
by 0'(r), we readily obtain the equation 

i.»(.' -»")-*(')- *(•■'). (2) 

I where v' denotes the velocity at the distance r' from the centre 
\ of force. 

Again, in any conservative system of forces the change of 
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kinetio energy in the motion, under the action of the forces, 
from any one point to any other, is a function of the co- 
ordinates of the points, and is independent of the path 
desorihed. 

129. Equation of Energy. — In general, if we suppose 
any free rigid hody acted ouhy external forces, then the total- 
work done by the external forces during any time is equal to 
the corresponding change of the kinetic energy of the body. 

For each particle of the body moves in the same man- 
ner B8 if it were free, and aated on by forces equal to those 
which result from its connexion with the other particles. 
Hence, by what precedes, the change in the kinetic energy 
of the particle is equal to the work done on it by the 
external forces, together with the work due to the action of 
the other particles of the body on it. Accordingly, the total 
change in the kinetic energy of the rigid body in anytime is 
measured by the work done by the external forces in that 
time, since, by Art. 124, the internal forces in this case do 
no work, and equation (2) may be written in the generalized 
form 

J 2m{c' - Pe=) = E/(Zrfj; + Yds/ + Zdz), {3) 

taken between proper limita, in which the sign of summation, 
2, is extended to each element in the body. 

ESA.MPLEB. 

1. A locomotive of 10 tons, setting out from rest, aeqniroB & Telocity of 
20 milea an hour on & liorizoDtal Toilway, after niimicg tluijugh a mile under 
the action of a couHlaal pressure. Calci^te in pounda the difference between 
the moving and reUrding forcea, approiiinately. Ans, 67. 

2. A SO 11). ball, after traversiDg the burrel of a gitn of 5 feet length, leaveg 
it with a velocity of 501) feet per aoeoad. Find approiimatoly the difforeUM 
between the mean eiploaive forue of the powder and mean reaiatance which aots 
on it. Am. 390626 lbs. 

3. A uniform hloi^k of given dimenaiona atanda, with one face perpend ieuloi' 
to the direction of motion, on a railwny trucli, which ia auddeolj etopped. If 
the bloek be prevented sliding upon the trucfe, determine the apoed of the train 
M that the block shall bejust overturned. 

Here the kinetic energy of the block ia expended in raising ita centre of 
pnvity until it ia vcrticillj- over the edge ronnd which the block turns. Accord- 
ingly, if a be the height of the block, and b the length of ita edge which lies in 
the direction of motion, the required velocity v is given by the equation 



^ 
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4. A catapult ia formed by fixing the ends of an elastic stdog (natural leagUi J 
21) at pointa ^ and A', al a sliort diataot^e apart ona borizonlal plane. A liuUet I 
placed Bt Oit' middle point of the string, is drairu back at right angles to AA' 
(itretched length = 2/'), and let go Trhen Iho string is on the point of breaking. 
Prove that the Telocity T of the bullet H-hen it Igbtcs the siring is inilopendaut 
of the dialance AA', and is to the velocity V it would hayc acquired in falling 
through the vertical space i' - ( in the Eub -duplicate ratio of Ite greatest strain 

■ W the atring can boar to the weight ff'of the bullet. Mr. Whitworth, Edue. 

Let V be the velocity of the bullet, and 1r the length of the string at any J 
inKtant during the motion ; then adopliug Hooke'a law, that the lenaion of the I 
string varies directly as its extension, the equation of work becomes 

- F" = *r ~^ {r - l)dr = 2W{r - I), 

or WV^- = 2g{l''i)ir' = WV. 

5. The following eitension of lie last question is given by Mr. Towmsnd. 
If in placo of a single cord there be n uniform cords, of the common unextended 
length 2/, attached to as many pairs of diametrically oppoeite points on the cir- 
cunfereoce of a fixed circle, and all drawing the bullet along the axis of Ihs cone 
of which the circle la the base, and the bullet at the vertex, then we Bball have 

jrr- = -Ing W (V -l)=W V"-, 
where V is the velocity due to the height «(!' — I). 

130. Energy off RotatlOD, — To find the kinetio energy 
of a rigid body reTolving round a fixed axis with an angular 

velocity — or ID. 

Let r be the distance from the fixed axis of any element 
dm of the body ; then rai will bo the velocity of dm, and 
aocordingly the entire vis viva of the body, 

Sc'rfMi = tt^^r'dm = id' J, (4) 

where /lepreBente the moment of inertia of the rigid body 
relative to the fixed axis {Int. Calc, Art. 19(i). Thua tha 
kinetic energy reijuired is |/(u'. 



1. The rim of a fly-wheel, ap. gr. T'2d, pcrfoiming 6 revolutions par< 
minute, ia 6 inches thick, and its inner aud outer radii are i and 5 feet recpee- 
tively : cotoulatc it« kinetic energy in foot pounds- 
Here o = T, and Jf, the mua of tlie fly-wheel = 7'2S x |xG21.w.ll 

isSOGfoot 
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2. A rod of uniform density can turn freely round one end ; it is let &11 
from a horizontal position ; find its angular velocity when it is passing through 

tlie vertical position. . /3a , • .^ ^ ^, ^ .^ , 

Am. aI ) where a is the length of the rod. 

3. Two masses M and M' are connected as in Atwood's machine (Art. 71) ; 
find the acceleration when the mass fi of the revolving puUey is taken into 
account. If v be the common velocity of M and M* at any instant, and fxk^ the 
moment of inertia of the pulley, then the entire via viva of the system is repre- 
sented by (Jf + ifO^'* + M*«^- 

Hence, if 2 be the distance fallen through from rest, we have 

(M +M')v^-{- fik^u,^ = 2ff{M- Jf ') z. 
Also 1; = aw ; 

. . dv dv 

Again, the acceleration f=z--= v~; 

dt dz 

therefore /= ^^'^^-^') . 



a' 



If the pulley be supposed a homogeneous cylinder, k^ = •— , and /becomes 



4. Find in the same case the tensions of the strings. 

2ilf ^g' + fik^ 2}fa^ + fJc^ 

^'^' ^^ {MTm^n^'' ^(if+if')a^ + M'*' 
For a homogeneous pulley these become 



Msf 



"^ — , and M'g -^ . 

2(Jf+Jf')+/A* *^2(Jf+Jf') + M 



6. A homogeneous cylinder, of weight JT, is rotating round its axis, sup- 
posed horizontal, with an angular velocity w ; find to what height it is capable of 
raising a given weight P, before coming to rest. 

Ans, — — , where r is the radius of the cylinder. 

4^ F 

131. Tis YiTa of any JSysteni. — If x^ y, z be the co- 
ordinates of the centre of gravity of any moving system of 
masses at any instant, Xy y, z the coordinates of the element 
dm at the same instant; also, if £, 17, Z be the coordinates 
of dm relative to a system of parallel axes drawn through the 
centre of gravity ; then, as in Art. 14, we have, adopting 
Newton's notation, 

• * • * * 

i = ^ + £, y = y ■\' ri, s-5-J; 
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consequently 

St^^m = 'S.dmi^i + tf + (i? + li)^ + (5 + tf]. 

Again, if Fbe the velocity of the centre of gravity, and 
t?'the velocity of dm relative to the centre of gravity, we have 

also 

Sge/m = 0, S^t/m = 0, ^tdm = 0. 

Hence we get 

St^Vm = F" S*n + 2«?'Vm. (5) 

Accordingly, the vis viva of the system at any instant 
coneists of two parts, one of which is the vis viva of the entire 
mass supposed concentrated at the centre of gravity; the other 
is the vis viva of the system relative to the centre of gravity 
regarded as a fixed point. 

Examples. 

1. A homogeneous cylinder rolls, without slipping, down a rough inclined 
plane, under the action of gravity ; inyestigate the motion. 

Since the motion is one of pure rolling, the line of contact of the cylindcr 
and plane at any instant may he regarded as fixed; accordingly the friction, 
acting along the plane, does no work. Also, hy Art. 130, the kinetic energ^^ 
at any instant is represented hy J «^/, where / is the moment of inertia of the 
cylinder with respect to the edge m contact with the plane. But /= Jf (a* + k^) , 
where a is the radius of the cylinder, and Mk^ its moment of inertia relative to 
the axis through its centre. Hence the equation of work gives 

Jf«» (a^ + a:^) = 2^-af« sin t, 

where s is the space down the plane descrihed from rest. Consequently, 

"'-^TW- Also, -=* = ««; 

^"^ \jt) =-^Ta^ = 

therefore, hy differentiation, 

€P8 a^g sin t 
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TbiB detenninea the acceleratdon. dowa the plane to be cinistimt. Eance tlie 
Telocity acqiured and tlie space deecribed in any lime can at once bo delf nnmed. 
If the cylinder be homogeneous, we have 1^ = J-ii' {Int. Calc, Art. 201), and 
in /in this case iaS^Bini. Tiufl shows that the velocity of the 
centre of gravity of the cylinder ib j that acq^uiied by a particle, ia Qib same 
tiioe, in sliding down a smooth inclined plane of the same tnclinatioa. If the 
cylinder be hollow A = 0, and aooordingly /= Jj sin i. 

2. A mass 3f draws up another, M', on the wheel and axle; &nd the motioa. 

Let a be the radius of the wheel, a' that of the axle; then, ae in £z. 2, 
Art. 130, it is easily seen that we get 



[it) (^'•■+^'''' 
Hence, by differentiation. 



f >iF) = 2g(Ma- M'a'je + const. 





dl^ Ma' + M'a-' + /i/.i 


Aooordingly, if 


. 0, and ^ = 0, whea ( = 0, w 


through in the time ( 


, . Ma-M'a' 


3. Find the tonaio 


ns of the strings in the same en 


■ 


*5f" !„•?/'*!, 



:t for the angle fumed 



-"Vb 



^ff Find the roloidty acquired by the centre of a hoop ii 
ined plane of height h. 



rolling down an in- 
Aks. ifli. 

132. 'n'orb done by an Impalse. — If a tosss, M 
moving with a velocity Frecaives an impulse in the direction 
of its motion, and if Y' be its velocity after the impulse, then 
the change in its kinetic energy is 

But M[ V - V) measures the impulse. Hence the work 
done hy the impulse ia measured by the product of the 
momentum, which measures the impulse, hy half the sum of 
the velocities before and after the impulse. 

For example, a bullet m in passing through a plauk expe- 
riences a definite amount of resistance, measured hy the 
tliioknesa and hy the resisting force, but this equals half the 
loss of p« viva of the bullet, or 
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where v and v' are the velooitieB with which it meets and 
leaves the plank. Hence the momentum m{v - v') commu- 
nicated to the plank varies inversely as u + u : consequently 
the greater the velocity of impact the less the momentum 
imparted. This explains how a hullet with a high velocity 
can pass through a door without moving it on its hinges. 

133. Compound Pendiilnm. — A solid hody oscillating 
under the action of gravity, around 
a fixed horizontal axis, is called a 
compound pendulum. Themotion of 
Buch a body is readily reduced to 
that of the corresponding simple 
pendulum, as follows : 

Let the plane of tho paper re- 
present that in which the motion of 
G, the centre of gravity of the body, 
takes place, and let he the point 
in which the fixed axis intersects 
that plane. Draw OY vertically 
downwards, and let GO = a, M 

let iGor = e. 

Suppose the pendulum to start from rest, when 6 = a, 
then, iu the time i, the point G will have descended through 
the vertical height a (cos 9 — cos a). Also the ais viva of the 
body at the same instant (Art. 130) is represented by 

Hence, by the principle of work. Art. 129, we have 

./de\ 




of the body. Also 



^^J- 



a (cos 6 - 



If the moment of inertia / be represented by MK'', the 
latter equation becomes 

-ff ' (^y = 2ga (cos & - ooa a), (6) 

where K Is the radius of gyration of the body {Int. CalCf 
Art, 197), relative to the axis of suspension. 



^&ampaund Pendulum. 



Heaoe, bj differentiation, 



' K'- 



m 



^ Comparing thia with the corresponding equation for the 

I motion of a simple pendulum (Art. 99), we see that the 

motion is the same as that of a. simple peaduliim of length 

'-?■ 

Again, if MJfl he the moment of inertia relative to an axis 
through the centre of inertia parallel to the axis of suspension, 
we have {Inl. Cak., Art. 196), 

ST' = a= + A" ; 



tenoe 



(8) 



The point is called the centre of suspension. If OG he 
produced until OG = I, since the bodj moves as if ita entire 
mass were concentrated at the point C, that point is called 
the centre of oncillatioii. Again, if through G a right lino 
be drawn parallel to the axis of suspension, all the points of 
this line move like the point C, i. e. as if they were freely 
suspended from the axis of rotation. This line is called the 
axis of oscillaiioii. 

Again, since OG , GG = K', the axes of suspension and 
OBoillation are interchangeable, i, e. the time T of an oscilla- 
tion is the same for both, viz., T 

By varying the axis of auapeneion the time of a small 
oscillation will also, in general, vary. 

For parallel axes, T obviously ia a minimum when a = k, 

and the corresponding time of a small osciEation = t /— . 

In order that this should be the smallest possible, the 
axis of suspension must he parallel to that axis round which 
the moment of inertia is least {Int. Gale, Art. 317). 
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If tke axis of sospeDBion of a compound pendulum be 
inclined at an angle a to the vertical, it is readily seen that 
the preceding investigation holds good, provided ^ sin a be 
Bubstituted for g throughout. 

Again, as in Art. 99, the time of any motion of a com- 
pound pendulum is represented by an elliptic integral. 

AIbo if a solid body make a complete revolution round a 
horizontal axis, the time of revolviug through any angle 
can be reduced to that for the corresponding oscillatory 
motion of a particle. 

ExAUPLEH. 

1 . A lanif orro circular plate, of radius a , makes small osciUationa about a 
KOnlal tangent; find the length of ths equivalent simple peaduliuu. jini. j 

2. Find the position of the axie with respect to which n uniform ciroulal 
plate vrill OEcillate in the ahorteet time. 

Am. The axis is at a distance of hEili theradius from the centre. Lengthof' 
the equivalent pendulum = a, 

3. Find the centre of oseillatjon of a homogBneonBaphere, of radius a, oscil- 
lating round a borizontal tangent to its surface. 

Am. At a point ^a helow the centre. 

4. Find the ratio of tho times of oscillation of a homogeneous eoliil sphere, 
and of a spherical shell of equal diameter, each being taken with reference tft 
a horiiontal tangent. Aiti. Vbi ; 

6. A sphere of radius a is suspended by a fine wire from a fiiod point, at a 
distance i from its centre ; prove ttiat the time of a small oscillation is repre- 
sented by ir-f — — (1 + J ain'^a), where a rcprcacnta the amplitude 

the vibration. 

6. If the semiaies of a, uniform elliptic disc bo 2 feet and 1 foot, and it 
suspended from an axis perpendicular to its plane through one of its foci, fl 
the time of a complete osciUntioa ander gravity. r jyj 

'*"'■ ay'aVy 

134. DetcrmlDallon of the Force of Oravlty.- 

We have already seen (Art. 101), that tlie value of g at any 
place can be determined from the length of the seconda ] 
dulum at the place. To apply this it is necessary to know 

the numerical value of . 



Two methods have been di 
employed by Borda, Arago, Biot, and 



id for this purpose — one 
' othera ; the other fi 



Motion of a Rigid Body round a Fixed Axi 

used by Bohnenberger, and afterwards brought to great per- 
fection by Captain Kater. 

In tlie first method the compound pendulum, supposed 
made of a materinl of uniform density, has aueh a shape that 
its radius of gyration can be calculated mathematically, as 
alflo the distance of its centre of inertia from the fixed axis. 

The second method depends on the reciprocity of the 
centres of suspension and oscillation. 

Eater's compound pendnlum consisted of a heavy bar 
having two apertures at opposite sides of the centre of inertia, 
through which knife edges passed, on either of which the 
body could be supported. On the bar was placed a ring 
capable of being moved up or down by means of a screw. 
Eater moved the ring until the times of oscillation round the 
two axes were equal ; in which case, by the preceding, the 
distance between the axes is equal to the length of the equi- 
Talent simple pendnlum. The distance, /, between the axes 
having been accurately meaBured, the value of g was calcu- 
lated from the formula g = -=^, where T denotes the time of 
an oscillation. 

Kater published an account of his ohservationa in the 
Philosophical Traiisadiom, 1818, 1819. For a more detailed 
account of this method the reader is referred to liouth's Rigid 
Dynamics, Arts. 100-108. 

185. Motion of a Rlgtd Body round a Fixed Axis. 
— In general, let a force P, in a direction which is at right 
angles to the fixed axis act on a body, then for a small 
angular motion <iB the work done by P is, by Art. 125, re- 
presented by PpdO. Again, ae this work is equal to the 
corresponding change in the kinetic energy of the body, wo 
have 



PpdB= lMk''d[-r) = Mk' 



Hence we get 



d'8 Pp Moment of impressed force 
df Mk' Moment of inertia 
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Examples. 



1 



1. A unifarm circular plats of ] foot radiiia and 1 cwt, rCTOlves round ita 
^ ^ i t S times per eecond ; calculate its kinetic energy in foot pounds. 

Am. 883, approiimatBly. 

2. A bent lever ACB rests in equililiriuia when AC is inclined nt the angle s 
to the horizontal line; showthnt when this ann ia I'aised to tho horizontal posi- 
tion it wiU foil through the angle 2a, 6' being supposed fixed. 

3. A homogeneoua cylinder, of masB M, and radius a, turns round a hori- 
zontal Biia; a 6ne thread ia wrapped round it, and has a maBS J?' attached tc 



a»(Jf+2Jf')' 
4. A right cone oeciUatea ronnd a horizontal aiia, pnsaing through ila Tert« 
imd perpendicular to the axis of the cone ; find the length of tho cciuivaleiLt 
simple pendulum. 



4A' + 
bk 



, where h is the height of the eone, and b the radius of its base. 



5. If in the last example the cone be let fall from the position in whieh ite 
9211 ia borizontal, find Kb angtdor velocity when in the lowest position. 

'*"'■ " - 4FT^- 

6. In the same case find tho presauro on the fixed aos, at lie lowest posi- 
tion of tho body, arising from centrifugal force (Art. 85). 






4*'- 



■ , where W repraeenta the weight of the oc 



T. A thin beam, whose ma«a is itf and length 2a, moves fVeely about oi 
ttomity attached to a fixed point whoae diatanco from a amooth plane is j, (£< 2a) : 
the otter entremity rests on the plane, tho inclinfltioa of which is a. If the 
beam be slightlv displaced from its position of equilihiium, determine the ti 
of ita Bmall oacillationa. | 4^1 _ ji 

Indinn Civil Servia Exam., 1860. 
lu this case the beam may bo regarded a 
the plane. 

8. A bullet weighing 60 grammes is fi 
a velocity of 600 mctrca a second. The target 
gramme, and 1« be free to move. Find, in kilogr 
in the impact. 

Zand. Crniu., 1880. 

9. When tho weight P of the pulley ia talran into account, 
lion (S), Art. 74, beooraes 



iground the perpendicular n 

I the centre of a target witli 

ia supposed to weigh a Idlo- 

jgranunetres, the loss of energy 



in vUoh the pulley is supposed to be of ui 



n denaity and thickuesi. 
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10. If the motion of a solid body acted on by attracting forces be a pure 
rotation, the velocity « of rotation at any instant will be given by the equation 

JfA2(«2-«;) = 2(F-Fo), 
where V represents the potential of the attracting forces. 

11. A hollow cylinder rolls down a perfectiy rough inclined plane in 10 mi- 
nutes ; find the time a imiform soUd cylinder would take to roll down the same 

Pl^®- Ana, 6V3 minutes. 

12. The particles composing a homogeneous sphere of mass M and radius r 
were originally at an infinite distance horn, each other. Prove that the work 

done by their mutual attraction is - — . 

13. Apply the principle of work to the investigation of the loss of kinetic 
energy in tiie collision of imperfectiy elastic bodies, in terms of their moduli of 
elasticity. 

When the mass Jf is in collision with -3f' , by the third law of motion, the 
pressures developed in the two are always equal and opposite. If P denote this 

P P 

pressure at any instant, the changes in velocity in that instant are — and -=7;. 

Jf Jf 

As this is true for each instant, the total change of velocity in one body during 

any portion of the collision will be to the total change of velocity in tiie other 

inversely as the masses. Hence, as before (Art. 76), we have for the common 

velocity «, at the instant of greatest compression, — ; = -— . Again, for the 

U — r Jf 

velocities v, f/ after impact, MV ■\- M'V = Mv + M'v*, Supposing the bodies 
imperfectly elastic, the impressions made by the impact are only partially done 
away with afterwards, and so a part of the work expended on them is lost, as 
regards motion of the bodies. Call this loss of work Wy then the equation of 
energy is 

JfF2 + Jf'r'2 = Mv^ + JfV* + 2W. 

Let P be the pressure or the opposite resistance which produces the change 
of form, and let «, «' be the amounts of the compressions in the two bodies in 
the direction of impact ; then the amount of work employed in the compression, 
since the resistance P gradually increases from to P, is JP(« + «'). 

Again, if E, E* be the moduli of elasticity, I, V the lengths, and <r, 0^ the 

cross sections of the impinging bodies ; then, by Hooke's law, we may write 

Fl FV 

8 = — =, af = 3-= ; hence the quantity of work employed in the compression of 
ffE uE^ 

the bodies is JP* ( — =, + -t75 ) • -^.t this stage the two have the same velocity, 
u = — — — —, — ; thus we have for the loss of kinetic energy up to this 

i(jfr2 + jf'r2)-ifiMif+if') = i(^- K?^^.' 
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Equating tMs to the work, we can find the greatest pressure P which, produced 
hy the collision, effects the change in form of the two hodies 



/ MM' (tE ff'E' 
P=(r- n^jf + M''l(r'E' -Vlfc 



VffB 

Now suppose in the second stage of the collision that M recoyers the frac- 
tion n, and M* the fraction n\ of the work employed in change of form, then 
the work lost is 

(1-n)/ (l-n')r) 



r=iP{(i -n)« + (!-«')•} =jp2 |y—|L^ + 



^E' 



Putting in its value for P we get 



tr-ny ^'m + m' we'^Vce * 

Comparing with Ex. 7, p. 77, we may therefore write 

^ _ nlff'E' + n'VffE 
^ la'E' + l'ffE ' 

•Thus for two hodies of equal elasticity n = n'=e*. 



CHAPTER VII. 

CENTRAL FOECES. 

Section I. — Rectilinear Motion. 

136. Centre of Force. — We next proceed to consider 
motion under the action of a force whose direction always 
passes through a fixed point, and whose intensity is a func- 
tion of the distance from that point. The fixed point is 
called the Centre of Force ; and the force is said to be 
attractive or repidsive according as it is directed towards or 
from the centre. 

If we assume that two particles of equal mass placed at 
the same distance from a centre of attractive force are equally 
attracted towards the centre, when they are conceived placed 
together, the whole force acting on them — considered as one 
mass — will he double that which acts on one of the particles. 
Similarly, if any number {n) of equal particles be placed 
together, the whole force will be n times that which acts on 
a single particle. Hence it follows that in such cases the 
whole attracting force is proportional to the number of par- 
ticles, i.e. to the mass of the attracted body — ^provided the 
attracted mass be of such small dimensions that the lines 
drawn from its several points to the centre of force may he 
regarded as equal and parallel. Accordingly the force, ia this 
case, is proportional to the attracted mass, and consequently 
the accelerntion produced by it is independent of the mass 
attracted, and is a function of the distance from the centre 
of force only. 

137. Attraction. — The aeeeleration due to an attractive 
force, at any distance, is called the attraction of the force, 
and is, as we have seen, independent of the mass of the 
attracted particle. Consequently the measure of an attractive 
force at any distance is flie velocity per second which the 



Rectilinear Motion. 

central force could generate in one second, in its own direc- 
tion, if it were conceived to act uniformly during that time. 
For instance, g, i, e. the velocity acquired in one second by 
a falling body (Art. 36), meaaureB the attractiTe force of the 
Earth, at any place, and is, as already atated, the sarae for 
all bodies at that place. 

138. Rectilinear Motion. — If the particle acted on he 
originally at rest, or he projected in the Ime joining its posi- 
tion to the centre of force, its motion will take place in that 
right line. 

Tating this line for the axis of x, and the fixed centre as 
origin, wo have for the equation of motion {Ait. 21) 



i?--f- 



(1) 



where Ji" represents the altraction at the distance x, which is 
taken with the negative sign because it tends to diminish the 
velocity. 

We shall illustrate equation (1) by applying it to a few 
elementary cases. 

139. Force Varying as the lllstance. — If the force 
be proportional to the distance from the fixed centre, we 
may assume F^ fix; then, for attractive forces, the equation 
of motion becomes 

_ = _^, or^-^-^^ = 0. (2) 

This equation has been already oonmdered in Art. 107, 

and accordingly we have 



c = C cos i v^ + C" sin f ^11. 



(3) 



The constants and C are determined from the initial 
circumstances of the motion. 

For example, if the particle start &om rest, at the distance 
a from the centre of force ; then, when i = 0, we have x 

and -^ = ; this gives 

C = a, and C' = : 
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and consequently a? = a cos < V^- This detennines the posi- 
tion of the particle at any instant. 

Again, if {f- t) y^ = Stt, it is evident that the values of x 

dnX/ 

and of -rr a^e the same at the end of the time ^ as at the 
at 

time t : this shows that the motion is oscillatory, and that the 

27r 
time of a complete vibration is -^. (Compare Art. 109.) 

For a repulsive force the equation of motion is 

^ = /^^. (4) 

AccordiQgly (Art. 107), we have 

To determine the constants: suppose, as in the former 
case, the particle starts from rest, at the distance a ; then 

a=(7+0', and C-(7' = 0. 
Hence x = ^a (/'^'i^ + e-^'^). (5) 

140. Inverse ISqaare of Dlstanee. — ^In thd case of 
the law of nature, in which the attractive force varies as the 

inverse square of the distance, we have F= ^\ and the dif- 
ferential equation of motion is 

Multiplying by 2dx, and integrating, we get 



( 



dx\ 2ll . 

— !- « const. 
dtj X 

L2 



Rectilinear Motion. 

Hence, if tlie particle be Bupposed to start from rest, at 
the diBtaiioe a, 



\dt 



-Ml-^A (6) 



This equation determines the velocity at any distance 
from the centre of force. 

Again, eztraoting the square root, and tEansfoiming, we 
get 

y2^rf; = _^^. (7) 



The negative sign ia taken since in the motion towards 
the oentre of force, x diminishes as / increases. 

To integrate this equation, assume x- a coa'fl ; then 



— —, and dx = — 2a sinfl o 



consequently '</2fidt = 2a5 cos' fl dO ; 

hence t- /^ [9+ a-sin29) + constant. 

Again, the constant vanishes, since i and 6 vanish, when 



^Mj'^i- 



(8) 



Hence the time of motion from the distance a to the 
distance x is 

Alfio the time of motion to the oentre of force is 



Applicadon to the Earth. 

Again, if the body be supposed to start from an indefi- 
nitely great difltance we have, making a = ao in (6), 

.■-&. (10) 

141. AppUoation to tlie Eartb. — For the law of 

nature, it is easily proved that the attraction of a homo- 
geneous sphere is the same as if its mass were oonoentrated 
at its centre (Minchin's Statics, Art. 244). This property 
holds also for heterogeneous spheres, provided the density at 
each point is a function of its dktanoe from the centre solely ; 
for the spheres can be supposed divided into an indefinite 
number of homogeneous spherical shells, each of which 
attracts as if its mass were concentrated at its centre. 
Hence, the results of the last Article can be readily applied 
to the motion of a body falling from any height above the 
Earth's surface, all resistance of the atmosphere being neg- 
lected. 

In this case g measures the Earth's attraction at its sur- 
face ; hence, if It denote the Earth's radius, we have n = gJf, 
and if this value be substituted for /i we can readily deter- 
mine the velocity and time of motion in any particular case. 

For instance, the velocity V with which a body f allin g 
from the height k would reach the surface of the Earth is 
given by the equation 

^■ = ^'^*- <") 

Also, by (9], the time of motion in seconds is 



where Jt and h are expressed in feet. 
If Jf = nh, this becomes 



inns)- 



•^ 



When n is a large number this becomes, approximately, 

If the body be supposed to start from an infinite distance, 
the velocity with whicli it would reach the Earth is ^ven by 



the equation 



■= = ^gR. 



(13) 



143. Comparison of Attraction of Different 
Itpherlcal Bodies. — Let M, M' denote the masses of two 
spheres ; S, ^ their mean densities ; r, / their radii ; /, ,f their 
attractions at their surfaees, respectively: then we have 



/:/ 



M M' 



h- : S'/. 



For example, if i) be the mean density of the Earth, and 
R its radius, then /, the attraction at the surface of a planet 
of radius r and mean density S, is given by the equation 



/-J, 



(14) 



L. 



If the mean densities be the same for both, we have 



If we assume the mean density of the Sun to he one- 
fourth that of the Earth, and its radius 104 times that of the 
Earth, then the velocity acquired in one second by a falling 
body at the Sun's surface is approximately represented by 26g. 

In the case of the mutual attraction of two spheres it is 
often convenient to assume the origin at their common 
centre of gravity, which remains a fixed point during the 
motion. For instance, if two equal spheres, each of radius r, 
be placed at a given distance apart, and left to their mutual 
attraction, to find the time they would take to come together. 

Let 2a be the initial distiuice between their centres, and 
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asaume the origin O at the middle point of the line joining 
the centres. If x be the distance of the centre of either 

sphere from at any time ; then tt; represents the corre- 
sponding attraction, and the time required ie, hy (9), repre- 
sented by the expression 

where fi can he determined by the equation 




I. If h be the height due to tlie velocity Va.i the Eaiili'B surface, Bupposing 
its attraction conataat, and H the corraapooding height when the VI ' " 
gmrity ia taken into account, prove that 



3. Calculate, approiiraately, the velocity with which it body falling from an 
indefinitely great dialaneo womd reach the surface of the Earth ; neglecting all 
farces beaidea the Earlh'a attraction, and oaauming R = 1000 mllca. 

Ans. 7 miles per aecond. 



. 3G4 miles. 

5. In a work erroneously attributed to Sir Isaac Newton, it ia stated, that if 
two Hphorea, each one foot in diameter, and of a like nature to the Earth, weru 
distant by bat the fourth part of va inch, they would nut, even in spaces void of 
resistance, come together by the force of their mutual attraction in leas than u 
month's time. 

Inveatigale the truth of thin statEment. Sch. Ex., 1883. 

Eq^ualjon (16) gives in this case for tho time, in aecoads, 

™«|ii""(f)*8V5J- 

This gives about 5 minutes and 38 seconds. 
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If the question be solved on the assumption that the attraction is constant 
during the motion, and equal to that when the spheres are touching, the time 

required is readily found to he, approximately =100 Vll = 6 m. 32 sees. 

It may be observed that the former result follows from this immediately 
by application of formula (12). 

6. Show that if a sphere, of the same density as the Earth, attract a par- 
ticle placed at the n*^ part of its radius from its surface, the time of motion to 
the surface is the same as that of a particle moving to the Earth from a distance 
equal to the nP^ part of its radius. 

7. What is meant by the Astronomical Unit of Mass ? The astronomical 
unit of mass is that mass which attracts a particle placed at the unit of distance 
80 as to produce in it the unit of acceleration in the unit of time. 

8. If a foot and a second be taken as the units of length and time, calculate 
approximately the nimiber of pounds in the astronomical unit of mass. 

Let M denote the mass of the Earth, and m that of the astronomical unit, 
then we have 

M M 

-:m = ^:l, or «* = ^, 

where r is the radius of the Earth in feet. Now assuming 2), the mean density 

of the Earth, to be b\ that of water, the mass of a mean cubic foot of the Eartn 

is 344 lbs. approximately. If we assume the radius of the Earth to be 4000 miles, 

we get 

Jf 4irr 

— ^ = - — X 344 = 961,000,000 lbs., approximately. 

gr^ 3 g 

9. Taking the value of gravity as 981 in centimetres and seconds, and the 
Earth's radius as 6-37 x 10^ centimetres: find the Earth's mass in astrono- 
mical units. Ana. 398 x 10^^. 

143. Force any Function of Distance. — If the force 
be attractive and vary inversely as the n** power of the dis- 
tance, the equation of motion becomes 

Multiply, as before, by 2o?.r, and integrate ; then 



'dx^^ 2n 1 

37 = 1 -z:, + const., 

^dt) n-lixf^' 



or V = — ^ -r-T + const. 



n-l af^ 



1 



Elastic Strings. 

If the attracted particle start from rest at the diataooe a, 
vehave 

^" This determines the velooity at any distance from the 
centre. 

In general, ii F= firf,' {x) , we have 

!!+.♦'« = 0; 

and, proceeding as before, we get 

fdxV 

( -^1 + 2f(J/(a:) dx = const. 

If F" denote the velooity at the distance a, this gives 

.■■-F". 2m (♦(«)-«(')!- (17) 

If the body start from rest at the distance a, its velocity at 
any distance x is given by the equation 




•'"--2mI»(«)-*W)- 



(18) 



144. Elastic Strings. — We next proceed to consider a 
few simple cases of rectilinear motion for heavy bodies at- 
tached to elastic strings. 

We assume in all oases Hooke's law, that the tmaion 
of the Hiring is proportional to its extension beyond its natural 
length, to be applicable throughout the motion ; and we neglect 
the weight of the string. 

Let us commence with the following example ; — 

One end of an elastic string Is attached to a fixed point on 
a smooth horizontal table, and the other end to a particle, 
of mass Hi, on the table. If the string be extended beyond 
its natural length, and then let go, to find the subsequent 
motion of the particle. 

Let a be the natural length of the string, x its length at 
any instant during the motion ; then x - a represents its 
extension at that instant. 



Rectilinear Motion. 

Again, let 6 represent the extension when we suppose the 
string to hang freely aupporting the given particle ; then, by 
Hooke'a law, the tension T of the string for the extension 
x~a isrepresented by 

r-mj^. (IS) 

Aooordingly, the equation of motion of the paxticle is 

Jr. ?(.-«). 0. (20) 

Integrating, we have 

To determine the constants, let a denote the iniiia/ length 
of the string ; then 

«' = (!+ C, i.e. C = a'-a ; 
also, since -^= ^ when ( = 0, we have * 



Consequently « = a + (u' - n) cos /^ I. 



This gives the position of the particle so long as the string 
is stretched, /. e. ao long as x is greater than a. 

The velocity at any instant is given by the equation 



(, 



■■-«)J'^J' 



The length ^ becomes equal to a, or the string regains its 
natural length, and the tension ceases to act at the end of 

the time - /-. 

Meanwhile the velocity has increased from zero and 
attained its maximum value 



at the same instant. 



■("■-) J. 



F 



Weight ttispeiuied by an Elasiic Striiuj. 



The paxticle will now continue to move uniformly along 
the table with this velocity until it arrivcB at the same dis- 
tance a on the opposite side of the fixed extremity of the 
string, when it becomes again acted on by the retarding 
tension of the string ; and the same motion will be repeated. 
145. Weight SuspeDded by an Elastlo String. — 
"We shall nest consider the vertical oscillations of a body, of 
weight Wj attached to the end of an elastic string, which 

^ hangs freely from a fixed point. Suppose the body depresBed 
below the position of equilibrium, and then set at liberty, to 
investigate the subeequent motion. 

' As before, let b he the extension of the string due to the 

weight W , c lis extension at the commencement of the 
motion ; x its extension at any instant ; J' the corresponding 
tension of the string : then, by Hooke's law, we have 

T= Wy (22) 

I and the difierentiol equation of motion is obviously 

"or ^ + ^a. _J1=0. (23) 



^x 



or 


de b 


i> - 6) = 0. 




The integral of thii is 






». 


b + Ctxa^ 


lU.Cn. 


A'- 


To determine 


the constante, we have 


when 




-0, x.c, 


end ^^ 
III 


0; 


therefore 


Ci-b 


and C". 


0. 


Oonseqnently 


»■ - S + (» 


-»)e„s| 


t. 



(24) 

There are two cases to be considered, according as c is 
less or greater than 2fi. 

(1). Let c < 3&. In this case the extension x, and o 
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sequently the tension T, can never vanish ; and the body will 
oscillate up and down through the distance c - A, on both sides 
of the position of equilibrium ; the time of an osoillation 
■ 1 by 



4 



(2). Next, let c > 2b. In this case x vamsbes, and con- 
sequently T also, when 

b+ {c-b) coskt^O. 

The corresponding velocity is easily found to be 



9cic-2b] 



As the tension of the string vanishes at this instant, 
the body may be regarded as projected upwards with the 
foregoing velocity. The height, h, to which it would ascend 
is given oy the equation 

/■.^(»-24). (26) 

The body will afterwards fall to the origin, and the subse- 
quent motion will be as before. 

146. Weight Dropped n-om a Heigbt. — Next sup- 
pose the weight attached to the string, and dropped from a. 
height //, vertically above the lower extremity of the string 
when hanging freely and unatretohed. The solution is con- 
tained in the preceding investigation : for the maximum 
extension c of the string is given by (25), and is represented by 



c = b + ^(){h + 2h). (26) 

In practice it is found that Hooke's law does not hold 
beyond certain limits, which are attained long before the 
string is broken. It is interesting to consider whether in any 
particular case the string will be broken or not by the fall, 
assuming Hooke's law still to hold. 

A given string is capable of supporting only a certain 
weight, called its breaking tceight. Denote this weight by B ; 



Weight Dropped from a Height. 

then e, the oorresponding extenaion of the string, is found, by 
Hooke's law, from 

W 
B.-e, (27) 

and the string will break or uot according as the maximum 
extension, given by the preceding analyaia, is greater or less 
than e ; that is, according as 6 + v^6(6 + 2h) is greater or 
less than e. 

Again, if b and ebe both given, the least height of fall, A, 
in order that the string should break, ia got by substituting f 
fore in (25), and is 

Suppose the weight W to be the «"" part of B, i. e. let 
e - nh. and wo have fi = e (^n - 1}. 

ThuH, for instance, a weight |- of the breaking weight, 
dropped from the height e, should suffice to break the string. 

The preceding analysis applies also to the vertical oscu- 
lations of rods supporting heavy weights ; and many interest- 
ing practical questions are explained thereby — for instance, 
the danger to the stability of a suspension bridge arising from 
the steady march of troops over it. — See Poncelet, Micauiquc 
Indusirielle, Arts. 332-345. 

1. A hesTy particle ottsched to a, Gied point by ui eloatic string ia alloired 
ia fall freely from tMe point. Show tbat the ekebc force at the lowest pomt ia 
eb/ea by tbu equatiou 

„ total fall 

Hil«naion of stnng 
where Wa the weiglit of the particle. 

2. A heavy particle attached to a fixed point by an elastic etring hnnes 
freely, «tretclmig the aUing hy a qnsDtity «, It ia drawn down hy an addi- 
ttoniQ distance f; determine tbe height to which it will riee U f — ^ - las, 
a being the unatretched length of the etring. An: 2a. 

3. A heavy body is atlacheil to a tiled poiat by an elaatio string, vhieh 
paiBee through a fixed ring, iho natural length of tlie striog being equal to the 
dietance between the ring and the fiiud point. 

(fl) If the body receive an impulao it will describe an ellipse round the place 
it Voidd occupy if suapended freely. 

{i) When does this ellipae becume a right line ? 
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force, the infenaity of which 

uatnial length. Fiad the greatpBt distance from the 

the particle iriU proceed, and the time tbe string takes to return to its natiml 

6. Two bodies, Wand W, hang at rest, being attached to the lower end of* 
fine elastic etring, whose upper end i£ fixed ; euppoeing oae of them, W' to drop 
off, find the auhaequent motion of ibe other. 

I.Gt a be tho natuml length of the string ; i its eitension of lengtb for the 
weight W; c that for the weight W; then, ot the end of any time I, from tba 
it of the motion x, the depth of W below the fixed point is given b^ 



■4 



the equation x = a 

G. Two particles, connected by a fine elastic string, are moving ia the direo- 
tion of the line joining them Tnth equal velocities, their dietaoce being the 
natural length of the string : if the hinder particle be suddenly stopped, find 
how far the other will move before it begins to return. 

Section II. — Central Orbits. 

147. Plane of Orbit. — If we suppose a particle acted 
on by a force directed to a fixed centre to be projected in any 
direction, it is easily seen tbat its Bubsequent path will lie 
in tbe plane passing through the centre of force and the 
direction of its projection. Per, since the force acts towards 
the fixed centre, it has no tendency to withdraw the particle 
from that plane at the first instant, nor at any subsequent 
instant during the motion ; because the motion of the paiticle 
at each instant is got by compounding its previous motion 
witb that due to the central force. 

Wo shall accordingly take this plane, called the plane of 
the orbit, as the plane of rectangular coordinate axes; the 
fixed centre of force being the origin 0. 

148. IMffiereDtlal Eqaatlons of Klotlan.- 
the force attractive, and P the 
position of the attracted particle 
at the end of any time t. 

Let 
ON=x, PN=y, OP=r, iXOP = B. 



L 




accekralion due to the attractive force ; then, by Art. 67, 



.-Foote--F- 






-Ftme.-Fi 



(1) 



The complete detennination of the motion for any law of 
force depends on the solution of these aimiUtaneous equations. 

In the ease of a repulsive force it is necessary to change 
the sign of F. 

The path described is evidently always concave to the 
centre of force for attractive forces, and convex for repulsive, 

149. Law of Birect DUtance. — There is one case 
in which the differential equations can be immediately inte- 
grated, viz., when the force varies directly as the distance 
from the fixed centre. 

Let F= nr; then, for attractive forces, we have 



(Pz 



de 



(2) 



The integrals of these equati 
written 



(3) 



L 



i, by Art. 107, may be 
x = A cos t ^/ft + £ sin i'/\k \ 
y = A'cost^n + B'dai^^ J 

The arbitrary constants in this, as in all other oases, can 
be found from knowing the position, velocity, and direction 
of motion at the first instant. 

150. Equation of Orbit, aad Periodic Time.— If 

we solve the preceding equations for cos it/fi and Bint-yn, 
and add the squares of the results, we get 

(Ay - A-xy + (By - RxY = {AB' - BA'f. (4) 
This equation represents an ellipse, whose centre is at the 
oen^e of foroe. 
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Again, ii 2Tr + t ^n be aubstituted for ( y^ in equa- 
tions (3) the Tallies of x and y remain unaltered ; hence, ii 
{f - t) -/p. = 2ir, the body will occupy the same position at the 
end of the time I' which it occupied at the time /. Accord- 
ingly it makes a complete revolution in its orbit in the time 

represented by ^^. 
■/ft 

This is called the periodic time, and is the same for all 
orbits roimd the same centre of force, since it depends only on 
(1, the intensity of the central force, i.e. the acceleration at 
the unit of distance, and not on the initial conditions of the 
motion. 

151. Determination of the Arbitrary Constant*. — > 
Let a, b be the coordinates of the particle at the instant 
from which the time is reckoned. V the initial velocity, and 
a the angle which the initial direction of motion makes with 
the axis of x ; then, making ( = in equations (3), we get 

Again, by differentiatioD, we have 

— = B v'/' COS i-/^ - A v^ aj3*i ./p., 
•^ = B" i/ii cos i /ft - A' -/ft sin t /^. 

Henoe Voosa = S/^, Vt,ma = ff/tt; 

FooHg , 
consequently it = ciooBi'/fi-i- j— aait/fi 



(5) 



thus the position of the particle at any instant is determined, 

152, Repalslve Force. — Next, if the force be repulmTe 

the equations of motion are 



L. 



de - '"• df ■ 



Hence, as before, 



Several Geutres of Fore 



l^^^l 



If we solve for e'^' 
values, we get 



e-'V«, and multiply the resultiDg 



{A:^ - Ay){By - F^) = {A'B - BAf. (7) 

This rspreseuts a hyperbola, haviug the lines 

A'x-Ay = (i, By-Sx^O 

ioT its asymptotes. The constants A, B, A', S can be easily 
determined, aa in the former case, whenever the initial posi- 
tion, velocity, and direction of motion are given. 

Converaely to the preceding Articles, it can be readily 
shown that if a particle describe a conic under the action of 
a force directed to its centre, the force varies directly as the 
distance ; and is attractive for an ellipse, and repulsive for a 
hyperbola. 

153, Several CentreH of Force. — The results arrived 
at above hold for the motion of a body acted on by any 
number of centres of force, each varying directly as the dis- 
tance. For it ifi readily seen that, in this case, the forces are 
equivalent to a single force, directed to the centre of mean 
position of the different centres of force, whose intensity or 
abtolute force is equal to the sum of the intensities of the dif- 
ferent centres of force [see Min chin's Statics, Art. 17). 

In like manner, if we suppose each particle of a body to 
attract according to the law of direct ifistanoe, its total at- 
traction is the same as if its entire mass were eonoeotrated 
at its centre of inertia. 

Hence it follows that if two bodies mutually attract, 
according to this law, they will describe ellipses, in the same 
periodic time, round their common centre of inertia. The 
Bama holds for any number of mutually attracting bodies. 



1, Proye that the velocity at any point in a central elliptio orbit 
dinctly m tlie diameter drawn pandlol to the taugeat at the point. 
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2. In the case of a repulsive force, vatying as the diitAnce, find tha arU-'fl 
tarj oonstaiita, the init'"! coiuiitioiis being supposed, the Bsme as in Art. ISlif^ 

Makjng ( = in oquntioiiB (6), we get a = A + B, t = A' + £'. 

Again, by differentiatian, on making t = D, we get 

' , I / rcota\ „ 1 / 



3. Find tJie condition tiiat the orhit in the preceding should be an e^mlatraul 1 
hyperbola. Ana. F' = (a' + *')»i. 

*. A particle is HCled on by foiir Btjunl maasos, attracting directly as thi 
diataoce ; find its orbit, and show that its periodic time is ane-bali of tluit of | 
a particle acted on by one of the moases alone. 

G. A particle is attracted to one fixed centre, and repelled by another, of ' 
equal intensity, each varying directly at the distance. Find ila path. 

Am. A panboU. 



the eocentric angle ot position with the time of passage through any point on tha 

7. A nnmher of bodies, which dEscribe ellipsee about the centre of force u \ 
centre in the same peiiodio time, are projected from a given point with a given 
velocity iu different directions in a pliuie. Prove that their paths wiU all 
tooch a fixed ellipse with the given point as focus. Crnnh. Math. TVip. 18T£. 

8. Being given the centre of force, a point in the orbit, and the velocity and 
direction of motion at that point, give a geometrical coostruotion for the length* 
and positions of the axes major and minor of the orbit. 

"We now return to the general eqaatiouB of motion under ' 

Centrai. Forces. 
154, Equable Descripti on of A.rea8. — In equations (1) I 
if the first he multiphed hy y, and the seoond hy x, we get by 



subtraction 






'dt' 


-"df 


-"■-m 


Henoe 




dy dx , 

'di-yrt'' 






where h\&a, constant independent of the time. 
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Again (Art. 105, Diff. Calc), we have 
dy dm ,dd 



dt 



"dt 

,de 



dt' 



(8) 



Henoe, if A denote the area deBcribed in the time t hy t 

radius vector r drawn to the particle, we have 



di 



=<4)^^*^ 



therefore 



(9) 



No constant is added since we suppose A and t to vanish 
together. 

If we BTippOBO i = 1, we infer that A is double the nrva 
described by the radiui vector in the unit of time. 

Conversely, if a particle move in a plane, and describe 
equal areas in equal times around a fixed point in the plane, 
then the entire force acting on it at each instant passes through 
the fixed point (compare Art. 28). 

155. Velocity at aoy Point.— Again (Art. 183, Dif. 
Calc), we have 

ds ,dd 



^dt 



dt' 



where ds denotes the element of the path described in the 
time dt, and p is the length of the perpendicular from the 
centre of force on the tangent at the point. Henoe 



"-dt 



■ h ; but -i 



where v denotes the velocity at the instant ; therefore 

Accordingly the velocity varies inversely as the perpen- 
dioulu p. 
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The constant h can be determined iiom (10) whenever tha 
Telocity V, the distance £, and the direction of motion at any 
point of the path of the particle, are known. 

For, let denote the angle which the direction of motion, 
at the instant, makes with the radius vector R ; then the pa 
pendicular on the tangent = R sin <ji, and hence 

A = Vlt sin $. (11) 

Equation (10) admits of another form ; for, squanng, : 



(12) 



156. BTewton's Proof, — On account of the importanoa 

I of the preceding results we shall give the method by which 

the equable description of areas was originally established by 
Newton. 

Ijet the whole time be divided into a number of equal in- 
tervals. Then, supposing 
no force to act on the body 
during the first interval, 
it would describe a right 
line AB, uniformly, in 
that interval. likewise 
during the next interval, 

I if no force act on it, it 

I TTould describe the right ^ 

line Sc, in the direction of, 

and equal to, AJB. But when the body arrives at S, eupposs 
a force directed to S to act on it, with a single Hidden and 
great impulte, ao as to cause the body to deviat« from the right 
line Be, and to proceed along the line BC. To find the 
position of the body at the end of the second interval, we 
draw from c the line cC parallel to B8 [the direction of the 
force), and meeting iJC in C; then the body will be found at 
C at the end of this interval. Join 8C and Sc ; then, sinoa 
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8B and Cc are parallel, the triangle SBC is equal to SBc, and 
therefore equal to the triangle "S-i-S. In like manner i),£,&c., 
the positions at the end of the next intervals, can be deter- 
mined. Also it is obvious that the right lines ^j9, JSC, t?A&o-i 
all lie in the same plane, and the triangles SCI), SDS, &o., 
will be each equal to SAB. 

Therefore equal areas round S are described in equal 
intervals of time ; and, componendo, the sum of the areas 
desoribed are proportional to the time of their description. 

If now we suppose the number of intervals of time in- 
creased, and their length diminished indefinitely, the path 
desoribed becomes a curved line ; the centripetal force by 
which the body is perpetually deflected from the tangent 
to the curve wUl act continuously ; and the areas described 
round S, being always proportional to the time of their de- 
scription, will be so in this case also. 

The other results of the preceding Article follow Likewise 
(Newton, Lib. I., See. ii.. Prop, i., Prineipia). 

157, Velocity at auy Distance. — In equations (1) 
if we multiply the first by 2dj:, and the second by 2dy, 
and add, we get 

ag A + 2 g ij, . - 2 i? ■'-i^'ii** . - 2 ». 

rfr at' r 

Integrating, we get 

or c= =-2|i^<^/- + const. (13) 

By aid of thk equation, when the law of force is given, 
the velocity at any point in the orbit can be determined. 

Thua, let the acceleration P be any function of the dis- 
tance represented by iiip'{r), then 

c' = -2^J'^'(**)<^'' + ''on9t. =-2/i0(r) + const. 

Again, let V be the velocity at the distance R, and we 
get 

V=~2n^{R) + const. ; 

refore if - V = 2fi \.p {It) - <p (>■)]. [U) 



Omiral Orbits. 
For instanae, for the law of nature, we have 



•f-v'-M'-. 



4) 



(15) 



Hence we see that the velocity at any distance from the 
centre of force is independent of the path desoribed, and is 
the Bame as if the body bad been projected, with the initial 
velocity, directly towards the centre of force {compare Art 
128). 



Again, if J'= — , we have 



i)'- V 






-^.) 



(16) 



If V=0, when ^ = oo , i.e. if the velocity at any point in 
the path is that which the body icould acquire in movitirj from 
rest from an infinitely great distance towards the centre of 
force, we have 



- 1 r^-'- 



For instance, if the force vary as t 
dietonce, we have in this case 



3 inverse square of the 



p' . ~f. (18) 

Again, if the force be repulsive, and vary directly as the 
»'* power of the distance, we have F=- nr", and (14) be- 
oomes 

it 

a+l 



-V' 



j(r-"-ii-"). 



(19) 



If F= when S=0, i.e. if the velocity at any point be the 
me aa that acquired in moving from the centre of force. 



^.' 



(20) 



Eipamples. 167 

168. To prove the relation F=--j-. (21) 

p^ ar ' 

Equation (13) gives, by differentiation, 

^ dr dr\p^J p^ dr 

This result admits of a useful transformation ; for, if y 
denote the semiohord of curvature drawn through the centre 
of force, we have 

df* 

7 = i? — . [Diff. Calc.y Art. 235.) 
Hence the previous equation becomes 

i^=-. (22) 

This Result can also be readily deduced from the consider- 

ation that the centrifugal acceleration, — , at any point in the 

P 
orbit, must be equal and opposite to the component of the cen- 
tral acceleration taken in the normal direction (Arts. 25, 87). 



Examples. 

1. Prove that the velocity at any point in a central orbit is the same as that 
acquired in moving from rest along one-fourth the chord of curvature at the 
pomt, under the action of a constant force, equal in intensity to that of the 
central force at the point. 

2. A particle describes a circle freely under the action of a force whose 
direction is constant : determine the law of force. 

Taking the centre of the circle as origin of rectangular axes, the axis of y 
being parallel to the constant direction of the force, we have 

d^y dH 

d^ ' dt^ ", » -i-y » , 

dx dx df/ ^ 

, dy X 

hence ^ = - « - ; 

dt y 



168 Central Orbits. 

hence r= ^ = « ^^-y!^U -•^. 

3. Apply equation (21) to find the law of force directed to a focus in an 
ellipse. In this case we haye 

1 dp a I , _ alfi 

•*• Z3 7" = I5"2' hence -Psrj-T. 

p^ dr ir r' i« r* 

4. Find the law of force in the curve 

r»» = a»» cos mm. 
Here we have {Diff, Cale,y Art. 190), r"^* « a^p. 

{m + 1) h^ a*»» 



Hence F = 



f^m*3 



6, Prove that the force under whose action a body F revolyes in any orbit 
about a centre of force iS' is to the force under whose action the same body P 
can reyolve in the same orbit, in the same time, round another centre of force £, 
as 8F . EF^ : SG^y where 8G is the straight line drawn fix>m S parallel to SF, 
meeting in G the tangent at P to the orbit. Frincipiaf Sect, ii.. Prop, yii., Cor, 3. 

159. To prove the Eqaatlon -^rr-. +u= j^—r. 
In the equation 

dr ' 

if we regard r as a function of 0, we have 

d^ 

g J, d0 t^ d(v') . 

dr^ du dO 

dti dO 

Moreover, from (12), we have 

-df ' ^^ dor ' do^ 



Determination of Force. 169 

Substituting in the preceding, we get 

This important result can also be proved as follows : — 
Substituting -J' for P, in equation (9), Art. 28, we get 

^- dt^^\dt)' 

but r^^Y = A»«',by(8); 

, dr dr dO , .dr , du 

"^ dt'dddi=^"de = -^de' 

d^r _ d (du\_ ddd^u_ ,,,<?'« 
''• d¥-~^dt[dd)~~^dide''~~''"dr' 

^2 + t* )• 

The discussion of central orbits comprises two distinct 
classes of questions. In the one it is required to find the 
equation of the orbit when the law of force is known : in the 
other the orbit described is given, and the law of force, 
directed to a fixed point, is required. 

In the latter case, if the origin be taken at the fixed 
centre of force, the equation of the orbit can, in general, be 

expressed in terms of u and 0, from which the value of -^ 

can be determined ; if this be substituted in the equation 



^=^'"'^•^4 



the resulting value of F determines the required law of 
force. 



170 Central OrhiU. 

160. Application to Ellipse. — For 6xampl^, to find 
the law of force which will cause a particle to describe an 
ellipse round a centre of force situated in one of its foci. 

Here the equation of the orbit is 

1 + e cos 

" z— ' 

where L is the semi latus-rectum. 
TT d*u e cos d 

therefore w + ^^'a = ^ > 

au JLt 

and consequently 



h^ w» h^ 1 

Accordingly the force varies inversely as the square of the 
distance nrom the centre of force. 



Examples. 

Find the law of force, directed to the origin, in the following curves : — 
1. r = ae^, 2, u = ae^ + be'aJ9, 3. r = «^a* + *ra*. 

Afu. 1. and 2. —. 3. -P = ^ ( r- ) . 

161. €ase where the I^aw of Force Is CMven. — 

When the law of force is given, the determination of the orbit 
depends on the solution of a differential equation; for, if 
F= /L£0(w), equation (23) becomes 



Law o/Inrei-se Square. 

This equation admits of being completely integrated for a few 
lawB of force only. We shall commence with the most im- 
portant case, namely the law of nature, for which the attraction 
varieB as the inverse square of the distance, 

162. Law of iDverae Sqaare. — Let i'': 

the equation becomeB 



The integral of this, hy Art. 108, ia 

M = |^+^oos(fl-a}. 



This ia the equation of a oonic having the centre of force 
at one of its foci. 

The orbit is an ellipse, parabola, or hyperbola, according 
to the values of the constants A and a. These constants are, 
as in all other cases, determined from the initial circumstances 
of the motion. 

"We commence with the case in which the orbit is an 
ellipse. 

The equation of an ellipse referred to a focus as origin, 
and to any line drawn through it as prime vector, may he 
written 

.. 1 l."0»(fl-.) 




" (1 - «■) 



Comparing with (26) we get 



-all- 
s' 



1(27) 



Henoe, in different orbits round the same centre of force, A 
varies as tho square root of the latus rectum. 

Again, let T denote the periodic time, i. e. the time in 




which the body r 
then, since h i ^ 
Tinit of time, we 1 



a complete revolutioii in the orbit; 
double the area deBcribed in the 



Hence, from (27), 



_ double area of ellipse 2ira6 



2" ■ 



If a second particle be supposed to deBcrihe an ellipse 
round the centre of force, and if the absolute force ji be the 
same in both cases, we have 



where d, T' are the semi-aiia and the periodic time in its orbit- 
Hence, elimiaating p,, we get 



©= 



(39) 



That IB, the squares of the periodic times art to one another in 
the same ratio ae the cubes of the semi-axes major. 

H)3. The preceding results have been deduced for the 
motion of a material particle, but they also hold, approxi- 
mately, for the motion of the centre of inertia of a body 
of finite dimensionB, each of whose elements is attracted 
towards a fixed centre, provided the dimensions of the 
body are small in comparison with its distance from the 
centre of force. For in this case the attractions on the several 
elementary particles of the body may be, approximately, re- 
garded as a system of equal and parallel accelerations; and, 
consequently, the motion of the body will (Art. 33) be the 
same as if it were concentrated at its centre of inertia. Also, 
as already stated in Art. 141, if a sphere consist of homo- 
geneous spherical strata, its entire attraction is the same aa il 
its entire mass were concentrated at its centre. Accordingly, 
if one such sphere be attracted by another supposed at rest, 
its centre wiU describe an ellipse, having the centre of the 
attracted sphere for a focus. 



Kepler's Laws. 

164, Kepler's Lawa. — By comparing the resulta of a 
large aeriea of otservatiooa of the planeta, chiefly of Mars, 
made by Tycho Brahe, Kepler arrived at the foUowing laws 
oonceming the planetary orbits : — 

(1) That the right Hne drawn from the Smi to any planet 
deBcribes equal areas in equal times. 

(2) That the orbits are ellipses, having the Sun in a focus. 

(3) That the squares of the periodic times for any two 
planets are to each other in the same proportion && the oubes 
of their mean distances from the Sun. 

From the first of these laws Newton dedueed (Art. 154) 
that each of the planets is kept in its orbit by the action of a 
central force directed to the Sun. 

From the second he proved that the attractive force for 
each planet, in its different positions, varies as the inverse 
square of the distance from the Sun (Art. 160). 

For Newton's demonstrations the student is referred to 
the Prineipia, Lib. I., Sect, iii., Prop. xi. 

From the third law he deduced that the absolute force 
ifi) is the same for aU the planets (Art. 16:^) ; and 
hence that it is one and the same force, directed to the 
Sun, by which all the planets are retained in their orbits. 
These laws are only approximate when we take account of 
the mutual actions of the planets on each other and on the 
Sun. 

From the foregoing we infer that the results arrived at 
for the motion of a particle, for the law of inverse square of 
the distanoe, are applicable, approximately, to the planetary 
motions. It has also been verified by observation that a satel- 
lite belonging to any planet revolves round it according to 
the same laws that the planets revolve round the Sun. 

165. Iiaw of Ciravltatlon. — We have in the last Ar- 
ticle given a brief outline of the process by which Newton 
establiBhed the great fundamental law of attraction of matter, 
which we refer to as the law of nature, and which may be 
stated as follows : — Evenj particle of matter in the solar system, 
eonmting of the Sun, the planets, cornels, Sfc, exercises on every 
other particle an attractive force, tekich varies directly as the 
product of the masses of the particles, and tmerselij as the 
square of their mutual distance. 



ri-J 



n 




L 



174 Centml Orbits. 

We assume that this is a general property of matter, and 
applies to all matter ■wherever existing in the universe. This 
aaaumptiott has been verified by observations on the motion of 
the double stars. 

166. Expresttlon for Velocity at any point In m 
Focal Orbit. — We commence with an elliptic orbit, 

In this case we have 

,..*;.^?;, bj{27), "'^ 

where p = SiV. 

Again, let S be the seeond 
focus of the orbit, SN, JIN' per- 
pendiculars on the tangent at P, 
the position of tbe particle. 

Suppose Rlf' = p', HP = r' ; then, from well-inown 
elementary properties of the ellipse, we have 

r + / = 2a, pp' = h\ -^ = -. 
p r 

a p' a p a r a\ r J 

therefore *"' = 7^ " «" ^^^^ 

In the parabola a becomes infinite, and we have 

<■' - ^, (31) 

a result which can be readily established independently. 

In the case of a hyperbolic path we have./-' = 2a + r, and 
the formula becomes 

.? - ?s + a. (32) 

Hence we infer that if a body be projected with a velocity F, 
at a distance It from the centre of force, the orbit described 
will be an ellipse, parabola, or hyperbola, according as 



F" b <>= or > 



2„ 



Comifudion of Orbit. 
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This result may be exhibited in another form by aid of 
equation (18), as follows: — 

The velocity at any point in an ellipse ia less, in a pM-a- 
bola equal to, and in a hyperbola greater than, the velocity 
■which the body would acquire in moving to the point from 
an infinitely great distance, under the action of the central 
force. 

167. CoDBtruction of Orbit. — The preceding equation 
shows how to conatmet the orbit ^ 

when we are given the absolute 
force, the initial velocity, position, 
and direction of motion. For, / 
suppose P the initial position, PT \— 
the direction of motion, and S the - 
centre of force : let r^= velocity of 

projection, 8P = R', then (1) if F^ < ^ the orbit is an 

ellipse whose semi-axis a is given by the equation 

1 2 _ r^ 

Agam, draw PH, making the angle T' PE = L 8PT, 
then the second focus H lies on this line, and its position H 
is found by taking PS =2a ~ R. Consequently, as the two 
foci and the axis major are known, the eUipse is completely 
determined. 




(3) When 



■ V' the orbit is a parabola, which can be 



easily determined by drawing SN perpendicular to the direc- 
tion of motion at P, inflecting 
8T = SP, and dropping NA per- 
pendicular to ST. 

The parabola described with S 
for focus, and A for vertex, will be 
the required orbit. 

'(3) When F'> ^ the orbit is -f^ ^ ^ 

a hyperbola, whose semi-axis a is given by the equation 

1 r' 2 
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The second focus, R, can be easily oonstnioted, as in the 
first case, but lies on the opposite side of the direction of 
motion from the centre of force S. 

Again, as the value of the semi-axis a is independent of 
the direction of projection, we infer that if a number of 
bodies be projected from a point with the same velocity, in 
different directions, and be attracted by a common centre of 
force, the mean distances, and consequently the periodic 
times, will be the same for all the orbits. 

It may be remarked that the orbit nill be a circle pro- 
vided the angle SPT ia right, and f" = ~ (compare Art. 89). 

The formulffi in tliis and the preceding Article are of 
importance in the diseuesion of focal orbits. We add a few 
elementary applications, 

EXAUFLES. 

1. Coloulata, spproxinutely, the pdriodic time of a pbaet if ita mean 
diatonce from the Sim ii double thnt oE Iho Eurlh. Am. 1033 daya. 

3. If a body be projected with a given velocity about a eentro of force 
wbich varies aa tho inverse sijuaro of diatimce, Bui the locus of the centre of (be 
orbit deecribed. 

Here, rincB (be locue of the empty Eocuh ia a circle, the locus of lie centre 
IB alao a circle- 



Since r and r" are each conatant, p is lo p' in a uoostant ratio ; coniequently i ' 

4. Show that there are two directions in which ■ body may be projscted 
from a given point A, with a given velocity ^, so as to puss through an- 
other given point S. 

Since the HxiH-major 2ii ia given, the position of the aecond focus ia deter- 
mined by the intersection uf tiro circles, with,^ and£ for centreB, Hence tbere 
arc two eolutions^ane for each point of intersection of the circles. 

6 . Prove that the time of desL'iibiug an arc of a parabolic orbit, bounded by ft 
focal chord ol length a, vuriee aa c'. 

168. Effhct of a Sadden Cbanse la Abaolote 
Force. — A body is revolving in a focal orbit ; if when it 
arrives at any position the absolute force /i be suddenly 
altered, to determine the subsequent path. 



Sudden Change in Absolute Force. 

Let R and V represent tlie distance and velooity at the 
instant in question, and let /i te the new value of the 
absolute force, and a' the semi-axis major of the new orbit ; 
then, as the velooity receives no sudden or instantaneous 
change, we have, by (30), 

2^ M V // 

R-a^-M-a" ^^^> 

The value of «', and consequently the position of the new 
orbit, can be immediately determined from this equation. 

For example, suppose the original orbit a parabola, and 
the central force suddenly doubled ia intensity- 
Here fi = '2/1, and our equation becomes 

S~ E a' ' 
hence a' = fi ; and, consequently, the new orbit is an elHpse 
having the extremity of its axis major at the point. 

If the change in ^ be very small, and represented by Afi, 
and the corresponding change in a by An, it is plain that we 
have 

Hence if the central force (or the attracting mass) be in- 
creased sHghtly, the axis major will be diminished; also, if 
the force be diminished the axis major is increased. 

The corresponding change in the periodic time is readily 
found; for, by (28), we have 

2 log 3" + log ft = 2 log 2n- + 3 log fl ; 

SAT 3irt Au 
hence —^a- = ~ — — — ; 

T a u 



AT _ _ Af. /3n 



(35) 



i 



Again, if the centre of force be supposed suddenly trans- 
ferred to a new position, the subsequent path can be readily 
oonstruoted, as in Art. 167. 



1 



1. A oumlier of Itodiesaie projeoted &oin a point with tbe same Telocity, ivt 
in different directioiis 1 prove that the centree of their oibita are dtusted an As 
eurfacB of a. sphere. 

2. A body is JeBoribing > circle tmder a centrBl fon« in its centre ; if thtt 
force be guddimly reduced Co one-hitif, iind the subsequent p^ith of the body. 

Am. a parabola. 



i. Two equal perfectly elaetii: putideti describe the same ellipsa in thi 
period, in opposite direclious, one about each focus ; prove that the inai( 
of the orbit is a haxmonic mean between those of the orbits (hej will at 
after impact. 

This result follows immediiitoly since the via viva is the same after oo 
as before (»w Art. 82). 

5. PrOTC that tLero are two initial directions for the projection of a partiole 
■with given Telocity, so that the aiis major of its orbit may coincide iu dine- 
tion wiUi a given line. 

6. It, when the Earth is at hb end of the minor aiia of its elliptic 
meteor were to fall into tho Sim, wboac mass ia the in"' part of that of toe oaus 
find the reaulting change in the EoDj-th'e laeaii distance, and aiso in the length of 

169. ApplicattuD of Blelliod of Uodosraph,— The 

method of the hodograph (Art. 
26} fumiahea a aimple mode of 
determining th9 law of force 
iu a focal ellipse. For, since 
the velocity at any point P 
varies inversely as the perpen- 
dicular SL, it varies directly a' 
as the perpendicular ffiVdrawn 
from the second focus ; since SL x HN = ¥. 

Consequently the hodograph is similar to the looua of N, 
■when turned through a right angle. But the semicirole de- 
Bcribed on the axis major as diameter passes through N, oob- 
Bequently the hodograph is a circle. 

Again, to find the law of force, let Pi denote the poaitioii 
of the moveable at the end of an indefinitely small time Af^ 




hib 



Applicalioii of Method of Sodogmpk. 

and N\ the corresponding position of N ; then (Art. 26) 

— --- IB proportional to the central attractive force. 

Join the centre C\aN and to iV, ; then, by an elementary 
property of the ellipse, CN ia parallel to 8F, and CNt to 

Let SP = r,^CSP = e, SL=p, HN = p' ; 



then 



Also (by 8) 
Henoe the ; 



Z NCN, = Z PSP, = A9. 
NN, ^ A6 ah 

)rce varies inversely as the equare of the dia- 




Again, Eince t 



Consequently, if ft represent the absolute force, 
force at unit of distance, we get 



as in (27). 

Again, since the velooity at i* is proportional, and per- 
pendicular to SN; and Clf, C3 are constants, it follows 
that the velooity at P can be resolved into two constant reto- 
eities — one perpendicular to the radius vector, the other to the axk 

major. Also, since the velooity at P is represented by y-, HN, 

the component velocity perpendicular to SP is represented by 

,j, and that perpendicular to tbe axis major by -rr : i.e. by 

^ and ^ e, or by Jj and Jf^, respectively. 



A pnttirfai vorinc m m dBgm aader Ae artka i( a teeediiectod ta 



i«MiMX»«iiliiH dtmgw in tlie axaitiiatj, md ptMiticn of tlie ipee. 

170. I.UBkcr«% TfecM^K.— In Ait. 140, Int. Cale., 

bu beeai shown that the Mea ^ ^ 

of the elliptic sector PSQ is /""^ /*! 

repreeented hj 

where f sod f ' are given by the equations 

Bini^ = ^(^-^^J, sin H'=i(^=^^')*; 

in which SP = r„ 8Q = .„ and PQ = c. 

Aooordingly, if ( represent the time of describing the 
PQ, we have 

, 2areaP5Q /an* 



- (ain^-Bin^')). (36) 



This shows that the time of moving from any point P tt 
any point Q can be expressed in terms of the sides of the tri- 
angle SPQ, and of the axis major of the orbit. 

Again, if we regard a as becoming infinitely great in (36)^ 
we get for (, the time of moving from P to Q in a parabolio 
orbit, 

^ = -^ (('■' + '■= + <') -ir,+ n-c)'}. (37) 



For in this case we 
#-8in#,andg(^— ^ 



may substitute ^ /'!i±il±f ^ |^ 

<'\h ' ■ , " 

- j f or ^ - Bin ^ . 



3IHeltin. iM' 



1. A oomet, describing a parabolic orhit, being auppoesd to crosa the path ol 
the Earth ; deterniine the points of ingteas anil egresa for which the time the 
«omet tontinuBH williiii the Earth'B orbit ia & maximum. 

Am. The eittemities of tbo aiia major. 

2. Find an eipreaaion for the time in the preceding question. 

Am. — , where E ropresontB the length of the year. 

3. Two plnnetB, describing elliptic orhita in a common period round the Sun, 
being suppiwed to pasa in every revolution througli two common points ; pioye 
that the intervals betveen the limea of iheir passage through the pointii are 

171. fflodlflcatlon wben mutual Attraction U 
taken account of. — The preceding investigations are based 
on the assumption that tho centre of force is fixed ; accord- 
ingly they can be applied to the planetaiy motions only on 
that hypothesis. However, from the principle of the equality 
of action and reaction, each of the planets exerts on the Sun 
an equal and opposite attractive force to that which the Sun 
exerts on it. We proceed to consider how far our results 
must be modified when this is taken into account. 

We have seen, in Art. 13, that the relative motion of two 
bodies is unaltered if equal and parallel velocities be given to 
both. We accordingly suppose an acceleration appHed at 
each instant to the Sun, equal and opposite to that which the 
planet exerts on it ; and an equal and parallel acceleration 
appHed to the planet. This assumption will not alter their 
relative positions, while it reducea the position of the Stin to 
one of relative rest. Consequently the relative motion of the 
planet takes place in the same manner as if the Sun were a 
fixed centre of force, and the planet at each instant were 
acted on by the sum of the accelerations that the Sun exerts 
on it, and that it exerts on the Sun ; since these accelerations 
take place in opposite directions along the same right line. 

Again, let S and P denote the masses of the Sun and 
planet respectively : then their attractions (being proportional 

S P 

to their masaes) may be represented by f-^ and /- , where r 

repreaentB their mutual distance. 



Accordingly the total acceleration on the planet towards 
the Sim, oonsidered as a fixed centre, is represented by 



Consequently in our preceding investigations we must 
regard the ahaolute force, ^u, as proportional to 5 + i* instead 
of S ; and we may, by proper assumption of imits, take 

^=/(S + P). 

172. Modification In Kepler's Tlilrd lisw.— From 

what has been just established it follows that Kepler's third 
law is only approximate. To determine a more exact result 
we must substitute /(S + P) instead of /t, in (28), for 
planet, and/'(S + P") in the corresponding formula for the 
other planet, when we have, hy division. 



Ab ohservation shows that Kepler's third law is very 
nearly exact for all the planets, we conclude that the mass of 
the Sun is very great in comparison with that of any of the 
planets. In fact the mass of Jupiter, which is the largest of 
them, ia less than a thousandth part of that of the Stm. 

This conclusion will appear more clearly from the foDow- 
ing method of comparing flie mass of the Sun with that of e 
planet where the planet has a satellite: — 

173. Comparlaon of MagBes uf San and Planet. — 
Let S denote the mass of the satellite, S its distance from the 
planet, t its periodic time ; then, since the satellite revolves 
round the planet we have, aa in last Article, 

f + 3 

When the oaloulations are made it is found that in *,, 
/S\ J /T\- p "^ 

oases I-] ( -7 ) ^ ^ '^^7 small fraction ; and hence also -^. 
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If 2 be ETippoaed very small in comparison with P, as P 
in oorapariaon ■with S, we can, by (39). obtain the ratio of the 
planet's maas to that of the Sun, approximately. 

174. JHass of Sun. — When applied to the Earth and 
its satellite the Moon, the preceding formula gives a means of 
oomparing the mass of the Sun with that of the Earth. 

Let M, M, represent the masses of the Earth, and the 
Moon, r their distance, then equation (39) becomes 



' 400' 



Now, as a rough approximation, we assume 

i.e. that the Sun's distance from us is 400 times that of the 

T 
Moon. AJbo we take - = 13-4, or that the year is, approsi- 

mately, 13'4 timee the periodic time of the Moon, 
This gives 

S+E 64.000,000 „„ .^. . ,, 

ETm ^ 179-56 = ^^^'^^^ approxmiately. 
E 
IToreover, as determined by tidal caloulations, M = ~ ; 
hence we get 

I -361,473. 

This result represents very closely the ratio of the Sun's 
and Earth's mass as determined by more exact investiga- 
tions. 

The foregoing calculation shows the enormous mass of the 
Sun in comparison with that of the Earth. In like manner 
the relative masses of Jupiter, Saturn, and other planets 
which have satellites can he found, approximately. 

175, Mean Uenslty of Snn,— The ratio of the mean 
density of the Sun to that of the Earth can be determined, as 
follows : — 

From (39) we have, approximately, 



Again, let p, pi denote the radii of the Sun and Earth, 
and <r the ratio of their mean densities ; then, asBuming them J 
spherical hodies, we have 



-m(^- 



vhere a denotes the Sun's mean apparent »emi-diameter, and P 1 

the Moon's mean horizontal parallax. 

If we substitute 16' for a and 57' for P, and take = » 

before, we get a = 0-23, i.e. the Sun's mean density is ahout I 
one-fourth that of the Earth- I 

It should be observed that this result does not require a 
knowledge of the Sun's distance ; and, as the oonstaots in 
(40) cau be obtained with great accuracy, the ratio of the 
mean densities of the Sun and Earth can be determined with 
great precision. 

176. Planetary PertarbatlonH. — The previous deduc- 
tions respecting the planetary motions are only approximate 
for another and a more important reason, namely, that in them 
we have neglected the mutual actions of the planets on eaoh 
other. 

However, since the Sun's mass is very great in oompariaon 
with that of all of the planets, their attractions on any 
member of the solar system may be regarded as small 
dinturbiiig forces, and the planetary orbits as approximately 
elHpseB. 

The usual method of treatment, accordingly, is to regard 
eaoh planet as moving in an elhpse, in which the elements* 



■ The elcmpnla by which a planet's path it detanninod are^(lj iU moan dis- 
tance from the Sun ; (2) itaec«<mtncitf : (3) the longitude of Its perilielion; {i)the 
incUnalion of its plane Ic a fixed phuie ; (6) the angle which the JoterBoctioli of 
thEBe planen mnlfiiB with a iLied line ; (6J its epoch, or the iiLstaut of the plnnet'a 
heing in peiihelion. 
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are Bubjeet to very slow cbanges, arising from tlie periurba- 
iions or disturting effects of the other planets. 

In this manner the problem has been discussed by 
Lagrange, Laplace, and other great writers on Physical 
Astronomy. We shall not enter into this discussion, as it 
is beyond the limits contemplated in this treatise. There 
ia, however, one mode of considering tbo offecta of a disturb- 
ing force, which may be here introduced. This consists in sup- 
posing the disturbing force resolved into two components*, 
one along the tangent, the other along the normal to the 
orbit, and in treating their effects separately. 

177. Tangential nistarblug Force, — Suppose P the 
position of a planet, moving in the eUipse BPA, in which 8 and 
S are the foci ; then, since a tan- 
gential disturbing force alters the 
velocity, but produces no effect on 
the direction of motion, it is easy 
to find the corresponding changes 
in the elements of the path. For 
the new position, S', of the second 
focus will still lie on the line PlI. 

Again, if v denote the velocity at P, we have, as before, 




When the change in «*, caused by the tangential disturb- 
ing force, ia known, the corresponding change in a can be 
found; and hence the position of H', and consequently that 
of the new axis major. 

Thus if Sv be the small change in v, due to the disturbing 
force, we have 



2eSo = '^ 



(41) 



• There is in general a. tbird component, perpendicular to the pLrne of ths 
orbit. It ia not proposed to conaider the efiecla of Ihia component here. This 
method of treating tbe diatmhlng forcaa is discnaaed in u masterlf and lucid 
numner by Sir John Herschel, in hia OutlineiiBf Aitrimamg, ch. 12 and 13 





Central Orbits. 

If tho tangential force aot in the direction of the motion, 
and cODBequently increase the Telocity, a will also be in- 
creased, and the perihelion A' will consequently 
towards P. 

Again, the eccentricity e will te increased when SH' is 
greater than SH, i.e. when P is between the perihelion A 
and the estremity of the latus-recttim drawn through £C. 

178. Itformal Dlsturblns Force, — Next, if a normal 
disturbing force act inwardly, at P, it does not alter the velo- 
city, hut it changes the direc- t' 
tion of motion, tbrough a small 
angle S^. As the velocity b 
unchanged, the length of the ^.' 
semi-axis major a isunaltered, '" 
while the angle SPT is altered 
by the quantity S^. Therefore 
the angle HPH', between PH and the corresponding line 
PS' in the new orbit, is 2g0 ; also PH = PR'. In this 
manner the position of H' is found when the angle Sf ifl 
known. Again, join SH', and produce it at both sides, tben 
the line A'l^ will represent the direction of the axis majoi 
of the new orbit. 

Through H draw Dlf perpendicular to SH. The points 
2) and D' are called the quadratures of the orbit. When P 
lies between D and A, the periheUon, the Une JB, called the 
line of apsides (see next Article), movea in the same direotioii 
as the planet, and is said to advance. The eccentricity in- 
creases at the same time. If the planet be between aphelion 
B and D, the eccentricity continues to increase, and the Une> 
of apsides recedes. 

Again, in moving from A to B', the disturbing force atiS 
acting inwards, it is easily seen that the line of apsidev 
advances, and the eccentricity diminishes. Hence, in the 
motion from quadrature to quadrature, thi-ough perihelion, 
the apse continually advances, in the case of a normal dis- 
turbiug force acting inwards ; the eccentricity increases during 
the first half of the motion, and diminishes during the second. 

The contrary effects have place for a normal disturbing 
force acting oidtcards. 

In like manner in the motion from quadrature to quad- 
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rature through aphelion, the apae recedes ; the eccentricity 
increases during the first half and diminishes during the 
second. 

179. Apsldea. — A position for which the moving body 
is at a maximum or a minimum distance from the centre of 
force is oalled an apse. The corresponding distance from the 
centre of force is called an apuidal distance, and the line join- 
ing the centre of force to an apse is called an apsidal line. 

Since r, and consequently h, attains a maximum or a 
minimum value at an apse, wo have at such a point 

^°- 

It is easily seen that the orbit is symmetrical at both sides 
of an apse, provided the force is a function of the distance 
only. For, if a particle be supposed projected from a point 
ji in a direction perpendicular to the line OA drawn to tho 
centre of force, it is obvious that for the same velocity of pro- 
jection we mtiat have exactly eimilar paths, whether it be 
projected in any given direction or in that exactly opposite. 
Moreover, if the velocity were reversed at any point, the body 
would proceed to describe the same orbit, but in an opposite 
direction. From these considerations it follows that the 
central orbit must be symmetrical at both sides of an apse, 
since at that point the motion is perpendicular to the central 
radius vector, 

180. Ad Orbit can have but two Apsidal DIb- 
tances. — For, suppose A and B to be two apsides, and the 
body to move from A to B, then after passing B it will, by 
the preceding Article, describe a curve similar to BA ; and 
so on. Hence the apsides are oonstantly repeated, and the 
angle between two consecutive apsidal distances is the same 
for all positions of the orbit. This angle is called the apsidal 
angle of the orbit. It is plain that a central orbit cannot be 
a closed curve unless the apsidal angle is commensurable with 
a right angle. 

181. Equation for Determination of Apsides. — 
Let i^=/i^(»), then we have, by {13), 

^■' = 2A^du.+ C 



■where the value of C is determined by the initial conditions ; 



(f)=M' 



m. 



'%- 



[♦(«) 



the apsidal distances is 

If we auppoBe F= fiu", equation (42) becomes 

and the equation for the apsideB 



3/- 



(42) 



(43) 



(44) 



(45) 



The form of the latter equation shows that it cannot have 
more than two positive roots, which therefore correspond to the 
two apsidal distanceB. 

For example, let the force consist of two parts, one vair- 
iug aa the inverse square of the distance, the other as the 
inverse oube, or 

F=fiu^-^n'H\ (46) 



then 



h^ (r = 2/1 tt + ^ 



3 in this case deter- 
0, there is but one 



gen- 

equ! 

I the 

I an i 



Accordingly the apsidal distances 
mined by a quadratic equation. If ( 
apsidal distance. 

182. Case «f Velocity due to an Infinite Distance. 

■The integration of equatiou (44) in a finite form is in 
general impoBsible ; there ib, however, one case ia which the 
equation of the orbit can be readily determined, viz., when 
the velocity at any point is that acquired in moving from 
an infinite distanoe under the action of the oential force. 
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For we have, in this case, by (17), v^ = — ~ u^"^ ; 

n - 1 

therefore «» . (| J = ^_^, „- (47) 

TT du 2fi 

^^^® ^ = w ^/au"^ - 1, writing a instead of u^Zx\K^ 

therefore e = f- '^^ 

J u 



>/aW~-« - 1 

To integrate this, let au^^ =— , then — = jr — ; 

du ^ 2 c dz 



, f aw , z r dz 
and , Deoomes ?r , 



2^^ 



oos"^2 + const; 



w-3 



o ti -. ^ 

therefore + j3 = s cos"* 2, or s = cos —77- (0 + 0), 

n — o Z 

where j3 is an arbitrary constant. 

Hence we get 



rt± 1 / 2^ 

• 2 = — / 

hSn- 1 



cosV^(0 + /3). (48) 



If a denote the apsidal distance, and be measured from 
the apsidal line, the preceding maybe written 

n-S n-3 n — O f. 

rT = anr cos — ^ ff. (49) 

This is the polar equation of the orbit. 

For example, when n = 2, we get the parabola 

ri cos JO =» a^. 
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Again, when n = 5, it becomes 

r = a cos ; 

a circle having its centre on the circumference. 
For w = 7 we get the lemniscate 

4 

f^ '^ a^ cos 20, 
and so on. 

Equation (49) fails when n - 3 ; in this case, however (47) 
becomes 

which gives /- - 1 = log u + const., 



or 



u = /3^, where k = 1^2 - 1. 



This is the equation of a logarithmic spiral. 

183. Approximately Circular Orbits. — If the orbit 
described round a centre of force be nearly a circle, its equa- 
tion can be found approximately, as follows : — 

Assume F= /ut*y(w), then equation (23) becomes 

^, + « = ^/M- 

If the orbit were an exact circle we should have 

w = «, and ^, = 0; 

therefore a must satisfy the equation 

a = g/(a). (60) 

f When the orbit is approximately circular we may assume 
u = a'+ «, where % is always very small. 

Hence rfg"* "^ ^ "*" * " ^-^(^ "^ ^^' 

or ^ + « + z=^ !/(«) + «/(«)}• 
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Bj (50) this becomes, negleotmg z^ and higher powers of Zy 



— + z 
d9> 



(i-f./») = o, 



or, substituting^ for |, 

If A = 1 - ., J , tiiifl becomes 

g + A» = 0. (51) 

When ft is positive, the integral of this, by Art. 107, is 

z = c oos(9-v/ft + a), 

or w = a + c cos (6 y^ + a), (52) 

when c and a are arbitrary constants. 

The greatest value of w is a + c ; consequently, in order 
that the orbit should be approximately circular, it is necessary 
that c should be very small in comparison with a. 

Again, supposing c positive, the greatest value of m is 

when 6 v^ + a = 0, and the least when Q */k ^^ a^Tf\ con- 
sequently the apsidal angle is 

TT TT 

or 



\ /(a) 



m 

If ft be negative, t. e. if . . > 1, the integral of (51) is 

of the form 

z = -4e*V* + Be^^\ 

and therefore 2 would either increase or diminish indefinitely 



k 
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■with & ; and accordingly the orhit cannot he approximately- 
circular in that case. 

The value of h depends on the law of force ; for example, if 
the force vary inversely as the n"' power of the distance, then 



/M-^..- 



and 






H-2. 



Accordingly, in this case i = 3 - m. 

Hence a nearly circular orbit, having the centre of/orc< 
the centre, is impossible for laws of force which vary inversely as 
a higher power than the cube of the distance. 

When n is less than 3 the angle hetween the apsides is 



For LDsfamoe, if n = 2, the angle is ir ; which agrees Tvith 
what has been already proved, as the orhit is a focal oonio in 
this case. 

Again, if n = - 1, the angle is ^ir, as it ought to be, Biuoa 
the orbit is a central ellipse, 

184. moveable Orbits. — If a central orhit be made to 
movB in its own plane, with an angular velocity propop- 
tional at each instant to that of the radius vector in the orbit, 
to prove — (1) that the new orbit is also a central orbit; (2) that 
the difference hetween the forces in the two orbits varies in- 
versely as the cube of the distance from the centre of force* 
{Newton, Principia, Hb. i., sect. 9.) 

In a central orbit we have, in general, 

If now we make B = kB", where k is constant, the former 
' equation gives 

Hf ' T-^ (suppose). 



Moveable OrUls. 

This shows that the point describes equal areas in equal 
times around the origin ; accordingly the new orbit is also a 
central orbit. 

Again, the second equation may be written 



(dG^\ 



■■P + {k^-l)r 



= -P + — 2 — = P", suppose ; 

hence P" - P = — — — : showing that the difference be- 
tween the forces in the fixed and moveable orbits varies aa - . 

Hence, from any central orbit we can get another, called 
by Newton a revolving orbit; and the equation of the revolving 
orbit, in polar coordinates, is derived from that of the ori- 
ginal by substitutiDg kd for 9 ; where the constant k is 
determined from the initial conditions. 

For example, when F = — j, we get a focal conic, whose 

equation is of the form 



hence if i^ = ^ + ^, the equation of the orbit is of the form 

r r' ^ 



1h 



"J 



The apsidal angle in the new orbit is equal to that in tha 
original orbit divided by k, as is readily seen. Newton applied 
this method to the determination of the apsidal angle in the 
lunar orbit. Hia investigation is beyond the limits proposed 
in the present treatise. Moreover the progression of the 
Moon's apse, thus determined by Newton, is but half its true 
amount. 



1 



1 . Find the Isw of force in a circle when the centre of force is BiCuated t 
its tircumferonee , 1 

■^«'- ^ 

2. Investigate the motion, of a body which, is acted mi by EeTGral eenti'es i 
forcQ varpng directly a£ tha distance ; and show how to construct the podtit 
of the centre of the orbit. 

3. In the some case find the condition that the orbit ehould be a parabola. 

4. Assuming that the law of force in a focal conic is that of the ii 
square of the dialonco, show that the converse theorem can be inunedialete 
eatablidiedjviz,, that a particle Bttraeted by a centre of force, varying aocordi^ 
to that law, will describe a conic, having the centre of force in one of ita foci. 

6. A semi-etlipBe being supposed freely described by a particle under t 
action of a force parallel to its axis of figure : detennine the requisite law 
force, with the velocity of the particle on reaching or leaving either extremj 
of the semi-ellipse. 

6. Prove that the law of fores in an equiangular spiral is that of the iavena 
cube of the distance ; and eiplain why we cjinnot assert, conversely, that a bo^ 
^t«d on by such a force will describe an equiangular spiral. 

7. U the Telocity at each point in a central orbit be equal tc 
equidistant circle, prove that the orbit is an equiangular ^iral for 

By Art. 80 the velocity in the equidistant circle = v'/V. Again, by Art. Ifi^ 

the velocity in the orbit = "/Fy; thereforer = 7 = » -;-. Hence — - = - 
_ dp r i 

therefore f-= ip, and consequently the orbit is an equiangular spiral. 
If the force be repulsive, the orbit is an equilateral hyperbola. 

, if the velocity 

a equidistant c 
the orbit. 

Let the constant ratio be represented by I : Va ; 
example, we have 

r = lip — ; hence p ~ 4r". 
dp 

seen, as in Art. 15S, that the equation of the orbit 

r"-' = a"-' COS (ii - 1)8. 

The law of force is readily found; for, in general, 

« 1 1 I 

iry p'r 



Examples. 195 

9. In the same case show that the velocity at each point in the orhit is that 

due to motion from an infinite distance, subject to the c^itral force. 

Ft u 
Here v^= —= -^; hence, by (17) Art. 167, the velocity is that due to 

an infinite distance. 

10. When the velocity and direction of motion at any point, as well as the 
centre and intensity of the force, are given, show how to find the radius of cur- 
vature of the orbit at the point. 

11. A body is acted on by two attractive centres of force, of equal intensity; 
and also by a repulsive force from another centre, of double the intensity ; the 
forces varying cQrectly as the distance. ProTe that the orbit is a parabola, and 
show how to construct its focus and directrix when the initial velocity and di- 
rection of motion are given. 

12. If a repulsive force vary as the inverse square of the distance, prove that 
the orbit is a branch of a hyperbola, having the centre of force in the focus 
external to the orbit. 

13. A particle is acted on by a central repulsive force, which varies as the 
n** power of the distance. If the velocity at any point be that due to motion 
£rom l^e centre of force ; find the equation of the path. 

Here, by (20), Art. 167, we have 

« + 1 ' p^ (« + 1) A2 » 



or 



«* + I -^ 1 = — Ti> where k^ = -.. ^ , , ; 
\de/ «»»+!' A*(«+ 1)' 



n+l 

u ^ du 
therefore ■' = d9 ; 

~ «+3 

hence we get w ^ = „ cos 9. 

14. If the velocity at each point in a central orbit varies directly as the dis- 
tance from the centre of force, prove that the orbit is an equilateral hyperbola, 
and find the law of force. 

16. Show that the velocity at any point in a focal parabola is to that in the 
equidistant circle as V2 : 1. 

16. If the law of force be that of the inverse cube of distanee, investigate 
the different varieties of orbit described. 



Let F= fxu^, then equation (23) becomes 

_+(l-^^,)« = 0. 



d^u u 

h M = — - tf : or 



Accordingly, the equation of the orbit depends on the sign of 1 ~ r^ and 
therefore on the initial circumstances of the motion. ^ 

O 2 
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Suppose the particle projected initially at the distance J2, with the velocity V^ 
and in a direction which makes the angle » with R ; then 

h B VE sin w. 
Again, if V he the velocity in the equidistant circle, we haye, Art 89, 



»* ' ^'^ rra M .^^^ \ K siu «/ 



J22» • • ^2 F2^sin«« 



Hence 1 — ^ is positiye, zero, or negatiye, according as F sin w is greater, 
equal to, or less than V*, the yelocity in an equidistant circle. 

(1) Let Ksin « > F'. In this case 1 — -^ is positive — equal k^ suppose — and 
the equation may he written ^ 

The integral of this is of the form 

M c= ^ cos (he + o). 

A is plainly the maximum yalue of u ; and therefore corresponds to an apsidal 
distance. Let a be this distance, and, if be measured from the apsidal line, 
the equation of the orbit is 

r cos kd = a. (1) 



(2) Let F sin « = F', then 1 — t? = 0, and we have 



= 0, 






which giyes m &= ^ (9 ■{. a) ; and the equation of the orbit is reducible to 

re = constant, (2) 

which represents the hyperbolic spiral. 

(3) Let F sin « < F'. If we multiply the equation 

d^u u 

de^^ A2 ' 

by 2 du, and integrate, we get 

\dej ^ h^ ^ ' 

where e is constant. 

Hence v* = /iam« + }^e. 

Substituting the initial yalues, this gives 



e = 






therefore i — I + w* =■ — k* + 



• 



(8) 
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du u. 

The apse is determined by making :^ = ; consequently, since fs > 1, the 

dv nr 

orbit has or has not an apse according as F is less or greater than V. 

Hence, if the initial velocity be lest than that in an equidistant eireley the 
orbit is apsidal. 

Suppose a to be the corresponding apsidal distance, then 



Y'2 __ Y2 



-i(«-)' 



and, making t: ~ 1 = ^'> equation (3) becomes 



(5T-|<--'>. 



, - du k , adu _ - 

therefore t- = - va^«* — 1 ; or — =r =^Kd8. 

de a \/a2w2-l 

The integral of this is 



*» + o = log(aw + ^d^u^- 1). 

But if tf be measured from the apse, we have e = when «« = 1. Conse- 
quently 0=0, and we have 

au-\-^/a^u^"l=e^. 
Hence au = \ (tf^ + e'^). 

Next, if the initial velocity be equal to that in the equidistant circle, (3) be- 
comes 

dtifi du 

— = *»»% or- = i«;~ 

hence u «= ae^, 

the equiangular spiral (Ex. 7). 

Again, if F be greater than F', let 

and equation (3) becomes 



( 



du\^ ,., . ov du , ,-z — — 



This, when integrated as above, gives 

« + Vu* + i8» = Ae^y 
and the curve is represented by the equation 

The value of A can be readily determined from the initial conditions. 



r 
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IT. IneUijrtic i 
loken Uirougli tiay 
empty focos, 

18. Ptotb tint the eipreBsion for tbe csntnil 
may lie written in the form 



J'-' s -a- 



» the propoaad form on sulwtituting for — its value — 



This Of 

18. Wliat would be the motion of a projefitilo it tho force of gravity 
inrersely ai the cube of the height above a boriEOnljil plane ? 

Here the path eTidently lies in a Teitioal plane. 

If the line of inteiaection of this pinno with the hoiizonbil plane be ta! 
the axis of n, and a vertical line as i"'" of y, the equations of motion may bf 



iPx 



1V_ 



Hence we get 



V^+rj'y* = ij'- + const. 



Conee^uently the path ia an ellijMe or a hyperhola accoiding as Ihe sign < 
/ is Dt^ative or positive. The path is a parabola if ^ = 0. 

20. Prove by Ni>wtonian methods tluit, if two bodies attract one anothi 
acuording to any law, they describe Bimi}ar figures about their centre of ioerti 
and about one another. 

Nogleoting tie obliquity of the ecliptic, and the inclination and the eccea' 
tricity of the Itmar orbit, show that, tf we talra the Sun'a distance aa SM 
tunes that of the Moon, the Earth's mou as TS times that of the Moon, and the 
lunar synodic period aa 30 mean solar days, then the solar day is, to a near 
approximation, shorter at full Moon titan at new Moon by one 468,U()0th part of 
a mean solar da^. Camb. TUp., 1883. 

21. A matenal particle, rnoving freely in a plane, being supposed to desvribs 
a tonic under the action of a central force emanating from any point in the 
plane ; show that the force varies direoUy as the distance from the point, and 
inversely aa the cubs of its distance from the polar of the point with leipMtt ta 
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22. In free motion in a plane under the action of a central force varying 
according to any law, state and prove the effect on the trajectory (and on the 
motion in it) of an additional force emanating from the same centre, and varying 
inversely as the cuhe of the distance. 

23. An ellipse of eccentricity e and a parabola have a common focus and latus 
rectum; and equal particles describe them under the action of forces, to the 
common focus, of tiie same absolute intensity. If the particles moving in 
the same direction meet at one extremity of. the common latus rectum and 
coalesce, prove that their subse(|uent path will be an ellipse of eccentricity 
}(1 ± e), according as both foci of the ellipse do or do not lie within the 
parabola ; and find its major axis. What will the path be, if the particles be 
moving in opposite directions when they meet ? Cdmb. Trip., 1879. 

24. A body is revolving in an ellipse whose eccentricity is > }, under the 
action of a force tending to the focus S, and when it is at a distance SP from S 
equal to the latus rectum, a blow is given to it perpendicular to SP, such that 
its new direction is perpendicular to &e major axis. Show that the dimensions 
of the orbit are imsJtered, but that the major axis is turned through an angle 
SPS, where H is the empty focus. Id, 1882. 

25. Find the laws of attraction for which the trajectories described round a. 
centre offeree are closed orbits. (Bertrand, Comptes rendus, 1873.) 

fd> iu\ du 
^^ ^ = F{u) + const., Equation (23) gives 

(du\^ 1 

where c is an arbitrary constant ; therefore 

du 



e= ± 



^ 



LF{u) + e^u^ 



Again, let a, $ represent the values of u which correspond to the apsidal 
distances ; then a and fi are roots of the equation 



-F(u)^e'-u^ = 0, 



Accordingly we must have 



^^F{a) + c - a* = 0, ~F(fi) + (J - i8« = 0, 

and if 0o be the apsidal angle, wc get, abstraction being made of the sign, 

*P du 



rp du 

^a^lkF{u} + e^u^ 



m 



Assuming mBo = t, then for a closed orbit m must be a commensurable number 
(Art 180). 
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If To sLnd e be eliminated by aid of the two preceding equations, we obtain 



'°=Lv^ 



duy/F(fi) -- F(a) X. 



a^Fifi) - fi^F(a) t (i8» - a») i?'(«) - «« (2?'(i8) - J^(a)) m ' 

an equation which should hold for all values of a and fi. 

To determine the form of the function F, we suppose a and j8 very nearly 
equal, in which case the orbit is approximately circular. 

Hence, from Art. 183, we get 



\ F'(a) ' if" (a) 

Let r{a) = F, then ^= (1 - w^) — ; hence 

r a 

where C is an arbitrary constant. {d) 

Q 

From this we get jP(o) = o*^*' + const. 

2 — fw* 

We may assume the latter constant to be zero, since it disappears when we 
substitute in equation (c). 

Again, since 2ju — ^ = i^(«), </> («*) = Ci «3-»»^ 

where Ci is arbitrary. 

"We next proceed to determine m, from the condition that (c) must be satis- 
fied for all values of a and jS. 

(1) Let w* < 2, and make o = 0, and i8 = 1, then 
Substituting in (<?), we obtain 



Again, if w»"' = «, 



1 



^t^«-i»a _ j^2 W 



Jo wv^Fii^^^^ ~ 'w' Jo v^(r^ "" ''^^ 



IT TT 

The condition gives — = — ; therefore m = 1. Accordingly, the force 

. 1 

vanes as tr, or as — . 
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(2). Let m»>2; then, if o = 0, we have J''(o) = jF'(0) = -oo; and if/8= 1, 

we have Flfi) = Fll)=' r. Substitute in (c), and divide the numerator and 

2 — m^ 

denominator by VF(fi) — i^(o), and it becomes 



I 



dU IF V IT 

= — ; or- = — ; .*. m = 2, 



n which case the force varies directly as the distance. 

Hence, as M. Bertrand observes, *^ parmi les lois d'attraction qui supposent 
Taction nulle a ime distance infinie, ceUe de la nature est la seule pour laquelle 
iin mobile lance arbifrairemenf, avec une vitesse inf^rieure k une certaine Imiite, 
et attir6 vers un centre fixe, deciive n^cessairement autour de ce centre une 
courbe fermee. Toutes les lois d'attraction permettent des orbites ferm6es, mais 
la loi de la nature est la seule qui les impose." 
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CHAPTER Yni. 



ED MOTION MOTION IK A KESI^intG MEDIUM 



Sectiok I. — Constrained Motion. 



185. Movement on ■ Fixed Cnrre. — When a particle 

is constrained to move, without friotion, on a given fixed 
curve, the problem reduces to the determination of the velo-' 
city at any instant, as well as of the normal reaction of tho 
curve. The motion may in this case be regarded as free by 
the introduction of the force of reaction of the curve, in 
addition to the external forces. 

Hence, if JV" represents the normal reaction, the general 
equations of motion may be written, when referred to a rect- 
angular system of axes, 



dC 



- = X + if COB a 



d'ff 



= F+iVcos/: 



d=s 



k 



= Z + NooBy, 

(1) 

where a, /3, y are the angles the normal reaction makes with 
the axes of ooordinates ; and X, Y, Z are the oomponente 

of the external foroe, parallel to the axes of coordinates, re- 
speotively. If the first equation he multiplied by dx, the 
second by dy, and the third by rfs, we get, on addition, 

\ rfs") = Xdx + Ydy + Zdz, (2) 



a(/jB + oos /3rfy + cos 7(^2 = 0, as the direction of JT 
is perpendicular to the tangent to the curve. 
This gives on integration 

-t- const. (3) 
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Hence tlie velooity is given by the aamo equation as in 
the case of unoonatrained motion (Art. 128). 

I"or a oonservativeajBtemof foroee (Art. 122), the velocity 
V at any point can generally be found from this equation. 
For, let Xdx -^ Ydy + Zdz be the exaot differential of the 
function ^ [x, y, e) ; then if )'' be the velocity at the point 
■r, /, a', we have 

l,»(t.'-0- ♦('■?,»)-♦(»■', /.=')• (4) 

Hence the velocity at any point is independent of the path 
described ; and, accordingly, if different ourveB be drawn 
joining any two points, a particle starting from one of these 
points with a given velocity would arrive at the other point 
with the same velocity whatever path it deaeribed. 

Two of the preceding equations (1) are sufficient for a 
plane curve ; for in this case N acts in the plane of the 
curve, and, by taking the axes of x and ij in that plane, the 
third equation will disappear. 

In the case of a central force, represented by t^<p'{r), we 
have, as in Art. 128, 

ir«(«'-O-/<(*H-t('0)- (5) 

Again, as in Art. 113, it is readily seen that the presBure 
on the curve in any case is the resultant of the centrifugal 
force and the normal component of the external forces. 

The particle will leave the curve at the point for which 
the normal reaction becomes zero. 



1. A particle is conrtrainad to move in. a circle under the influence of a rc- 
pntgiTe force, acting from a, point on the circumference, and Tarying: as the 
digtftnce : find the preaaure on the curve, the initial position heing at the eentre 
of force, and the particlo starting from b state of rest. 

^lu. ~- , vhere r ig the distance from the i^entre of force, and a the lodiua 
^'' of the cirde. 

3. A particle is constrained to mora in a lagarithmic spiral, aud is attracted 
to tha pole of the spiral by a force varying inversely as Iho BuuiirB of tJia dis- 
lunce. If the particle start frooi rest at the distance a fnini tbo pole, Undthc 
time of describing any portioa of the curve. 
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Let fi denote tlie absolute force, then, by (5), we have 



Again, if r = «« ^ be the equation of the spiral, we have 

^ ^^ /; — r^ 

theiefoie | = Jj^, Jl - i. 

Integrating, as in Art. 140, we get for the time of motion from the distance 
a to the distance r. 



-J"-^'(— J-*T^')- 



Also the whole time of motion to the centre '- " '" ^* 



2\ S 



It is readily seen that the problem of constrained motion in a logarithmic 
spiral, imder the action of any central force directed to its pole, is reducible to 
^ee rectilinear motion under the action of a corresponding central force in the 
line of motion. 

3. A particle under the action of gravity moves down the inner side of a 
smooth ellipse whose axis major is vertical. Being given its initial velocity, find 
where it will leave the ellipse. 

Taking the centre as origin, and the axis major as axis of x, the value of x 
at the required point is given by the equation 



2d=3x-a^ 






where d is the height of the level line to which the velocity at each point is due 
above the centre. 

4. In the same question find the least velocity at the lowest point of the 
ellipse in order that the particle should make a complete revolution in the curve. 

Ant. V^a(5 — #*). 

186. Theorem of HI. Ossian Bonnet. — If masses 
w, m\ ni\ &o., respectively subject to the action of forceSi 
F^ F\ F'\ &c., and starting all in the same direction from a 
point -4, with velocities «?©, t?o', ^i\ &c., describe the same curve 
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ACB ; then the same path will also be described by the mass 
M, when projected from the same point in the same direction, 
and subject to the action of all the forces, -F, F\ F'\ &c., 
provided the initial via viva MVo is equal to 

mVi? + w'/o' + w"t?V + &c., 

the sum of the vires vivce of the different masses. (Bonnet, 
Liouville^s Journal^ 1844.) 

For, suppose the particle M constrained to move in the 
curve ACB, and let iV'be the normal reaction at any point ; 
then, if the components of -F, parallel to a rectangular system 
of axes, be represented by X, Y, Z, respectively, those of 2^, 
by X\ Y\ Z\ &c.; then, from (1), we have 

Jf ^ = X + X' + X" + &c. + iV^ cos a, 
M^ = T+T' +Y" + &o. + iVoos j3, 
M^ = Z + Z' +Z" + &o. + iVoosy, 

Cvt 

and, as in (2), we have 

d{MV^) = 2rfir SX + 2t?y S F + 2dz SZ. 

But if V, v\ v'\ &c., be the respective velocities of m, m\ rri\ 
&c., at the same point, in the partial movements, we have 

cl{mv^) = 2 {Xdx + Ydj/ + Zdz\ 

&c., &c., &c. 

Hence d{Mr^) =d(mv'^- niv'^ + /w'V^ + &c.) ; 

therefore MV^ «= S(wt?*) + constant, 

or MV^ = Smv*, from our hypothesis. 

It is now easy to prove that the normal pressure i\ris zero 
at each point, and consequently that M would describe the 
curve ACB freely, under the combined action of all the 
forces. 
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For the force A" is equal and opposite to the roKnltant oE 

the centrifugal force, — — , and the Beversl normal compo* 

nente of the forces, F", P', F", Ac. Again, 

JfF' ffir* mV m"r"= „ 

= — + + + «c. ; 

P P P 

e respectively equal and oppoate to ti 

normal components of F, F", F", Ac, respectively, 
iM, m, &c., describe the path ACB freely. 

Hence there is equilihriam between the centrifugal foroe 

— — and the total normal component of F, F', F", &c. ; aai 

P 
consequently JV" = 0. 

In general, if the initial velocity of Jf do not satisfy the 
equation J/Fo' = SH)r„', the normal pressure on the path .^CA 
mil vary directly aa the curvature. For, from the preceding 
analysis, 

2f . ^ ■ (6) 

P P 

Also, if one of the forces {F' suppose) be changed intO' 

its opposite, it is readily eeen that the preceding theorem still 

holds, provided we change the sign of the corresponding t&rm 

{m'c''} in the expreesioii S(mii'), 

EZAXFLES. 

1. A particle cooHtnined to tnorie in ui ellipse a aclM on by an attnclit» 
force directed to one focnB, and a repnleire fores from the other, whoae intsmi 
ties vary u the inverse square of the distance : if the absolute intensities of di 
forces be equal, find the pressure on the ollipw at any point during the motion. 

2. Hence ahoir that a particle placed at equal distances from tiro such oenMl 
of force will describe a semi-ellipse, under their joint action. 

3. A particle moves neder the attraction of tiro forces directed to the Siel 
points J and S, each TBiying according to the law of nature, and a third fore*, 
varying directly aa the distance, directed to C the middle point of AB ; show 
that thJa particle can be projected from any point so as to describe an ellipM 
Bnine A and B luita foci. Lagrange, Mec. Anal., T. 2, { 83 

Ant, The initial velooity v^ is giTimi hj Qm equation 



^'Z. 



a^ 



"If, 
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where /i, f/, /*" denote the absolute forces for the centres A, By C, respectively ; 
/, f the initial distances from A and £ ; and a the semiaxis major of the ellipse. 
The initial direction of motion must bisect the external angle formed by the 
lines joining A and £ to the point of projection. 

4. In the same case, if the particle be constrained to move in the ellipse, 
find the reaction £ at any point during the motion. 

An,. iJp = m (^' + ^+ /'// - "«') , 
where p is the radius of curvature at the point. 

187. Motion on a Fixed liiirfaee. — If a particle be 
oonetrained to move on a smooth surface, the general equa- 
tions of motion are plainly, as in (1), 

^^^ Xr TIT ^V ir TiT O ^*^ ^ TIT 

w-^ = X + i\rco8a, m-T-^ = F+iV oos/3, m--^=Z-^NooByf 
c&t cCt ut 

where a, /3, y are the direction angles of the normal to the 
surface. 

It is obvious that in this case also the velocity at any 
point is determined by the equation 

:^mt^ = J [Xdx + Ydj/ + Zdz) + const. (7) 

If gravity be the sole acting force, and the axis of z be 
taken in the vertical direction, our equations may be written 

d^x „ d^p -_ ^ d^z -_ ,Q. 

_=j^rcosa, ^ = i\rcos/3, ^ = i\rcos7-5r. (8) 

"When the surface is one of revolution round a vertical 
axis, the normal at each point intersects that axis ; and if n 
denote its length, we have 

X t/ 

cos a = -, cos /3 = -. 

Hence the two former equations give 

d^y d^x _ 
''W^^dF'^' 



1 
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or, on integration, 

''di ~ ^di^^' 

where c is a constant. 

This equation shows that the point of projection on a hoii* 
zontal plane describes equal areas in equal times round tba 
point in which the axis of revolution meets the plane. 

188. ffiotion on a Spherical Snrbce.— We shall 
apply what precedes to the motion of a particle under the 
action of gravity on a smooth sphere. This contains the 
general question of the motion of a simple pendulum, and ii 
called the problem of the spherical pendulum. Taking t' 
centre as origin, and the positive direction of the axis of s 
downwards, tiie equation of the sphere is 

where a tb the radius. 

Also the general equations of motion may be written 



adopting Newton's notation (Art. 23). 

From the two first equations we get, as before, 



xy-yx = c. (ffj 

Also, as in (7), 

*' + !;' + z'= r„' + 2?(s-a), 

where K rspresents the velocity corresponding to r = o. 
Again, ^fierentiating the equation of the sphere, 

aw + y^ + aa = 0, or xx + yij =- aa. 

If this be squared and added to (9), when also squared, w9 
get 

(»=+y")[i= + ^)-6» + a's=. 
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Hence (a^ - z^) ( To' + 2^ (s - a) - s») = c« 4 z''z\ 

or ^^2'^ = (a'^ - 2^) { To' + 25r (s - a) ] - c\ (10) 

The subsequent investigation is simplified by supposing Vo to 
correspond to the lowest point in the path of the particle ; for, 
since the motion at that point is horizontal, we have s = 
when 5 = o, and consequently 

c' = [a^ - a*) Vo^ = 2gh (a^ - a^), 

if h be the height to which the velocity Vo is due. 
Substituting this value for c' in (10), we get 

d^'z^ = 2^ (o - z) [z^ + A (z + a) - ««) . 

Again, the expression z^ -¥ h(z+ a) - a^ may be written 

{z - i3)(s + 7), where 



A = ^, and 7 = -^. 

a + p o + p 

Accordingly 

aV = 2^(a-2)(s-i3)(z + 7), 



(11) 



therefore aiS = a — = - -v/2^ (a - s) (2 - f3) (s + 7). (12) 

The negative sign must be taken since z diminishes with ^, 
which is reckoned from the instant the particle is in its 
lowest position when z has its maximum value. 

Also, when s = |3 we have ;: = 0, and the motion is again 
horizontal. It is readily seen that during the motion 2 must 
lie between the limits a and ]3 ; and consequently the path 
of the particle is a tortuous curve lying between two horizon- 
tal lesser circles on the sphere ; we accordingly may assume 

z = a cos^0 + j3 sin*0, (13) 

and, substituting in (12), get 

2a ,^ = ^2g (a cos'0 + /J sin^ + 7;. 
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Hence, Bince t = when ^ = 0, we have 



j 2 (g + /3) f* rf» 



a 



-^ «^-/3 



2 



where F= -20/3 2- 

a + 7 a^ + 2ap + a* 

Consequently the time of motion depends on an elliptic 
function, and is reducible to that of the description of a cor- 
responding arc in a vertical circle (Arts. 105, 112). 

Again, if T denote the period of a vibration, that is, the time 
of motion from a lowest to a consecutive lowest position, we 
have 

d(p 



\ g {a^ + 2a ft + a') 

J 



y/l - F sin> 
It may be observed that when a = /3, we have h = 



a'-a^ 



2ii ' 

and the question reduces to that of the conical pendulum, 
already considered in Art. 110. 

Next let \p be the angle that the vertical plane passing 
through the centre and the position of the particle at any 
instant makes with the plane of zx, then y = x tan xj^ ; and 
consequently 

.(^.^)^.(«.-..)S. (15, 



Also, c = y 2firA (a* - a') = ^-^ — —^ t±J. 

and the angle \p is represented by an elliptic function of the 
third species, thus 

/ (a--a')(«'-/j') r -^^ (16) 

* V a + /3 J„(a'-z')yfa-8)(2-tJ)(s + 7) 
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In the projection of the path on the horizontal plane 
through the centre, the greatest and least distances from the 
centre correspond to the greatest and least values of 2, i.e. to 
2 = a and z = /3. These are called the apsidal distances, and 
the corresponding angle, the apsidal angle of the path. If "^ 
be the apsidal angle its value is represented by the integral 



If the particle make a very small oscillatory motion round 
the lowest point, we may, as a first approximation, assume 
A; = 0, in (14), and make a = a, /3 = a ; then we get 



t 



=>/^- 



Again, if s = a cos d, a = a cos do, /3 = a cos di, the equa- 
tion 

s = a cos*^ f /3 sin*^ 

becomes, neglecting powers of 0, do> Oi beyond the second, 

&" = 6I0' cos> + 6I1' sin^ = (?o* oos'U^ + <?i' sin* W-- 

Also equation (15) gives, to the same degree of approximation 
since c = a^dod\j-\ 



d\p la Oq 01 
di\g^'¥'^ 



flo'cos^gl+ei'sin'^/^ 
Hence, by integration, 

tant// = ^' tan t^- - j tan ^. 

p2 
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Again, the polar equation of the piojedion is given by 
the equation 

f^ = a» - sr - fl'(^ 



= a 



1 + tan^^ 1 + tan'^ 



Hence x = r co&y^ = aOo cos ^ ; siniilarly y = r sin^ = a0i sin 0. 
Consequently 

do' 0^' ' 

i. e. the horizontal projection of the path is, approximately, an 
ellipse, whose semiaxes are aOo and aOi. 

The next approximation is given in the following 
examples. 

The general problem of the spherical pendulum appears 
to have been first fully discussed by Lagrange, see M^c, 
Anal.j t. 2, sect. 8. 



Examples. 

1 . If the particle perform small oscillations about the lowest point, inyesti- 
gate its motion to an approximation of the second order. 

It is here more convenient to transfer the origin to the lowest point on the 
sphere, and to take the positive direction of z upwards. Accordingly, we sub- 
stitute z = a — z', a = a — a, i3 = a — i3', when equation (12) becomes 



Hence, removing the accents, we get 

t=}, fV 'fe 

where fi and a represent the distances of the highest and lowest points in the 
path from the plane of xy. 

Again, if a and jS be both lo small that their higher powers may be neglected, 
we obtain 



t=i 
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dz 



M. 



J(.-.)(^-z)(l-±) 



. ^ •'"(«-«)»(i8-»)» 






dz 1 

+ 



^•'aV(i-o)(i8-«) SVffa 



zdz 



V(«-a)03-5;) 



neglecting the subsequent terms, since r- is a very small fraction. 
Hence, if « = acos^^ + $ sin^^, we get 

< = J- ^ + — F^ (*(« cos'^ + fi sin2^)(l^ 

Consequently, if T be the whole time of motion from one lowest position to a 
consecutiye one, we get 



r-'iA'^'-^y 



9 

Again, to find the apsidal angle, to the same degree of approximation. 
Transforming the origin in equation (16) to the lowest position, we readily 
obtain 



^ 



= ay/afi 



dz 



J..(2«-.)J(,-a)(^-.)(l-^g^^^) 



Hence, since as before we may take 

2a - a - /B 



we get 



Ja (2a - 



(2a-o)(2a-i3) 2«* 
dz 



(2rt-2)^2V(«-a)(j3-2) 



f -i'-h) 



% 



-''^zViz-aJifi-z) 



neglecting the subsequent terms, as before. 



— r dz Sv/Ssf dz 

Ja^^(z-a){fi-z) ^ « JaV(«_«)(/B-5;) 
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Substituting a cos^]^ + fi sin' for 2, we obtain 

Hence, taking ^ between the limits and -, the apsidal angle is given, ap* 
proximately, by the equation 

. IT /, 3Voi3\ 
2 \ 4a/ 

This shows that in the approximate elliptic path the apse continually progreeses. 
Again, iSp, q denote llie small apsidal distances, or the semidiameters of the 
approximate elliptic path, we get 



2 \^8 «2/- 



Accordingly, the rate of progression of the apse varies approximately as the 
area of the projection of the path. 

2. Prove that the pressure on the sphere is given by the equation 

a { a + p ) 

3. If a particle be projected with a given velocity along the horizontal great 
circle of a smooth hollow sphere, find at what point its vertical velocity wm be 
greatest. 

Ans. z = , h being the height due to the velocity of projection. 

4. A particle is projected hoiizontally along the interior surface of a fixed 
smooth hemisphere, the axis of which is vertical, and vertex downwards. 
Given the point of projection, determine the velocity so that the particle may 
ascend exactly to the rim of the hemisphere. 

Ana. 



u aj^-^m 



5. If a particle move on the interior surface of a paraboloid of revolution, 
whose axis is vertical, prove that the velocity at the highest point in the path is 
that due to the height of the lowest point above the vertex of the paraboloid ; 
and similarly for the velocity at the lowest point. 

6. In the last question show that the pressure at any point P varies as the 
curvature of the meridian at that point ; and that the resolved vertical pressure 
is to the weight of the particle as SL x SM : SF^^ where L and if are the highest 
and lowest points of the path, and S the focus. 
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Section II. — Rectilinear Motion in a Resisting Medium. 

189. If a heavy body of mass m be supposed to fall vertically 
in a resisting medium, the resistance is a function of the 
velocity of the body, and the equation of motion may be 
written in the form 

d'^x 

It is usual to assume, with Newton, that 0(t?) = -4S . tr^, 
where ^ is a constant depending on the density of the medium, 
and S is the area of the greatest section of the body perpen- 
dicular to the direction of motion. 

Again, writing 

^^=f' (1) 

the differential equation of motion becomes 

d^x r, v'\ dv (. »n 
-=^(^l--j,or^ = ^^l-^,j. (2) 

It is obvious that the velocity increases so long as it is less 
than k : this gives k as the limit to which the velocity ap- 
proaches, without, however, ever attaining to it, as the 
following analysis shows. For this reason k is called the 
terminal velocity of the body : — 

Since 

1 1(1 1 

+ 



the preceding equation gives 

No constant is added since we suppose t reckoned ifrom 
the position of rest. 
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., dv dv , vdv g , 

^^''^ dt""-^^ ''*'^*^* W^r^'H'^' 

therefore ^£ = C-ilog(A»-tp') -llog(^,), (4) 

where x is measured from the position of rest. 
To express x in terms of ^, we get from (3), 

k-vv ^ 






20 

, k + V 2e* , A; - e? 

hence — ; — = -^ , and 



!?? ' k ^ 9 

c* + 1 e* + 1 



therefore 



Ar^-t;'^ 



A' / ? -?\2 ' 



and consequently 

This may also be written in the form 

a; = — loffcosh^. 
g ^ k 

In like manner from (3) we get the equation 

V = k tanh^. 
k 

Also from (1) we get 

k- [^ 

where W denotes the weight of the body. 

This shows that, TF" remaining the same, the value of A; can 
be increased by diminishing the area of the transverse section. 
In the case of a homogeneous sphere, of radius r, we have 
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W= iirr^p, where p is the weight of a unit of volume ; also 
8 = irr^ ; therefore ,- — 

Hence we can readily compare the motions of different 
spheres in the same resisting mediimi. 

Next, for a body projected vertically upwards in a resist- 
ing medium, the equation of motion is 

whence dt == — 



Accordingly, if V be the initial velocity, we find 

t = - Itan"* -, - tan"V> . 
g( ^' A) 

From this equation the velocity at any instant can be de- 
termined. 

Also, since «? = at the highest point, the time of ascent 

k V 

to that point is represented by - tan"* —. 

g rC 

. . . k^ vdv 
Agam dx== — -:,. 

Hence, if a; be measured upwards from the point of projec- 
tion, we have 

If h be the height of ascent, we get 

If the time t be reckoned from the highest point, we have 

V = k tan ^. 
k 

The downward motion is given by the former investigation. 



r 




1. Find a vertical cuttb audi that the time o! describing any arc, measured 
from a fixed point, shall be equal la ^bat of dcscribiog tbe cboid of the arc. 

TiLldng the origin Bt the fixed point, the time down a chord r, whose incli- 
nation to the vertical ie 0, as in Art' 46, is 



4^.- 



le of descending the n 






JT all choFda, we get, b; differontialioii. 



heEoe we get r' = a' sin 29, ' 

when; a is a oonatant. Accordinglji the curve ia a Lemniscate. 

2. ToveBtigate the con-eaponding problem when the acting force is pTDpor> 
tional to the dialance from a flied point. 

Let A be the position of the fixed point, the point of dcpartura of the pap* 
tide, F its position at anj instant, 9 = 1. f'OA, 0A = a; then wa find, without 
difficulty, that the time ti, of describiog OP, when the absolute force ia token^SB 
iniity, is given hj 



Alio the time of describing Ihe arc OP ia 



J£ 



Eenee, since t\ = h, we have 



m-f 



i^ 
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-V-- (1)'^ 



therefore •- + r tan tf ._, . . . ^^, 

do ^ \d$J 

from which we get r^ = a* sin 20. This represents a lemniscate also, as in the 
preyious question. 

3. If the motion of a conical pendulum he slightly disturhed, prove that the 

2ira /J 
period of a yihration is , ^ /J-, and the corresponding apsidal angle is 

ir J where b is the distance from the centre to the plane of the conical 

Va2 + 3*« 
pendulum. 

4. A particle is projected from a given point in a horizontal direction along 
the surface of a smooth sphere ; find the velocity of projection in order that the 
particle should rise to a given height on the surface before commencing to 
descend. 

5. A particle is constrained to move in a smooth circle, under the action of a 
central force which varies directly as the distance. If the time of describing 
any arc be constant, prove that its chord envelopes a circle. 

Prof. Townsend, Edue. Times^ 1875. 

6. If a particle describe a curve freely under the combined action of the 
forces, F, F'f &c., where F, F\ &c., act along r, r', &c., prove that tho 
equation 



T,M(J)+y*''*(J^) + &c-=o 



must be satisfied at every point of the curve, where ^, ^', &c., denote the forces 
respectively co-directional with F^ F', &c., under which iingly the given curve 
would be described ; and 7, 7', &c., are the corresponding semichords of the 
circle of curvature at the point. 

Prof. Curtis, Messenger of Mathematics , 1880. 
Here, it is easily seen by equation (22), Art. 158, that 

v^ = Fy + F'y + &c. 

Also, by (13), Art. 157, vdv = - Fdr -- F'dr" - &c. 

Hence 2 {Fdy + ydF) + 2 ^Fdr = 0, 

or 2 {^(^7 + 2dr) + ydF} = 0. 

Hence, in particular, we have 

4> {dy + 2dr) + yd<l> = 0, &c., 

dy + 2dr - rf0 . 
or = , &c. ; 

y 

2^(rf^_^)=0. or 27^ (J) =0. 

This theorem plainly contains as a particular case that given in Art. 186. 
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7. Applj the preceding to the case of a conic described under the action of 
liorces, Fy Fy directed to iu focL 

Here ^ = ^, ^' = ^, 7 = -/; 



or, since i^ + '^r' = 0, 



- - (Fr«) = -=T3(^ O- 



This is satisfied by the equations 

i |: (^'*) =/'W +/»(2« - r), 

l±.(rr't)=Mr')+M%t-,'), 

irhere/i and^2 are both arbitrary functions. 

If we assign the same form (f) to f\ and fz we obtain as a particular solu- 
tion 

i|.(i'r')=/(r)+/(2«-r), 

"" ^ = i /»* {/W +/<2» - '•)} <*'-. &«• 

If any particular form be assigned to/, a corresponding form of F, as also 
<jf Jf^, wUl result. 

8. As an example of the preceding show that a particle can be made to 
•describe an ellipse freely under the action of forces, 

•directed to its foci. 

The student is referred to Professor Curtis' Paper for additional applications. 

9. A spherical particle moves within a smooth rectilinear tube, which re- 
Tolves about one extremity with a uniform angular velocity in a horizontal 
plane ; find the motion of the particle. 

Let u be the angular velocity of the tube, and r the distance of the particle, 
at any time t, from the fixed extremity of the tube ; then, since the force acting 
•on the particle is always perpendicular to r, we have (Art. 28), 



dt^ \dtj ' dt^ 
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dr 
Hence r = ceia* + cV«*. If r = a, and -T^=b when < = 0, we get 

at 

2«r = («« +*)««*+ (a» - b) e-^K 

10. Consider the same problem if the tube be supposed to revolve uniformly 
in a vertical plane. 

Here, if the time be reckoned from the instant that the tube was horizontal, 
the equation of motion is 



The integral of this is 



— - - arr = — ^ sm at. 
ai 



r = Cef*t + C'ertot + -^ sin at, 

2«^ 



and the constants can be determined from the initial conditions. 

11. Two spheres of the same diameter, but of different weights, fall freely 
in air ; find the ratio of the maximum velocities they will attain, stating clearly 
what assumptions you make. Lond. Univ.y 1881. 

12. Explain what is meant by the terminal velocity of a body in a resisting 
medium. 

If the resistance vary as the square of the velocity and the body move in a 
vertical line, prove that at the time t the depth x of the body below its highest 
position is given by 

«2 gt 

a; = - log sec — , 
9 » 

when ascending, and by 

X — — log cosh — , 
9 « 

when descending ; a denoting the terminal velocity in the medium. 

Lond. Univ., 1883. 

13. If a body be projected vertically upwards in a resisting medium with 
its terminal velocity for the medium ; determine the height of its ascent, and 
the time of reaching the highest point. 
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CHAPTER IX. 

MOnOK OF A RIGID BODY PAKALLEL TO A FIXSD PLAKB. 

Sectiox I. — Kinematics, 

190. Misid Bo«j, SetermiBati^B •f ite PMlti«B« — 

A body is said to be rigid when its oonstitation is snch that 
the relative position of its points with respect to each other is 
unalterable. 

The position of a point in space is nsoallj determined by 
means of three rectangular coordinates, and depends therefore 
upon three Tariable quantities independent of each other. It 
is easy to see that the position of a rigid body is determined 
by six independent variables. 

In fact, the position in space of a definite point A of the 
body is determined by three independent variables ; two more 
are required to determine the plane in space in which a defi- 
nite plane a of the body passing through A should lie ; and 
finally, one more is necessary to fix in this plane a definite 
line of the body passing through A^ and lying in the plane a. 
When the position in space of every point of the plane a is 
determined, it is obvious that the positions of all points of 
the rigid body are completely determined, since perpendiculars 
from them on the plane a are invariable in magnitude. 

191. Depees of Freedom. — As six independent 
quantities are required to determine the position of a rigid 
body, such a body, if unacted on by any restraint, is said to 
have six degrees of freedom. 

It is plain from what has been said, that if the positions 
of three points of a rigid body not lying on the same straight 
line are fixed, the position of every point of the body is de- 
termined. 

192. Motion of Translatioii. — When a body moves 
in such a way that the elements of the paths described by its 



Mofmi of Rotatio. 

different poiots are equal and parallel straight lineB, the 
motion ia said to he one of translation. 

The path described by any one point of a body during a 
motion of translation ia, in general, a curve, and it appears 
from the above definition that the curves described by the 
different points during any such motion are equal and 



In a motion of translation, the line joining any iico definite 
points of the body remains parallel to its initial poiiHon. 

If A„ B„ Ai, Bi, &c., are the positions occupied hy A, B 
during the motion, AB is equal and parallel to A^Bi, A^Bi, 
and so on. 

As the distances traversed by each point of the body 
are the same both in magnitude and direction, we may speak 
of the motion of translation of the body, and may compound 
any number of elementary motions in the same manner as 
for a point. 

193. Hntion of RotatioD. — As already stated in Art. 
93, when a body is moving in such a manner that each point 
is describing the are of a circle having its centre on a fixed 
straight line to which its plane is perpendicular, the motion is 
said to be a rotation, and the fixed straight line passing through 
the centres of all the circles is called the axis of rotation. 

In a motion of this kind every point of the body lying 
on the axis of rotation remains fixed during the motion. 

All the lines in the body perpendicular to the axis of 
rotation turn through the same angle, wliich is called the 
angular rotation, or simply tlie rotation of the body. 

Any definite line AB of the body which lies in a plane at 
right angles to the axis of rotation makes at the efid of the 
motion an angle with its initial position, which is equal to the 
angular rotation of the body. 

This readily appears as follows : — Join A to the point 
in which the axis meets the plane in which AB lies ; then, 
A' and B' being the new positions taken by A and B, since 
OA makes the snme angle with AB which OA' makes with 
A'B', the quadrilateral formed by OA, OA', AB and A'B' 
can be inscribed in a circle, and tlierefore the angle between 
A'B' and AB is equal to that between OA' and OA. 
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It IB easy to see, that if two positions of a body havafl 
a straight line in common, the hody can be moved front | 
one of these positions to the other by a rotation round 
this line. For a definite line OA of the body, passing 
through a point on the fixed line, and at right angles 
thereto in the first position, must remain at right angles to it ■ 
in the second position OA'. Hence OA can be moved into J 
the position OA' by a rotation round the fised line; and as 
two straight lines in the body have then the situations he- 
longing to the second position , the whole body must be in the | 
second position. 

104. MotfOD Parallel to a Fixed Plane. — When I 
the paths described by the several points of a body during J 
any motion are made up of elements, each of which is parallel ■ 
to the same fised plane, the motion of the body is said to bal 
parallel to this plane. f 

If we consider any definite plane section of the hodyyl 
which at the beginning of the motion is parallel to the fixedC 
plane, this section must continue in the same plane through-'. 
out the motion, and its position at each instant determines 
the position of every point of the body. In order, therefore, 
to study the motion of a hody moving parallel to a fixed 
plane, we have merely to investigate the motion of a plane 
figure in its own plane. J 

195. Motion of a Plane Figure In Its own Plane* I 
— A plane figure can be moved from any one position in itsi 
own plane to any other by giving it first a motion of b 
lation, whereby any arbitrary point A of the figure is m 
from its first position A^ in space to its second position ^ 
and then a motion of rotation round a perpendicular ai 
passing through At, whereby a definite line AB of the fignml 
is moved into its final position in space A^Bi, As the point ■ 
A is perfectly arbitrary, the motion may be effected m an,] 
infinite variety of ways. The motion of translation to be I 
given to the figure differs in general acoording as difirerenfi 1 
points of the figure are chosen for A, but the molion of iviatiaa J 
is i» all canes the same. I 

This readily appears from Art. 193, as the initial and final | 
positions of any definite line of the figure are given, and the 1 
angle between them is, in all cases, the rotation of the body.j 
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The results arrived at above depend upon the fact that 
the position of a plane figure in its own plane is completely 
determined bj the position of one definite straight line of the 
figure. Hence also it appears that by properly seleoting the 
point A, the motion of translation may in general be dis- 
pensed with altogether, or, in other words {IHfferenUal Cal- 
culut, Art. 293)— 

A plane figure can be moved from any one position into 
any other in its own plane by a rotation round a point fixed 
in the plane. 

In f ant, BC being the original position of any definite line 
of the figure, and B'C' its new position ; if we join BB", 
bisect it, and erect a perpendicular, and do the same with 
CO', these two perpendiculars will, in general, determine 
by their intersection the point, a rotatien round which effects 
the given change of position. If BB'he parallel to CC this 
construction fails. Two cases then arise, according as BB' 
is eqnal to CC or not. In the latter case, the intersection 
of BC and B'C is the centre of rotation. In the former the 
motion is one of pure translation, and the point is at infinity. 

As a particular case, it follows that — 

Tieo rotations effected succeaaively round two parallel axes 
bring a body into the same position as a single rotation round an 
axisparalkl to the two former, the single rotation being equal in 
magnitude to the sum of the tvio to which it is equivalent. 

We see also that — 

A rotation round any given axis brings a body into the same 
position as an equal rotation round a parallel axis through any 
arbitrary pointy together with a motion of translation. 

Hence it appears that — 

Equal and opposite rotations effected successively round two 
parallel axes A and B are equivalent to a single motion of trans- 
lation. 

For, a rotation round.4 is equivalent to an equal rotation 
round B, together with a tiEinslation ; therefore equal and 
opposite rotations round A and B are equivalent to equal 
and opposite rotations round B, together with a translation ; 
but equal and opposite rotations round B destroy uaeh other; 
therefore, i!co, 
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196. Composition of Velocities. — Hitherto we h&yeJ 
been considering displacements having a finite magnitude. 1 
In regard to such dieplacemente the order in which the BQTer^fl 
motions are effected is, generally, of importance, and in ordoTv 
to arrive at definite reBults it is necessary to specify wheth^ T 
the suoeesaiTe axes ofrotation are fixed in space or in the body. 
In Kinetics, we are for the most part eonesmed not only with 
the initial and final positions of a body, but also with the 
mode in which it passes from the one position to the other. 
It becomes then necessary to consider the infinitely small 
motiona through which the body assumes its successive poai- 
tioua. Displacements effected in the same dement of tim^' 
divided hy that element then become velocities, and the com* 
position and equivalence of infinitely small displacements if 
tantamount to the composition and equivalence of velooitiee. 

// the displacemenis received by a body he infinitely small, it 
is indifferent in vihat order rotations are effected round different 
aaea fixed in space. 

For, the changes in theooordiiiates of a point of thehody. 
due to a displacement, are functions of the initial values n 
those coordinates. In the present case these changes are infl* 
nitely small, and therefore the changes resulting from tho 
first displacement produce alterations in those which woulj 
have resulted from the second had it been given first, whiott 
are infinitely small quantities of the second order. 

For a similar reason it is indifferent whether the axes h 
fixed in apace or axes fixed in the body, whose positiona e 
the oommencement of the infinitely small motion coincide 
with those of the axes fixed in space. 

When the order of two displacements is indifferent thej 
may be regarded as simultaneous, and if the resultant dis- 
placement be such as to move the body from one position into 
the next successivu position, it is the actual motion of the body; 
The theorems of the last Article, when applied to infinitely 
amall motions, give the following results : — 

{1). The motion of a body parallel to a fixed plane 
Hsts at any instant of a velocity of rotation lu round an axiay 
passing through any arbitrary point A of the body, at rigl 
angles to the plane, and a velocity of translation parallef' 
the plane. 
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(3). At eaoh instant there is one point 0, called the in- 
stantaneous centre oi rotation, which is such that a velocity 
of rotation u round an axis through it represents the whole 
motion of the body. 

If r be the distance from to A, and v the velocity of 
translation which the body must be conaidered to possess 
when the axis of rotation is regarded as passing through A, 
p is at right angles to r, and equal to ria. The point is 
'found by drawing perpendiculars to the simultaneous direc- 
tions of motion of any two points of the body. 

(3). Two coexisting velocities of rotation round parallel 
aaes are equivalent to a single velocity of rotation, equal to 
their sum, round an axis parallel to the two former, and di- 
viding the distance between them inversely as the component 
velocities. 

(i). Two equal and opposite velocities of rotation whose 
common magnitude is tu, round parallel axes, are equivalent 
to a velocity of translation, perpendicular to the plane of 
the axes, whose magnitude is aia, where a is the distance be- 
tween the axes. 

We see from what ie stated above that velocities of rota- 
tion round parallel axes are compounded like parallel forces. 

In considering rotations round parallel axes it is neeeasary 
to take into account not only the magnitudes of the rotations, 
but also their algebraical signs, or directions. The axis of rota- 
tion is supposed to be drawn from the feet of the spectator to 
his head, so that in estimating rotations the axis points towards 
the spectator. If two rotations round parallel axes, viewed 
from the same side of the plane perpendicular to the axes, are 
both in the same direction, they have like algebraical signs. 
The positive direction of rotation is of course arbitrary ; but in 
the application of Analytic Geometry to rotational displaoe- 
ments it is usual to regai-d rotations as positive which oring 
a point — from the axis of Xpositive to the axis of ^positive, 
from Y positive to Z positive, and from Z positive to X posi- 
tive. It follows from this, that if the axes of X, T, and Z 
be drawn in the usual manner, a rotation opposite in direc- 
tion to that of the hands of a watch is to be regarded as 
positive (Art. 85j. Such a rotation is termed counter- 
clockwise. 
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197. Analytical Treatment of tbe Motion of a 
Plane Figure in its own Plane. — When a point moyeB 
in a circle whose centre is the origin, we may assume 



whence 



and putting 



X = rcosi//, y = rsini//, 
dx . ,d\L dy , d\L 

-^ = (II, we have 
at 



dx 



dy 



- = -ya,, - = ^0,, 



(1) 



for the rotation of the point x, y round the origin. 

Now let x'^ \f be the coordinates of any definite point of a 
plane figure referred to axes fixed in space ; x^ y those of any 
point of the figure referred to the same axes ; S, ly those of 
the same point of the figure referred to axes fixed in the body 
and meeting at the point x'-^ : moreover, let' the axis of S 
make the angle ;// with the axis of x ; then 

a? = ar'+ 5 cost//- r\ sin;//, y = y'+ Ssini// + i| oos^, 
whence 



dx dx' ,«, . , i\^^"^ 

— = — + (£ ooB^i - u sin J/) — 



(2) 



Or, putting 



d^ 
dt 



= (I). 



dx dx! . ,. dy dtf , 



(3) 



These equations show that the velocity of the point a?, y is 
made up of two parts — one a velocity of translation, the other . 
a velocity of rotation, as in (1), round an axis through x\ y'. 
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For any other definite point, x^\ y" of the figure we have, 
in like manner, 



d^ dx . „ „ d]i dii „ 

Equating these values of — and ~ to the former, and com- 
paring the results with the equations 

dx aV ,, di/ dy" , „ 

we see that a>" = oi, or the velocity of rotation to be attributed 
to the body is the same whatever be the point through which 
the axis of rotation is supposed to pass. 

If we put ;^ = 0, -^ = in equations (2), we get the co- 

CLv Civ 

ordinates of the instantaneous centre of rotation, referred to 
axes fixed in the body. In like manner, equations (3) give 
the coordinates of the same point referred to axes fixed in 
space. If we call the coordinates of the instantaneous centre 
^o> '/oj ^0) yo> we have 



^ 1 Idx' . dy' 

5o = - -77- sm li - -i- 



u,ydt '^^-ai'^'f'^' 



L /dx' dy' . \ 

Tjo = - ( 37 cos ^ + ^ Sin ;// 1, 



(4) 



(U 



4t ^ dt 



, I df/ , \ dx' .^. 

If 37? ttj ^9 ^^d ^ 9^® known functions 'of the time t, 
at at 

we can find from equations (4), by eliminating ^, the path de- 
scribed in the body by the instantaneous centre. 

From equations (5) we can find in the same manner the 
path described by the instantaneous centre in space. 

The former of these curves is called the body centrode, the 
latter the space centrode. 
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The Btudent must carefully distinguiBh between the i 
stanfaneous centre and the point of the hody which coincic 
with it at any instant. The latter has no velocity either ii 

Sice or in the hody ; indeed its relative' coordinates, £, >|, otB'I 
Bolutely constant during the motion: the former (the in-j 
stantaueous centre) has in general a velocity both in t 
and in the hody. 

198. Pare Rolling. — In pure rolling the points of oni 

curve or surface come into contact successively with those oi 
another, the relative tangential velocity of the points of con- 
tact being zero. If one curve or surface be fixed in space, 
the motion of the other consists of a series of rotations roiind« 
axes through the suooeaaive points of contact [DiJ'ereniia 
Calculus, Art. 295). 

For, let QQ^ be the curve fixed in spaice, and PP' i 
onewhioh rolls on it, P, P'being 
two consecutive points on the ^ 
latter. By hypothesis, P has 

no velocity along the tangent at .^^^^ ^ ^^ . 

Q, and at the end of an infi- n ° 

nit«Iy short time P' coincides 
with Q', and the distance between P and Q is then an inl 
nitely small quantity of the second order. Hence, whilfl 
other points of the body have received infinitely small dia 
placements of the first order, P has received one of tin 
second order, and has, therefore, no velocity in any direc- 
tion. Hence, during the instant under consideration the 
body must be rotating round an axis through P [Art. 193). 
It is obvious that the acceleration of P in the direction of t' 
tangent at <3 is zero ; and it can he easily seen that its acoelei 
tion in the direction of the normal is in general finite, and egiu 
to Uiu, where lu is the angular velocity of the body, and I 
is the velocity of the instantaneous centre of rotation, tl " 
point having moved during the instant from QtoQ' in spai 
and from P to P'in the body. 

199. Cieoinetrical Repreflentation of the Slotlai 
of a Body oinvlnp Parallel to a Flsed Plane. — Wha 

a body is moving parallel to a fixed plane, if we oan dete 
mine the space centrode and the body centrode, the motion o 
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the body is completely determined, as it consists of the rolling, 
without slipping, of the body eentrode on the space oentrode. 

The geometrical applications of the principles laid down 
in the present and preceding ArticleH are numerous and im- 
portant; but as they do not fall within the aoope of the 
present treatise, the reader is referred for them to Chap, xix. 
of the Differential Calculus, and to Miuchin's Jlniplanar Kine- 
matics, Chap. HI. 

200. Velocity Df any Given Point of a Body, — In 
Einetics the motion of a body ia usnally regarded as made up 
of a motion of translation and a. motion of rotation round 
an axis through the centre of inertia. It is Bometimes im- 
portant to determine tho velocity of a given point of the 
body. In the case of motion parallel to a fixed plane this is 
readily done analytically by equations (3). 

Otherwise, geometrically, if G be the centre of inertia 
through which the axis of rotation is regarded aa passing, 
and tie velocity of a definite point A of the body be re- 
quired, we may apply round this point two equal and oppo- 
site rotations, whose common magnitude is w. One of these, 
along with the equal and opposite rotation round the axis 
through G will produce a velocity of translation, and this, 
combined with the velocity of translation previously known, 
gives the velocity of A. 



EliMPLEB. 

1. Show diractlj' that if a bwly taye two equal and opposite vrlocitieB of 
rotation round two pirallel aioa, tho motion, of ony point ia at right anglei to 
the plnne oontaiiviiig the parallel axes, and the vBlocity of the point is equal to 
the distance between the ikies multiplied by the angular veloci^. 

DrAW a piano through the point at right angles to tha two parallel axes. 
Deaoriba circles round the axes pnaaing lirough the point. The compnnent 
velocitiea of the point are perpendicular and proportional to the radii of Iheae 
circles, and tha resultant velocity ie, therefore, in the direction of the common 
chord, and proportional to the liiie joining the centraa. 

2. Prove that a velocity of rotation rouad any aiis is equivalent to au equal 
vdooity of rotation m round a parallel anis, together with a velocity of transla- 
tion AM along a Una at right angles to the plane containing the aies, the distance 
between which is s. 

3. A body receivCB, in a given order, finite rotations round two parallel 
axes fixed in niace. Detennine the magnitude of the equlvulent rotation, and 
the position of its axis. 
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4. If the parallel axes round which the hody receives suocessiyc rotations be 
fixed not in space but in the body, determine the single rotation which would 
bring the body into the same position. 

li A, B are the intersections of the axes fixed in space, with a plane at 




right angles, R that of the resultant axis, and a, jS, », the magnitudes of the 
rotations round them, then BAR = — Ja, ABR = Jj8, and the resultant rotation 
« = a + iS, or, Hh (a — /3), according as a and j8 are in the same or opposite direc- 
tions. In the latter case its direction is the same as the greater of the two. 
If A and B' are the positions of the axes fixed in the body, B'AR = Jo, 
AB'R = - iiS. 

6. Two equal and opposite finite rotations round parallel axes bring a body 
into the same position as a single motion of translation. Determine the direc- 
tion and magnitude of this translation. 

The direction of translation is at right angles to a line which makes with 
AB or AB* an angle equal to — J a, or J a, and the magnitude of the translation 
= 2AB sin Ja. 

6. If the direction of the motion of each point of a body be always parallel 
to a fixed plane, the motion is equiyalent to a succession of rotations round the 
generating lines of a cylinder fixed in space, which is at right angles to the fixed 
plane. 

7. A plane area receives a motion of translation in its own plane whose com- 
ponents, parallel to the axes, are a and b ; and a rotation round the point in the 
body which, at the beginning of the motion, coincides with the fixed origin. 
Determine the coordinates of the point a rotation round which would bring the 
body into the same position. 

aan^O — bcos^d bsin^d + a coa^$ 

Ant. X = : — : — ; , y = — ; — ; . 

2 8mje ' ^ 2sinje 

8. Show from these expressions that the amplitude of the rotation is the 
same as before. 

*Jar + b^ 
If ^ be the amplitude, sin \^ = i -i= = sin ^d. 
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9. A plane area is moying in its own plane : detennine the aooelerations of 
any point in it parallel to the tangent and the normal drawn to the space oen* 
trode at the instantaneous centre of rotation. 

Let xoy yo be the coordinates of a point fixed in the body, (, iy those of any 
point in the body referred to 4^, yo as origin, and to axes parallel to those oi x,y\ 
then 

ui beiog the angular velocity of the body ; whamee 

dx dso 

dF'"di^'''^''^'"di^' 
d*y rfVo dm ^ - 

Call the oentrode fixed in space C, that fixed in the body, r. The Telocity of the 
point of the body which coincides at any instant with the instantaneous centre 
of rotation is zero. At the next instant the instantaneous centre of rotation has 
moved to the consecutive position on each of the ciirves and r. At the end of 
this instant has a velocity in the normal to C equal to a> Udty where Udt is the 
motion of the instantaneous centre along 0. Hence the acceleration of along 
the tangent to (7 is zero, and along the normal to (7 is — » IT. Now, make xo, 
ffQ coincide with 0, and take as axes the tangent and normal to C, then 

d^x ^^ dm ^ 



d^y rj^^. 2 




w 



X 



In the figure /, I' are consecutire positions of the instantaneous centre on 
the tangent to C, and the positive rotation is from X to F. 

10. Determine the points of the body which have at any instant (1) no 
acceleration parallel to the tangent to C\ ^2) no acceleration parallel to the 
normal at the instantaneous centre of rotation. 

These points consist of two straight lines in the body at right angles to each 
other, the fixst of which passes through the instantaneous centre of rotation. 

1 1 . Determine at any instant the position of the point in the body haying 
no acceleration. 
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It is the intenectioii of the two lines mentioned in the last example. If 

111 

pf p* be the radii of currature of C and r, if we put — = 7, and if a be the 

E p p 

angle which the line of non-tangential acceleratioii (Ex. 10) makes with the 

axis of x, the coordinates of this point may be expressed in the form 

{si^sinacosa, ri = E sin^a. 

These expressions readily follow from the equations of £x. 9, since it is easily 
seen that 

This point is called the acoeleration-oentre. 

12. The acceleration of any point of the body is the same as if the body were 
turning round the acceleration-centre as an absolutely Jixed point. 

Transforming the origin to the acceleration-centre, we get 

d'^x _ . dta 

but these are the accelerations which would result if the body were turning 
round the origin of |t| as an absolutely fixed point with the varying angular 
velocity » from { to iy. 

13. All points of the body which have a common acceleration lie on a circle 
having the acceleration-centre as centre. 

Square, and add the equations in the last example. 

14. Find the points of the body for which the acceleration normal to the 
path described by the point is zero. 

Take the centre of rotation as origin of {t|, an^ point is describing a circle 
round it ; hence the line joining the origin to ^ri is the normal to the path of 
the latter ; and if i\rbe the normal acceleration, and r the distance from the in- 
stantaneous centre of rotation, 



- w^ « c/ . 

r r 



Hence at any instant the points for which iV = lie on a circle 

which passes through the instantaneous centre of rotation, touches the curve C, 
and has a radius = ^R. For the reason stated in Ex. 16 this circle is called the 
circle of inflexions. — Differential Calculus, Art. 290. 

15. Determine the points of the system for which the acceleration along the 
path is zero. 

They lie on a circle whose equation referred to the centre of rotation as 
origin is 

J(P + V)-«Z7J = 0, 
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which passes through the instantaneous centre of rotation and cuts the curve C 
orthogonally. 

The theorems of the last two examples are due to Bresse (Journal de Vecole 
polytechniquey t. xx.). 

16. Determine at any instant the points of the hody which are passing over 
points of inflexion on their respective paths. 

They are the points having no normal acceleration (£z. 14) ; for, as —is then 

p \ 
zero, and v not zero, p must be infinite. 

17. Determine the coordinates of the acceleration centre referred — (I) to axes 
fixed in the body ; (2) to axes fixed in space (»cc Article 197). 

Let |i, 7/1, x\t yi be the coordinates in question, then — 

K^V i) > datd^x' . , d:^y' ,\ , (dta/ rfV . \ 



j(J)%..j(.,>.^r = . 



dw d^y' , d^x' 
dt dt^ ^ dfi' 



dl) +")(^-^) = ^^ + ^'-J- 

18. ABOD is a frame composed of three bars connected by joints at B and 
C. It is capable of moving in one plane, the points A and D being fixed. De- 
termine the relation between the angular velocities of AB and DC* 



B O 

...-......—.••••......--..----•-•--'-.JOT 




At any instant B is moving in a circle round -4, or at right angles to AB ; 
and C, at right angles to DC. Hence the instantaneous centre of rotation oiBC 
is 0, the point of intersection oi AB and CD ; wherefore AB , «i = 0J9 . «, and 

DC. a2 = 0C .a; hence — = -— ;, . —pr (Thomson and Tait). 

(02 AB CO 

19. A bar AB moves in one plane with given angular velocity rounds, 
while at B it is freely jointed to another bar BC, whose extremity Cis constrained 
to move along a fixed straight groove passing through A ; find the velocity of C 
in any position. 



W 23 
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Tfllooity oi AB, v = A3 . —- . a = AF, a, whare AFia drawn at right angles 

to AC to meet BC ia P. Fnrtlie further discuesion of thia queation. the reader ia 
referred to MinEhin, Uniplanar Sirumalici, p. 47, or Goodeve, Ehminti af 
ittchaniim. Chap. i. The arrangement of mAohinery mentioned in this example 
is called the cranJE and connecting rod. 

20. A bar moves in a borizcnital plane with uniform nugulsr Telocity round 
one eitremity. To the other extremity a horiiontal circle ia attached. If the j 
circle be regarded u cotatiiig.round its centre, That additional motion m' '' '~ 
considered to have P 

The circle hw a velocity of translation at ri^ht angles to the bar, and equal I 
to au, where a is the distanoe of its centre from the fixed eud of the bar ; aod ~ 
velocity of rotation n> round a vertical axis through the centre. 

21. If two definite pointa of a plane figure arc vouatrained to more along I 
two straight lines in its plane wMch ate fiicd in space, the space centrode anS I 
the body cenlrode are circles, the former being double the latter (Diffir*nliat I 
Oaliula,, Art. a95]. ' 

22. In Peaucellier's arrangement find the relation between the velocity of 1 
the point duscribiog the straight line and that of one of the adjacent cOTDeia of I 
the parallelogram. 

M. Peaucellier, in 1864, first succeeded in fiansforming circular into rectiK- 
neat motion by the following arrangement : — A and S are fiied points; .^Paod 
^ Q are two equal bars which can turn freely round A ; BR ia another bar 
turning freely round B, and equal in length to AB ; QRPX is a jointed 
parallelogram composed of four equ«l bars turning freely round their pointa of 
intersection. If a motion bo imparted to the ayetom, the pointii F, Q, R describe J 
oircles. That the point X duacriboi a straight line may be shown aa follows ; — f 




^ 
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of that described by JR. Now the point R describes a circle which passes through 
A ; hence X describes a straight Ime, perpendicular to AB at the point 5, where 

A8.AD = AF^'-RF*, 

We proceed to find the relation between the velocities of P and X Draw XO 
at right angles to 8X ; then is the instantaneous centre of rotation of the bar 
FX, 




Let AF = a, FX = b, BR (in former figure) = e ; then » being the angular 
velocity of AF, «' the angular velocity of FX about 0, and v the velocity of X ; 
we have, since is the instantaneous centre, 



therefore 



Again, if 



therefore 



V = OX. a, and OF. a>'=AF. «; 



OX , ^ 
V = -— . AF. w = AT. a. 



FAT= 0yFTA = <t>. -4T=asintf(cottf + cot0)j 
v = a sin (cot $ + cot ^) », 



where ^ is given by the equation 



a cos + ^ cos ^ s 



"IT" 
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Section II, — Kinetics of a Rigid Body, General Equations. 

201. D*Aleinbert'« Principle. — If a eystem of mate- 
rial pointB connected together in any way, and subject to any 
conatraintB, be in motion under the influence of any forces, each 
point of the system has at any instant a certain acceleration. 
If now to each point an acceleration were applied equal and 
opposite to the actual acceleration of the point, the velocities 
of all the points of the system would become constant — in 
other words, each point would mows as if free and unacted 
on by any force whatever — that is, the applied accelerations, 
the external forces, and the constrainls and mutual or in- 
ternal forces of the syetem, would equilibrate each other. 

Stated in algebraical language, the principle which i» 
given above may be enunciated as follows : — If the coordi- 
nates of any point of a material system be a:, y, z, the mass 
there concentrated m, and the external forces there applied 
X, y, Z\ the system of forces. 



„ ''^y 



Z - 



'Pz 



X'- 



df ' 



Y'- 



„/'''■'/' 



rff 



, &0.A 



acting at the points wi/s, x't/'z, &o., will he in equilihriam, lit 
virtue of the constraints and mutual reactions of the systeni. J 

The force whose components are - m--=, —m —, „. — 
rii* rf(" df 

is called the force of inertia of the mass ?n, and D'Alembert'e 
Prmoiple (as stated in Article 69) simply expresses that — 

The applied forces and the forces of inertia in any sy»(em are j 
in equilibrium. I 

In applying D'Alembert'e Principle we may, as in Statics, 1 
consider the constraints of the system either as geometrical 1 
conditions, or else substitute for them unknown forces. In ] 
the algebraical statement just given the former plan has \ 
been adopted ; but if we chooso to adopt the latter we haT& 



B'Almnberl^s Principle for Im^t^. " 

merely to make X, Y, Z, &o., inolude not ouly the applied 
forces, but also the stresBes arising from the constraints. 

If the Statical Principle of Virtual Velocities he employed, 
we have for D'Alerahert's Principle the concise mode of ex- 
pression given by Lagrange, and applied by him with such 
suooeas in his Micaniqve Analytique, tiz. :— 

202. D'Alemberfs Principle for ImpnlseH. — As 

has been stated already in Article 65, an Impulsive or In- 
stantaneous Force is a force which produces a finite change 
of velocity in a time ho short, that in it no sensible change 
of velocity ia produced by the action of the forces which ai'e 
not impulsive. If the constraints and connections of a system 
be regarded as giving rise to forces, these forces may he im- 
pulsive or not according to the nature of the constraint. For 
example, a blow given to a body which is resting on an im- 
movable Btirfaoe produoes an impulsive reaction, provided the 
blow is not tangential to the surface; but a sudden jerk at 
the end of an extensible elastic string produces no impulsive 
reaction. It is important to observe that each point of the 
system may be regarded as occupying the same position in 
space at the end as at the beginning of the time during 
which the impulsive forces have acted. In other words, the 
velocities of the various points may change by a finite 
amount, but the positions can only change by an infinitely 
small amount during the time under consideration. 

If ic, !/, i be the changes of the components of the velocity 
of any point, whose coordinates are x, y, z, due to the action 
of the impulsive forces, and, if X, T, Z be the components of 
the impulse which haa acted at this point, D'Alembert's 
Principle as applied to impulsive forces may be expressed in 
the form — 

S|(Z-mi)g:c+ {Y-}Hij\^y^[Z~fm)lz\ =0, (2) 
The truth of the principle io the present ease can be 
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eetatlished by reaaoniDg similar to tliat employed in the I 
preceding Article. I 

It may also be derived from the principle applied to I 
oontinuouB for(«a by considering the impulsive forces aa | 
continuous forces of great magnitude acting for a short time. 
In faot, if we multiply the equation 



dfi 



-m 



dt'J 



by dt, and integrate between the limits t and t'; if the interral 

t — fhs sufficiently short, the Bystem has not sensibly altered! 
ita position, and therefore Bx, &c. are the same at the end of 
the time as at the beginning, and we have 



''Xdt-m(t- 



fdxY 



J. 



0. 



Now, if X be the component of a continuous force, XM 

IB insensible ; and, HX be the component of an impulsive foroe^ 

Xdt is the component of the impulse along the axis of Xf 

which may be denoted by X ; hence, aa 






we obtcuQ 

S((X-mf)Sa;+ {¥-my)dy-i- {Z - tii'z) Sz\ = 0, 
as before. 

203. Eqaatlons of HoHon of a Rigid Body.- 

By means of D'Alembert'a Principle we can at onoe writ 
down the equations of motion of a ligid body. We have, iL 
fact, merely to write down the six equations of equihbriuin^ 
taking into account, not only the applied forces, but also " 
JoroeB of inertia as defined in Art. xiUl, 



Henoe the six equations of motion are — 



»S-^ -3'= 



Smfs 



d'i\ 



2(2,2- 






>, (3) 



(4) 



where L, M, N are the moments of the applied forces 
round the axes. 

For impulses, the corresponding equations are — 

2mi = SX, Smy = SF, 2ms = S^ "] 

l.m{xy-yi) = S(irr-2/X) = A" 

Sm(yB - zy) = S(j'Z- aF) - X 

■Sm{zk-xz) = •S.{iX-zZ) =M 

These equations determine the motion of a rigid body 
which is altogether free, i. c. unacted on by any constraints, or 
geometrical conditions. 

In the case of a body subject to constraints, if all six 
equations are employed, the constraints must be replaced by 
the stresses to which they give rise. 

The first three equations of each group may be put into a 
simpler shape as follows : — 

204. fliotion of the Centre of Inertia of a Free 
Body. — Let r, y, s be the coordinates of the centre of inertia, 
and 2J? the mass of the body ; then, for continuous forces, 






(6) 
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AIbo, for impulses, 



3Ha 



Smi = SZ 



5my = S«iy= sr 



I 



(6) 



These equatioDB giTe the motion of the centre of inertia 1 
of a body ivhich is free and acted on by any forces. From | 
them it appears that — 

The centre of inertia of a free body moves as if all theforct 
were applied to the entire «iass concentrated there. 

This IB a particular case of a more general principle ■which I 
will he given further on. 

205. Blotton of a Free Body relative «n Uh Centre I 
of Inertia. — If we call ^, (j, 2^ the coordinateB of any point J 
of the body referred to its centre of inertia as origin, 

3: = ^ + 5, y = y + n, z = 'z^Z. 
Introducing these values into the three latter equations of] 
groups (3) and (4), we have 



-ij^X^l, 




= (?2F-y2X) + S(£r-nX), 



whence, in virtue of the equations for the motion of the centre I 
of inertia, 



K4'-'g) = ^«^-"^) 



' « ,A^ 



L 






(7) 
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and there are three correeponding equations for the impulBiTe 
forces. These equations show that 

The motion of a free body relaiive to its centre of inertia is 
tht same at if this point were fixed in space, the applied forces 
being absolutely unaltered as regards magnitude, direction, and 
point of application. 

The general prohlem of the motion of a rigid body has 
now been reduced to the determination of the motion of the 
centre of inertia, and of the motion of the body relative to 
its centre of inertia. Thus the general problem of the motion 
of the Earth involves the eoDBideration of the path desciibed 
by its centre of inertia under the attraction of the sun and 
planets, and of the rotatory motion of the Sarth round its 
centre regarded as fixed. The former problem belongs to the 
Planetary Theory, The solution of the latter problem formB 
the Theory of Precession and Nutation. 

306. Momente of Momentiun. — The equation 

in its primary signification, expresses that the moment of the 
forces of inertia round the asis of i is equal and opposite to 
the moment of the applied forces. 

„. rf'w rf'ar d ( dy dd\ 

there ajre two other modes in which this equation may be 
interpreted. 

is the moment of the momenta of the elements of the body 
round the axis of %, and the equation in question asserts that — 

The change in the moment of the momenta of the elements of 
the body rovnd the axis ofz, during an indefinitely short time, 
divided by the time, is equal to the moment of the applied forces. 

It may also, however, be regarded as expressing that, 
the change in twice the sum of the elementary areas de- 
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aeribed round the origin 0, hj the projections of the points 
of the body on a fixed plane through 0, multiplied each by' 
the corresponding element of mass, is equal to the moment 
of the applied forces round the normal to the plane of the 
areas, multiplied by the element of the time. 

In fact, if \lhdt be the elementary area described round 
the origin by the projection of the point x, t/, s on the pli 
of x>/, men 

di/ dx 

hence the equation becomeB 



-*.; 



If, as before, we denote the moments of the applied forcei 
round the axes by X, M, N, the foregoing equation and the 
two others corresponding become 

dlh -r „ ^K „ dh, „ 



The corresponding equations for impulses are 

Sank = L, SmA, = M, SwJi, = If. 

If the body is in motion when the impulses act, the thi«A,l 
latter equations should be written 

where h'„ h'l, h\ are the values of /ji,Aj, A, the instant before] 
the impulses act. 

The quantities h,, A„ /i„ &c. are the area] velooitieB,,! 
relative to the origin, of the different points of the body ;; 

and jT-'i &o. are the area! accelerations (see Art. 29), 

As the areal equations for a rigid body contain an infinite 1 
number of accelerations, the left-hand members being in faot-l 
definite integrals, it is necessary to transform them before I 
they can be apphed to any partieular question. 



Equation of V'l Viva. 

207. The General Eqnatloas of Motion of a 
Rigid Body apply to every SyBteui. — It is well known 
that tlie forces acting on any system in equilibrium muat 
fulfil the oonditiofls whioh would be required if ttie system 
were rigid. Hence tlie equations of motion of a rigid body 
are, in their most general form, applicable to any ayetem 
whatever. The special reductions which may be applied to 
the forces of inertia in the case of a rigid body oannot, how- 
BTer, be employed in other cases. 

208. Equation of VIh Viva. — A first integral of the 
equations of motion can very frequently be obtained directly 
from D'Alembert's Principle, as follows. — 

where Sx, By, Ss, &e. are arbitrary displacements oonsistent 
with the conditions of the system. If the equations of con- 
dition do not contain the time explicitly, lix (the actual move- 
ment of the point along the axis of x during an infinitely 
short time) is always a value whioh may be legitimately as- 
signed- to Bz ; for the fact that it ia an actual displacement 
shows that it is consistent with the equations of condition, 
and therefore possible, provided these equations do not alter 
with the time, that is, do not contain the time explicitly. If 
they contain the time explicitly, d.v is not in general a 
possible value of Sx. In i'act, 11= being an equation of 
condition, if t'" is a function of the coordinates simply, Sx 
and dx must satisfy the same equation, viz., 

If, however, U contains ( explicitly, Sx has to satisfy the 
equation 

^8. + 40.-0, 

az 

where i is treated as oonstant ; but dx has to satisfy the equa- 
tion 

-—dx + ao. + -7T- rfr = 0. 
dK di 
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This is so, beoauBe dx is tho interval between two tiiecetaivt 
positions of a point, at consecutive instantB of time, whereas 
Sx is the interval between two timuUaneoua infinitely neax 
possible positions of the point. 

In the great majority of problems dx \b b, possible value 
of Sx ; and the same holds for the other displacements. 
AflBuming then that the transformation is legitimate, let us 
aosign to Sx, Sy, Ss, &o. the values dx, dj/, &o. ; D'AIembert's 
equation becomes then 

s«(^ <& + ^ rfy + rf") = s{X(fo + Tdfj + Zdz). 

Integrating, we have 



\dt 



^7.■Si{Xdx■^rdl/+Zds:)+c, (11) 

where c ia an arbitrary constant. 

This equation is called the equation of vis viva. 

If we denote the via viva at any particular time f b 
Smp'', the equation above may be written 

Smv* - Swtu'' = 2S J {Xdx + Yd// + Zdz), (12) 

where the right-band side ia twice the work done by the foroef. 
in passing from the position occupied at the time € to the 
position oooupied at the time (. 

The equation of vis viva for a rigid body baa been already 
obtained in a different manner in Article 129. 

The equation of vis viva is one of the most important int 
Dynamics. It is to a great extent the foundation of the 
Theory of Energy, and is the basis of the celebrated trans- 
formations of Lagrange. This equation will be more fully 
oonsidered in a future ohapter. 

209. or the Farces whleli enter the EqaatioB mt 
TU Viva. — It ia plain from the mode in which the equation 
of vis viva has been deduced from D'Alembert's Pnnoiple 
that in the case of a rigid body the right-hand side oontams 
only the applied forces, and that reactions by which goome>~ 
trioal conditions may be replaced do not enter therein. '~ 
reactions of fixed points, fixed surfaces, &o., are thus 
eluded : but further, if during the motion the direction 



}me-~S 

ex*H 

of ^ 
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force be at eacli instant at right anglea to the Hue in whioh 
ita point of application is moving, euoh a force does not enter 
the equation of vis viva (Art. 121). 

When two surfaaea roll on one another without slipping, 
the reliitive tangential velocity is zero. Now, if F be the 
tangential force of friction developed between them, the 
element of work done by F on one body is Fdf„ and that 
done on the other is - Fdf-., df, and rfA being the projections 
on the direction of Fot the small motions of the two points 
in contact. Hence the whole work done by the tangential 

friction is F{d/i - d/,) ; but 37 - jT is t^® relative tangential 

velocity of the points of the surfaces whioh are in contact. 
Hence the whole work done by the tangential force of fric- 
tion in pure rolling is zero, or this force in the ease supposed 
has no effect on the equation of vis viva. If one of the sur- 
faces be fixed, a similar result can bo arrived at with still 
greater facility. 

When two surfaces are in permanent contact, the normal 
reaction between them never enters the equation of vis viva. 
In this case, if the motion be pure sHpping, the relative ve- 
locity of the points of application of tlie mutaal reaction is 
altogether tangential. If the motion be either rolling and 
slipping, or pure rolling, the relative normal velocity of the 
points in contact is still zero, or at least infinitely small, 
and the relative normal displacement is an infinitely small 
quantity of the second order, that is, dr, - dr. = 0, and there- 
fore E {dr, - dri), whioh is the whole work done by the mutual 
normal reaction, is equal to zero. 

210. Effect of Collision on VU VIts.— The work 
done in the element of time dl, by the mutual normal re- 
action of two bodies which collide, is always of the form 

R[dri - dvi), where -rr ~ 'tt ^^ ^^^ relative normal velocity. 

dt is here, as in Aj-t. 202, an infinitely small quantity of the 
second order. If we call r the projection on the common 
normal of the distance between the points of the bodies 
whioh act on one another, r is an infinitely small quantity 
of the first order, and the whole work done by the mutual 
action in the element of time dt is Rdr. 
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If the mutual force E between two bodies tends to in- 
crease the relative Telooitj wliioh already exists in the direc- 
tion of r, Rdr is positive. If on t!io other hand R tends to 
diminish the relative normal velocity which already exists, 
Rdr is negative. This readily appears from the following 
considerations : — 



— , and negative if 

df^df' 

crease the relative normal velocity ; and in the second case to 

diminish this velocity. Also, if the mutual action tends to 

diminish -^ similar reasoning applies. Hence we may con- 
clude that in the case of colliaion between two bodies the 
work done by the mutual normal reaction is negative while 
this reaction is diminishing the relative normal velocity 
already existing, and positive while it is increasing the 
existing relative normal velocity. In the first case, the Tifl 
viva of the bodies is diminished, and, in the second, in- 
creased. 

As has been already stated (Art. 76), in the impact of 
bodies there are two periods. In the first, the mutual action 
reduces the relative nonnal velocity of the colliding points to 
zero, Id the second, a force of restitution is developed which 
acts on each body in the same direction as the original foroa.' 
In the first period, as the mutual action reduces the relativa 
normal velocity to zero, and consequently diminishes its pro-' 
viously existing amount, the vis viva is diminished. In the, 
second period the vis viva is increased, aa the force of resti- 
tution generates a new relative normal velocity, and oon«i 
tinually increases the relative velocity already produced. 

If the bodies which collide be perfectly elastic, R (the- 
mutual normal action) is a function of r, both in the period 
of compression and likewise iu the period of restitutioQ. 



L 



Hence Rdr is a perfect differential. Moreover, in the case 
of perfect elasticity, the mutual distances between the points 
of the bodies afJected hj the shock regain at the end of the 
shock precisely the same values which they had at the begin- 
ning. Hence the complete value of J Sdr, taken through the 
two periods of compression and restitution, is, in the case of 
perfectly elastic bodies, zero, and therefore via viva is un- 
affected by the shock of perfectly elastic bodies. 

If the bodies which colUde be imperfectly elastic, vis viva 
is lost in the period of compression, and gained in the period 
of restitution ; but the amount gained in the second period is 
less than that lost in the first, bo on the whole, in the shock 
of imperfectly elastic bodies vis viva is lost {see Art. 135, 
Ex. 13]. 



Section III. — Motion round a Fixed Axis. 

211. Special Cases of notion. Degrees or 
Freedom. — In order to transform the general equations of 
motion in such a way as to be of use in particular problems, 
it is necessary to know something of the special conditions of 
the problem which it is required to solve. 

We have seen in Article 190 that six conditions are re- 
quired to fis the position of a rigid body, and we have found 
accordingly six equations of motion for a body perfectly free. 
Such a body is said to have six degrees offi-eedom (Art, 191), 
We have obtained the equations for this case in their moat 
general form, but we shall now adopt the reverse method of 
procedure, and consider the special equations to be em- 
ployed for a body having one degree of freedom. 

212. One Degree of Freedom. — A body is said to 
have one degree of freedom when its position is limited in 
such a way as to depend on a single indeterminate quantity. 
It will be shown subsequently that the variations of the co- 
ordinates of any point of a body entirely free are linear func- 
tions of six undetermined quantities. If these sis quantities 
are connected together in such a way that one being given 
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all the rest are determined, the body has one degree of 
freedom. 

The stmpleHt cases of one degree of freedom ooour when 
some of the six uudetermiaed diaplacements are zero. Wo 
shall consider here only two oaaea. 

(1) If the motion of the body be limited to a series of 
pure translations, and the path of one of its points be ao- 
sigTied. 

(2) If the motion of the body he limited to a rotatioa 
round an axis fixed in spaoe. 

In the first oaae the problem is readily redaoible to that 
of the constrained motion of a particle. 

This reduction is most easily effected by employing 
D'Alembert's Principle as expressed by Lagrange, In fact 
we have 

Now, by the oondltions of the question Sx, St/, Sa must be 
the same for every point of the body, and ds being the aro 
of the curve described by the centre of inertia, 



ds 



S*. 



1^1 



FSb. 



Making these substitutioDS, we obtain the single equation of 
motion, 



K-^")I^(-S)S 



rfs 



' *' 



or, RB da' = I& + (iy* + tlz', 

we have finally, if we put 3)? for the whole maeB of the n 



m 



df 



Angula 

where S is the sum of the oomponents of all the applied 
foroBB along the tangent to the path of the oentre of inertia ; 
hut this is obviously the equation required for determining 
the constrained motion of a particle. 

213. To Determine the Notion of a Bod7 eon- 
Htraiued to move round an Axis fixed In Space. — 
Take the fixed axis as axis of y. The oondition of equilibrium 
for a body having a fixed axis is that the moment of the 
forces round the axis should be zero. By D'Alemhert's 
Prinoiple the equation of motion is, therefore, 



2m (y 






■S.{yZ-zY)=L. 



If p he the perpendioular from the point x, y, z on the 
axis of X, and B the angle which p makes mth the axis of y, 

we have y=p oob 0, z = painB; whence, putting w = x"t 






dz dy\ 



^s^''''i-w^'"''- 



dl 



it 



as the f for eaoh point iB inrariable. 

Since Sfly>° is tlie moment of inertia of the body round 
the fixed axis [Integral Calculus, Chap. X.), if A be the radius 
of gyration of the body, and ^ its mass, we liave, 



wte 



L. 



(3) 



Henoe, 

The angular acceleration of the body is equal to the moment of 
the applied forces divided by the moment of inertia. 

The equation just giyen waa obtained before in Art. 135 
by a different method. 
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The corresponding equation tor an impalse is 
mk'Q = L, 



(3) 



The moment ofintrtta muUiplied by Ike change of Ike angular 
velocitij due to the impuhe is equal to the moment of the 
pulse. 

214. Equation of Ti« Viva for m Body moving 
round a Fixed AxU, — The expreasion for the vis viva of a 
body moving round a fixed axis has been given already, 
Art. 130, If we take the fixed axis for the axis of y, we 
have, as the equation of via viva. 



5I»AV = 22/(rrf(/ + Zrfa}-t 



(4) 



215. Streises on the Axis of notation. — We have 

seen that D'AIembert's Principle furniBhes at once the single 
equation of motion which ia required to determine the velo- 
city and position of a body rotating round a fixed axis. The 
same principle enables ua to write down the equations whioh 
are required to determine the Btresses on the axiB. 

In order to determine these stresaes, we may regard the 
body as compelled to rotate round the fixed axis, not by a 
geometrical condition, but by forces acting on the body at 
any two points on the axis. The body is then to be con- 
sidered free, but the magnitude of the forces replacing the 
constraints ia suoh as to compel the body to rotate round the 
given axis. 

The axis of x being the axis of rotation, we have, ai 
before, z = couBtant, y = poosQ, a ^pmnB, whenoe 



dy_ 



. a^9 ds 



-dd rf'ar 



0, 



~ dp 
d'6 



[dtj- 



Aooordingly, 



rf'y 






In the present case 'S.mxy, 'S.mgz, and 2m [y' + «') are de- 
finite integrala, being the products and moment of inertia of 
the body \lntegral Calculus, Art. 195), and 



Smy = 3 



2»js = 3JS. 



If now X, F,, Z, ; X,, F„ ^j, acting at the arbitrary 

points 3', and Xi on the axis, be the components of the forces 
by -whioh the action of the fixed axis on the body ia replaced, 
equations (3) of Art. 203, enable us to determine 

9, X, + X, Y„ r„ Z„ and Z,; 

provided we can integrate the equation whioh gives the value 

of -T-^. This equation is the same as that obtained before in 

Art. 213. If the same notation be adopted for the appHed 
forces as in Art. 203 ; since 



equations (3) of Ait. 203 beoome 



^ii 



\dl 



\dl 
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= 2^+^1 + 2= 



S'l"*" -(f J !"■*''»' 



.5;(*F-yX)+«-,r, + i.3' 



>■ (5) 






■S.(j,Z-2Y) 



laetead of regardiog the reaction of the fixed axie agaioBt 
the body as conBistiDg of two foroea, we may consider it as 
equivalent to a single force paeBJiig through the origin and a 
couple. When has been found from the fifth of equations 
(5), the first three of those equations determine the compo- 
nents of the force, and the fourth and sixth those of the 
couple. 

216. Axil or Rot&tlan a Principal AxU thronsh 
tbe Centre of Inertia. — If the axis of rotation be a prin- 
cipal axii through the centre of inertia, 

y = 2 = 0, \icydm = jxsdm •= 0, 
whence equations (5) become 

sz+x, + x, = o, sr+r, + r, = o, ^z+z^ + z,=o\ 

If+ai,Yi + x,Y, = 0, a)iA'^ = Z, M-ie.Z, ~ x,Z, = 0)' 

Five of these equations are the same as those required in 
order that the applied forces should he in equilibrium with 
the reactions of the axis against the body. 

If no external forces are applied to the body, 

X,+X.=0, F,+rz=0, Z + Zi=0; fl-,r,+a',r,=0, a,Z,+a-,7,=0, 
and therefore 

r, = 0, F, = 0, Zi = (i, ^-0; orflnally— 
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If a body be rotating round a principal axis through its centre 
of inertia, no force* being supposed to act, there i» nottress on the 
axis, and the body toill continue to rotate round that axis mih a 
uniform angular Telocity, 

Tliia result was obtained before in Article 96. 

217. Impalses. — If a body, rotating round a fixed axia, 
taken as the axis of x, be acted on by any system of impulsefl, 
einoe for each point of tbe body x remains invariable, and 
y-p cos 6, t = pem0, where p does not vary with tbe time, 
we hare 

dy dy„^ Jde d9A_ . 



h = 0, 



dt dt 



\dt dt J 



&a the position of any point remains untdtered while tbe im- 
pulsive forces are acting. In like manner i = y9. 

If we desire now to obtain the equations which give the 
magnitudes of tbe impulses exercised by tbe fixed axis, as 
well as tbe change of tbe body's angular velocity, we have 
only to substitute in equations (4), Article 203, tbe values 
just obtained for x, y, and i. These equations become, then, 
SZ + X + X, = 1 



- B JTzdm = 'S,{zT-yX) + ^iF, + x^Y, 

-9S!Bydm = S(aX-xZ)-XiZ,-XtZ, 

where X„ Y„ Z„ X„ Y„ Z, are the oomponents of the im- 
pulses exercised at two points by the axia. 

218. Centre of PercuMlon. — If a body receive a blow 
which makes it begin to rotate round a fixed axis, without 
causing any impulsive pressure on the axis, tbe point in which 
the direction of the blow intersects the plane containing the 
fixed axis and tbe centre of inertia is called the centre of 
percussion. In order that suob a point should exist, both 
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the axis and the line of direction of the impulse must fulfil I 
oertain conditions, which we proceed to investigate. 

In this caae, by hypothesis, X = X, = Z, = r= = Z, = Z, = 0. I 
If we call the components of the hlow X, Y, Z, and the oo- 1 
ordinates of any point in its line of direction /, y", b', we have 1 



X = 0, -501^0= Y, myB = Z, 
-fl|a'arfm=«'F, -Qlwydm = -x'Z, 



(8) 



Since X = 0, the direction of the hlow must be at rightl 
angles to the fised axis, hence it may be supposed to act in, M 
the plane of yz, and to be parallel to the axis of y : this gives 1 
!»'= 0, and Z'= 0. Hence y = 0, or the centre of inertia mutt 
lie in a plane through the fixed axis, at right angles to the direc- 
tion of the impulse. Again, as »' = 0, we have jxzdm = 0, and 
lxydm= 0; hence the axis must be a principal axis for the point * 
in toAi'cA it 18 met hy its shortest di&tancefrom the line ofeUrectioum 
of the impulse. Knally we have 

A" + P _ , k'' + p' 

■ i -^- = s, or » = — ^-^: 

but, as y = 0, s = ^, the distance of the centre of inertia from | 
the fixed axis, whenoe 

Hence the distance of the centre of percussion from the fixed axia.u 
is the same as that of the centre of oscillation (Art. 133). 

Moreover, if ^, ri, ^ be the coordinates of any point rela-J 
tively to the centre of inertia, 

ixsdm^n^i+JEZ'fm; 

whence, if the axis he parallel to a principal axis throughj 
the centre of inertia, i = 0, and the shortest distance betux 
the direction of the blow and the fixed axis passes through thi 
centre of inertia, and the centre of percussion coincides with l,~ 
centre <^ oteillaiion. 
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Examples. 

1. A heavy body starting from rest turns under the action of gravity round 
a fixed horizontal axis, which is a principal axis at the centre of suspension. Find 
the stress on the axis. 

Take the centre of suspension (Art. 133) for origin, and the fixed axis for 
that of X, Let the axis of y be horizontal, and Q the angle made with it at any 
instant by the line joining the centre of inertia to the centre of suspension. 
Let p be the length of this line, and take the positive direction of z upwards, 
then 

i = 0, y = j7C0Sd, z^psmdy jxydm = jxzdtn = 0. 

Equations (6), Article 216, give 

Xi + X2 = 0, XiYi + X2T2 = 0, XiZi-\-X2Z2 = 0y 



dt'^ Xr» +i>a 



cos e, and therefore ( ^ ) = .^ o (sin a - sin d). 



where a is the initial value of Q ; whence, substituting in the remaining two of 
those equations, we get 

o2 



+ P 



Ti + Tz = SWy • ; ^g C0sg(3 Bind - 2 sin a). 



Zi+Z2=3R^ jj^ + ^,8ind(3sind-2sin«)}. 

Hence the forces exerted by the axis on the body consist of a single force pass- 
ing through the centre of suspension whose components are Ji + F2, and Zi + Z2. 
The stress on the axis is equal and opposite. The components of this stress, 
along, and at right angles to, the line joining the centre of suspension to the centre 
of inertia, are 

and - mg 7^— — - cos a. 

When the centre of inertia is below the axis of suspension, e is negative, 
and these stresses are both downwards if a be positive. 

2. To the ends of a thin light piece of wood are fastened spheres of lead 
whose weights are PandP'. The piece of wood turns on a horizontal axis 
through its middle point. Its length being 21, and its mass negligible, deter- 
mine the time of a small oscillation, the spheres being so small that the squares 
of their radii are negligible as compared with I. 



-in*- - Ji • Jj^. 



By changing P, and comparing the times of oscillation, an apparatus of the kind 
mentioned can be used to verify the Laws of Motion. 

8 



258 Motion round a Fiwed Axis, 

3. A heayy pendulum, capable of revolving round a horizontal axis, is 
struck when at rest by a bullet moving in a horizontal direction at right angles 
to the fixed axis. The bullet remains in the pendulum. If b be the distance 
of the extremity of the pendulum from the axis, c the distance traversed by that 
extremity under the influence of the shot, a the distance from the axis at 
which the bullet penetrates, v the velocity of the bullet at impact, m its mass, 
M that of the pendulum, k its radius of gyration round the fixed axis, and p the 
distance of the latter from the centre of inertia ; prove that 

v= -^V {fflMk^ -^ ma^] {Mp -^ ma)} . 

A pendulum such as that described above is called a Ballistic Pendulum. It 
has been employed by numerous Physicists to determine the velocity of bullets. 

For a detailed description of it, and of the experiments made by its means, 
see Routh, Rigid Dynamics, Arts. 121-125. 

4. A rigid body is turning round a fixed axis under the influence of a couple, 
whose axis is parallel to the axis of rotation : what condition must be fulfilled in 
order that the axis should suffer a pressure at only one point P (Schell, Theoru 
der Bewegtmg und der Krdfte). 

The axis of rotation must be a principal axis at this point. The pressure is 
then at right angles to the axis. These results readily appear from the equations 
of Art. 215, by making the origin the point where pressure is permitted. 

5. If the pressure at the fixed point vanishes, what further condition must 
befulfiUed? 

The point must be the centre of inertia. 

6. In Atwood's machine, if the pulley be not perfectly rough, and slipping 
takes place, determine the motion : the weight of the rope and the friction of 
the pulley on the axle being neglected. 

If an acceleration equal and opposite to that by which it is actually animated 
were applied to each elemont of the string it would be in equilibrium ; but the 
mass of the string being negligible, the force corresponding to this acceleration 
is zero q.p. Hence the other forces acting on the element of the string are in 
equilibrium, and /* being the coefficient of friction, and 2", T' the tensions of 

the two ends of the rope (Minchin, Statics), T' = Te-f^'' = \T. 

If z be the height from the ground of the ascending weight W\ M the mass 
of the pulley, k its radius of gyration, a its radius, d the angle through which it 
has turned, we have also 

r - rr _d2z_ w-t 

fV' ^ ~ dt^ ~ W ^' 

dH 

Mk'^ — ^ai.T-r). 



de 



«2 



If the pulley be homogeneous, k^ = — , and we have finally, 

it 



'2Jf^'_ dh _ \W- W 



'f'B .., . WTF* 



-.. =4(1 -A) 



if^ ' ' M{\ir-\ w) 



the It.- 

The man of tie atring htting neglented, we insy, as in the last oxample, 
regard it as acted On hy a Bysteni of fon;fis in oq^uilibrium. Hence (as thia 
cquililirium would not be diaturbed if lio string were rigid) tbe tenaiona Tand 
T' at ita eitromitiea nrnat equilibrate the presaure and friction arertod by the 
pulley against the atring; and, eonveiaely, 7 and T' must be equivnlent to the 
prosaure and frictiDn eiertod by the etring againat Ihu pulley. Hence we may 
. onsidor the pulley aa acted on by the forces T, T', and ila own weight ; and Wo 
have, by Art- 216, if Q be the preiBure ou the axle, Q = 7+ y + ifj. The 
■iioment of the couple resultiug ^ni t^e fricrion is proportional to Q, and may 
lie written in the ^rm. BQ, where is the product of the radius of the axle and 
the coefficient of friction relative to It. Substituting for the equation 



„^^ 



^>''y. 



= a{T^T-) 



uf Ex. fi, the equation 



-ind remembering that aa lie pulley is perfectly rough, " -r- = 
we ut .■ = - 



fj + 2(i -r) 1^+2(1 4 



rf(= {1-y) IT-! (1 +f) n 



IMiJ ■' 



8. If the pulley he not perfectly rough, and slipping of the string on Ihi 
puUoy takes place, deletmine the motion, taking into account the friction on thi 
nrlt!, and supposing the inside of the pulley to elip as before. 

In this case, as in Ei. 6, the accelotation of the weights is quite independen 
of the mass and size of the pulley, and we hare 

2WW „. ^ d'j \W-ir 



260 Free Motion Parallel to a Mxed Plant. 

lo the other oitrBmity, pasBPa through a Bmooth ring situated un the vertical 
line through tha pivot at a distsiice heluw H equal lo the length of the rod, and' 
sustuina a weight. The lod being slightly diuplaced from its position of equi- 



whore a is half the length of the rod, in its mass, a the vtrtieol coordinate of tha 
veiglit, and p its maes. If i be measured from tho poaitlOQ of the weight whi 
the rod ia vertical, t — ^a ein \B- SinL'e B is always amiUl, we may ♦"^f i 
axi.9 = $\ diffci entiatiDg and eliminating T, we have, then, 

i.,...3„ -• = -„(.. I), 

Hence the rod curopletes its awing in a time 

H-hei'e 0(1 is the initial value of i. 

Section IV. — -Ft'ee Motion Parallel to a Fixed Plane— 
Kinetics. 

219, EqaatloDB of notion. — The motion of a body 
relative to its centre of inertia ooneista at any instant of a 
velocity of rotation round some axia througli the centre of 
inertia. Moreover, tliis axis must be at right ang-les to the 
fixed plane, and is, therefore, fixed in space if the position 
of the centre of inertia be regarded as invariable. Now, 
by Art. 205, the motion relative to the centre of inertia is 
the BRDie oa if that point were fixed in apace, the forces 
remaining unaltered. Hence, taking the plane of i/z for the 
fixed plane, we have, to determine the motion of the body, 
the three equations, 



gjt 



= sr, 



df 



= 2Z, mk' 



L. (1) 



where y and i are the coordinates of the centre of inertia, k I 
the radius of gyration round an axis through it at right m 
angles to the fixed plane, and i the moment of the eppliedJ 
forces. I 

If the aria of rotation through the centre of inertia b^l 
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always parallel to a line fixed in space, it is plain that the 
last of these etiuations holds good no matter whether the 
whole motion of the body be parallel to a fixed plane or not. 
In the latter case the only difEerenoe will be that a third 
equation, viz., 

dr 

will be required to determine the motion of the centre of 
inertia. In any case, therefore, the motion of the body is 
determined, when we know the motion of its centre of inertia, 
and the angular motion relative to that point. 

220. CoanexioD of the Angular Veloeit; wltb th^ 
Telocity of the Centre of Inertia.— As the motion is 
parallel to a fixed plane, the parallel aeotion of the bod^ 
paBsing through the centre of inertia must at each instant be 
rotating round a point in its own plane (Art. 195). If p be the 
distance from this point (the inatantaneous centre of rotation) 
to the centre of inertia, e the path of the latter, and u the 

angular velocity, then pw = -^, as is obvious. Also "^ = jT- 

221. Equation of Tia Viva. — It was shown in Art. 
131, that the vis viva of any system Siwc' = 3)? J" + Smc'', 
where ^H ia the entire mass of the system, V the velocity of 
ita centre of ineriia, and v' the Telocity, relative to the centre 
of inertia, of any particle of the system whose mass is m. If 
the body be moving parallel to a fixed plane, the motion 
relative to the centre of inertia is a rotation round an axis 
fixed in the body, whose direction ia fixed in space. Henoe 
2otp" = 3JiA'(ii' (Art. 130), and the equation of vis viva be- 
comes 

3)?(r' + A'w')=2S/(r(/(/ + Zrfa) + C. (2) 

The equation of vis viva may be put into another shape 
which is sometimes useful. If / be the moment of inertia of 
the body round the instantaneous axis of the rotation by 
which the whole motion of the tody may be represented, then 
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Again, if y* and z be the coordinates of any point referred 
to the instant aneoiiB centre of rotation as origin, 

dij' , rfs' __ , 

whence the equation of vis viva asEumes the form 

therefore ^- ^ (/a.-^j = ■/, (3) 

where J is the moment of the api)]ieJ forces round the in- 
stantaneous axis of rotation. 

222. Equation for tbe IHomeot of nomentnm. — 

If b and c be the coordinates of any point, fixed or mov- 
able, the moment of the applied forces, round an axis through 
it parallel to the axis of r, must be equal and opposite to the 
moment of the forces of inertia roimd the same ; hence, call' 
ing the former moment J, we have 



(J- -J) 5 



-(=-'■) 



d'y\ 



-J. 



If, aB in Art. 205, we put y = 
omittmg tbe terms which vanieh. 



f $, we get, by 



an (y-j). 



-{i-c) 



-J. 



(4) 



If we suppose the point b, c to coincide with the origin 
fixed in space, and to He in the plane of the motion of the 
centre of inertia, this equation becomes, if we call r and xt^B 
polar coordinates of the centre of inertia, 



323. EqoBtioiu of JHotloD for IiupulHlve Forces. 

—In the ease of impulsive forces the equations of Art. 219 
become 



= sr, aBi" = S^, W/.'tf=Z. 



(6J 



224. DetermiDation orfittreti*) iii Xniiial Motlou. — 

Stresses are determined, as we have seen, hy using the d.y- 
namioal equations for a free body, and introducing uuknovin 
reactions instead of the geometrical conditions. In many 
oases where the general equations of motion cannot be inte- 
grated, the initial stresses may be obtained hy differentiatiug 
the geometrical equations twice, and introducing into the 

equations thus obtained the initial values of — , &c., which 

are supposed given, and the initial values of the coordi- 
nates. The initial values of the accelerations are then in 
general determined, and thence, by means of the dynamical 
equations, the unknown reactions. 

225. Friction. — IJViction [see Art. 59) is a tangential 
force passing through the point of contact of two rough 
surfaces, which tends to prevent the one from slipping 
oji the other. If there be slipping, the friction is in an 
opposite direction, and takes ita greatest possible value, which 
is in a constant ratio to the normal pressure between tlie 
surfaces. If the motion be pure rolling, just enough 
friction is exerted to make the motion pure rolling. The 
force of friction is then usually less than its maximum valtii', 
and is determined, as if it were an unknown reaction, by 
means of the equations of motion and the geometrical con- 
dition which espresaes that the motion is pure rolling. If 
the value thus found for the force of friction does not exceed 
its maximum value, and pure rolling he consistent with the 
initial conditions, it will be the actual motion. When there 
is slipping, the friction, which is then a maximum, and there- 
fore determined, tends to make the motion pure rulhng, If 
pure rolling be attained, the friction at the instant pure 
rolling commences changes iu general its value, and must be 
determined in the manner stated above. 

If greater accuracy be required in the determination of 
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file motion, it is neoeasary to take info twieount not only the 1 
fiingential force of friction, but also what ia called i/ie couple i 
of rolluig friciion, whicli is a couple having for ita axis the I 
tangent to the rough Burfoee round which the body is rotat- I 
ing. Its maximimi value is in a constant ratio to the normal I 
preBBure, and is generally small in amount, so that in solving ' 
questions connected with friction this couple is usually neg- 
lected. The direction in which the couple of rolling fric- 
tion tends to turn the body is opposite to that in which it ib 
actually rotating. If Ihe body ae not actually rotating, but 
be acted on by forces tending to make it rotate, the couple of 
rolling friction tends to prevent rotation round a common 
tangent to the two rough surfaces. 

If the surfaces have a relative angular velocity about the 
common normal, besides the tangential force of friction, and 
the couple of rolling friction, there is also a couple, having 
the normal aa its axis, called the couple of twiating friction. 
This couple likewise ia usually small in amount. 

It is to be observed, as already stated in Art. 69, that the 
maximum value of friction, when slipping actually takes 
place, is, in general, less than ita maximum value when there- 
Ia no slipping, and friction is acting against a force 'whioh 
tends to produce slipping. 

When a surface is said to be perfectly rough it is under- 
stood that no slipping can take place between it and any 
other surface with whioh it is in contact. The amount of 
force which it is capable of exerting by means of friction ia, 
in this case, unlimited. 

226. Impavt. — When impact occurs between two smooth 
bodies, a mutual impulsive force is developed in the direotioa 
of the common normal. lu the first period of collision this 
force reduces the relative normal velocity to zero. In the. 
case of motion parallel to a fixed plane, there are for two 
bodies seven unknown quantities, viz., the changes in the twO' 
components of the velocity of the centre of inertia, and i 
the velocity of rotation for each body, and the magnitude ( 
the mutual impulse. There are likewise seven equations t 
determine these quantities, viz., the six equations of motion, 
and the equation which expresses that the relative normal 
velocity ia zero. 
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In the second period, a new mutual impulsive force 
is developed, whose impulse bears a constant ratio to that of 
the former, and can therefore he found. The changes of ve- 
locity which it prodneea can then be determined. 

If the bodies which collide he perfectly elastic, the im- 
pulse developed during the period of restitution, or second 
period, is equal to that developed during the first or period 
of oompreasion. What is here stated is merely a generaliza- 
tion of the theory given in Article 76. 

227. ImpnlslTe Friction. — When two rough surfaces 
collide, the investigation of what takes place is, in general, 
somewhat complicated. We must regard R and F, the im- 
pulses of the normal reaction and friction, as variable quan- 
tities, connected at erirh instant of the impact, by linear 
equations with the coexisting values of the velocities of rota- 
tion and of translation of the centres of inertia. The laws 
which regulate the impulse of friction may then be stated as 
follows : — 

(1) The direction of the elementary impulse dF due to 
friction is opposite to that of the slipping of the point of 
contact, if there he slipping, and if there be no slipping, iB 
such as to prevent slipping. 

(2) The magnitude of rfi^is, if possible. Just sufficient to 
prevent slipping, but dF can never exceed jidR, and when 
slipping takes place dF = fidR. 

The equations of motion for impulses (Art. 223) show 
that the relative normal and tangential velocities of the point 
of contact aie, at each instant, of the form AR + BF -y C, 
where A, B, and C are constant during the impact. 

The value of iJ ia at first zero ; when it becomes Ri {at the 
end of the first period of the impact), the relative normal 
velocity is equal to zero ; and the maximum value of R, 
which it assumes at the end of the whole impact, is equal 
to (I +e)fi,. 

These principles afford a sufficient number of equations to 
determine the motion ; and, in the case of motion parallel to a 
fixed plane, the equations are always soluble. 

If t!ie bodies which collide are perfecUy rough, the relative 
tangential velocity, or velocity of slipping, is always zero ; and 
when R = R,, the relative normal Telocity ia likewise zero. 
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Hence we have two equations to detennme Jiy and the o 
responding value ofF. Attheendof theimpHct ii = (1 + e)£ 
and the relative tangential velocity being still Bero, the t 
reBponding value of 2^ can be determined. 

If the bodies slip on eac/i other i'h the same iHrecUon a 
the whole of the impact, dF is always equal to fxdR ; henoe " 
F= fiR throughout. Jt, is then determined from the equation 
expressing that the relative normal velocity is zero ; and the 
final values of It and/*, which determine the motion after the ^ 
impaot, are 

{l + f)R„ and ;i(l +«■)£,. 

!For a disousaioa of the problem in more complicated e 
the reader is referred to Routh, lUi/id Dyititinits, Art. 187-198. 

If a sp/iere impinges against a ^-red surface, or tico 
spheres collide with each other, the relative tangential velo- 
city F'is independent of the normal reaction, and tiie relatiTi 
normal velocity is independent of the friction. In this oasa 
if V become zero it must remain zero, as friction camior 
initiate a relative tangential velocity in its own line of direo- ' 
tion. Henoe V must be either zero at the end of the impact, 
or in the same direction as at the beginning. Moreover, the 
value of a, is independent of F. The problem is, therefore, 
reducible to one of the two cases treated above. 
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2. If a sphere he eubBlituted for a cytiuder i: 
the tmouut of frictioa brought into play. 


D the 


last exjunpU, 
An,. F=\l 



3, A plsne aroa ia made to rotiLto with, ui sngular volooit; » ruund a fixed 
nxis in its own plane liy the eipendilure of a given amount of nork. When 
rotating it stiikea a sphere of mass hi, at a dtslance a from tliD fixed o^ia, whose 
velocity at the instant of impact is zero. QetermiDe the moment of inertia uf 
the plone area round the fixed axis in order that the velouity imparted to the 
sphere should he a maximum. 

If jI be the impulse on the sphere in Ihe first period of impact, and v it« v - 
looity at the end of this period, 



16 = - 



^{^ + e) = v, 



Hence Ji is to he a mail- 
— maiimnm, and theiefoio 



whence "^ ~ / '■' 

The whole impulse given to the sphere is (1 + e)S. 
mum i but /w' = given constant ; therefore 

. An inextensible stxing, whose mass is negligible, passes over the line of 
'section of two smooth Inclined planes. Each end of the string passes onder 
and toimd a emoolh ciicular howogcueoua cylinder, to which it la attached, and 
whIahreBts on onev^ the inclined pianoa. The line of intersfKlion of tlie inclini-'d 
planes is parallel to the axes ol the cylinders, and perpendicular to a vertlDdl 
plane contaitiing their centres of inertia and the string. Determine the tension 
of the string. 

As in Ex. 6, Art. 21S, the portion of the string wrapped round une of the 
cjliuders may be regarded aa In equilibrium, under the aclion of the tensions at 
its extremities, and of the pressure produced by the cylinder. Hence all the 
forces eserted fay the string on the cylinder are eq^uivaJenC to the tunaion T act- 
ing at the point of contact of the cylinder with the inclined plane. 

If I lind (' be the distances at any time of the points of contact of the cylin- 
ders and inclined pbiies, horn the point of intersection of the latter with the 
vertical plane petpeiidicular tu tliem; B and B" the angles through which the 
cylinders liavu turned from their initial positions ; a and u' their tadii ; in and in' 
their massss, and < and i' the inclinations ol' the inclined planes to the horizon, 
the equations of motion aie 

U'-s a^d-a _ 



If a bo the distance the stiing has slipped at any time along the incUimd 
planes, and b and b' the initial vuluiis of t and /, we have, since the stiing is 
ineitensible, 
» = i + ofl + (T, «■ = i' + a'ef — a, and therefore « + j' = 4 + *' + aa + «'fl'. 
DiHerentiatine twice ve obtain, by means of the e^iuttious of notion, 

2"=^^"^,!/ (sin.-, sin.'). 
The motioD can then be completely determined. 
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8, The base of a Bmoolh homogeneous circular seini-CTlinderreslaon s Imii.-^ 
EOntal plane. A heBvy particle is placed at a point on the aurtace of the Bi 
cylinder, situated in a vertical plane containing its centre of inertia uid parpen-* 
dicular to its axis. Shov (hat tbe particle n-iil doscnbe an ellipse- 
Let the aiia of z be th^ inlarsection of the rertical plane, in wUdi the 
particle mOTCs, with the hcrizontal plane an which the Bemi -cylinder rests ; the 
axis of y lieing TertieaL Let j:, ^ be the coordinates of the particle, r 
i' lie coordinate of the centre of inertia of the Bemi-Cylinder, m' its 

Considering the whole system as one hody, we hire (Art. 203). 

Hence, since the system starts from rest, n 

JBctioD on the horizontal ptune of the cestn 

remains fixed in space. Taking thia point for 

Again, since the semi-cyUnder is homogene 

cal conditions, 

(«-.i')' + y= = a=. 
8u1»tdtatii]g for x" wo obtain 

(m + m.'fx' + m'^y" = n^''^ 

6. A homogeneone bar falling freely without rotation impinges upon t 

smooth horizontal plane ; find the Telocity of rotation immediately after imparct. 

If A be the impulse eierted by the plane on the bar in the tlrat period of 
impact, F the velocity of any point of the bar jnst before the impact, m its 
naas, and a half its longtii: smce the direction of if is vertica!, the equations b^ 
determining the angular velocity oj bj 



/y is GOnsljutt, or the pnv I 
lertia of the whole iTst "~ 
, we hare mx + m'jr •= 
'B have, from the geomatd 



mi'o, = ,'Rci 



v-^ 



where a is the angle which the bar makes with the horizontal plane ; wkencf 

as f = — , wo have u = — — ,—. 

3' 1 + 3cos-a a' 

7. In what direutioD must an impulse be applied to a sphere in order that it 
initial motion may be one of rotation round a given tajigent ? 

The direction of the initial motion of the centre of inertia of the sphere is 
this case given^ Hence the direction of the impul^ is a line parallel to tl 
lying in the plane, which passes throngh the centre, at light angles to the giT* 
tangent, and distant from the centre by f radius. 

8. A beam placed in a smooth horizontal plane is turning with a giTeii t 
city round a pivot which passes through a given point. The pivot breaks ; 
tannine the subsequent motion. 

IF 6 be the dialonce of the centre of inertia of (he beam from the pivot, t 
point of llie beam continues to move with u constant velocity bai in the straigtl 
line which is at right angles to the boam at the moment when the pivo 
Bad the beam rotates with a coualant angular velocity a round a vertical a 
through its centre of inertia. 



9. If a hoop rolls down s rough inclined plane witLout aliding, ahow that 
taa i < !/i ; the initial position of tha hoop bein^ in a vertical plane at right 
uiglea to the intereection of the inclined plane with the horizon, aud tho couple 
o£ roUiog friction being neElected. 

Take the initiwl position of the uanCra of the hoop for origin, and tha inter- 
tiection of the inclined plane with a verticaJ plane at right angles thereto as aiia 
of I/, its positive direction being downwards. Let the poaitivo direction of rota- 
tion be from the upper side of the inclined plane towards y positive. Then, ;/ 
iieiae tho coordinate of the uontre of the hoop, hi its mass, a ite radius, and i' 
the niction brought into plu;, the equations of motioc are 



F=- 



,'- = Fa, 



; but J'<^ 



• - ^'l 



; hence, elimin&tlng, wc obtain 



; thravfore tan i<2f 



ID. A homogeneous circular disk, whose radius is a, rolls inside a rough vi 
lii:al circlD whose radius is i; the motion ia 
pure rolling undertha action of gravity ; show 
that the rolling forward and backward of the 
disk is iEOchronoiis with the osEjillationj of a 
simple pendulum whose length is |(i — a), 
the couple of rolling friction being neglected. 

We have, /being the moment of inertia of 
tbe disk round an aiis through F, a the 
angular velocity, and B the angle between 
(7^ and CP, - ^ l/o.5) = - 2!in?asine (fl being 
reckoned from the vertical line CA, whore C 



umference of the disk, /remains constant throughout the motion 7 there- 
" = - aJIjfl sinfl; but / {Integral Calmdai, Chap. X.) = JTOa^ and 




either represents the velocity of 0. Henca 



Tho student Till observe that the force of friction at F does cot enter this 
equation. It is also to be observed, that under the circumstances supposed tho 
disk would go on rolling forwards and backwards for ever. 

11. A body is moving parallel to ft flicd plane, under tho action of forces 
wllich are in equiEbrium ; show (bat the locus of the instantaneous centre of ro- 
tation in the body ia a circle, having the centre of inertia for centic, and a radius 

-, -whers * is tlie velooity of the centre of inertia, and a the angulsr Telocity. 
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isaVre of rotatioD in spaoe. under t.„ 
IB parallel to Uie path of the centnt d| 
inertia, ind at a distance from it equal to — . 

18. If B tody move parallel to n fiied plane, and te aeUd on by s constant ■! 
couple, lying in tbe plane ; sliDw tlmt tbe locus of the inBtantaneouB MUtrS o( J 
rotatiOD in aparo is an equilat^tal byi^erbola. 

228. Tendenc; of a Rod to Break. — When a bodj^ 
is under tlie irfluence of any forces, acting either with finitll 
magnitude at isolated points, or continuously throughout i' 
entire mass, it experiences pressures or tensions, which t( 
to alter the relative positions of its molecules. This tendei 
is resisted by the mutual action of the molecules. TJndedi 
such circumstances the body is said to be in a state of siresn. 

If we consider a small rectangular parallelepiped in tbe 
body, the stresses acting on one of its faces may be resolved 
into three forces at right angles to each other — one normal, 
and two parallel to the face under consideration. J 

To ascertain the tendency of a body to undergo a ruptuin 
in any part, we must consider the stresses to which it is snlin 
feoted in that part. If the mutual cohesion of the moleoulaH 
IB unable to resist these stresses the body must give way^ 
The question if, in general, one of great complication, niiiW 
for its full discussion the reader is referred to treatises aoM 
Elasiiciiy and Strength of Materials. m 

If the body under consideration he a rod, that is, if two (^l 
its dimensions are at each point very small, the question be«M 
comee much simplified. ^| 

The axis of the rod may he a straight line, or may form n 
curve of any kind, _H 

We shall suppose that this curve is not closed, that it liM| 
in one plane P, and that the rod is in equilibrium under th^9 
action of forces in this plane. If we consider a section aM 
right angles to tbe axis of the rod, at any point A of Ulfl 
length, the action of the molecules at one aide of this Gectiosfl 
on those at the other must equilibrate all the forces acting oiM 
the rod at the latter side. These may be reduced to a foro^| 
F, passing through A, and a pouple (?, round an axis a, a^ 
right angles to the plane P. This force and couple therefortA 
are equivalent to the stresses acting on the rod through thtfl 
section containing A. fl 



Tendency of a Rod to Break. 

That the teadency of the rod to break results chiefly from 
the couple may he ehown as follows ; — 

The stresBes in the plane of the seotion cannot give any 
couple round the axis a, since □ either meets them or is parallel 
to them. Hence the couple G must produce streaaes, parallel 
to the axis of the rod at the point A, whose moment round A 
is equal to G. If N he the value per unit of area of the 
greatest of these stresses, and a be the distance from A ot the 
moat remote point of the section, whose area may he denoted 
by S ; the moment round A of the stresses parallel to tlie 
axis muet be less than NSa. Hence, if we assume G = JJ?, 
Fp 

.'««■ 

If we now seek for the stress per unit of area caused by 
F 
file force F, we have N' = ■^. 

If we compare if and N' we see that, if a is very small 
compared with p, N' is unimportant compared with N. 
Hence, in general, the tendency of the rod to break at any 
point A depends simply on JV^, or, on G, the moment round 
A of the forces acting on the rod at all the points of its 
length on one side of A. 

We have hitherto supposed the rod to he in equilibrium. If 
it be in motion, we can, by B'Alembei-t's Principle, consider 
it as in equilibrium under the action of the applied forces and 
the forces of inertia, and the question of stress, or tendency to 
break at any point, becomes the same as before, except that 
we must now add the forces of inertia to the other forces 
acting on the rod. 

To find the moment round a point b, c of the rod, ofthe/orces 
of inertia of that portion of the rod which is on one airfp ofb, c. 

Let m' be the mass of this portion of the rod, k' its radius 
of gyration round the centre of inertia of the whole rod, k" its 
radius of gyration round its own centre of inertia; y, z' the 
coordinates of its centre of inertia referred to the fixed origin, 
and n', C its coordinates referred to parallel axes through the 
centre of inerlia of the whole rod, then the moment of the 
forces of inertia of m' round the point b, e is, by Art. 222, . 
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Also, sinoe 

we have 

whence, substituting and remembering that 

^= ST ^^2Z 

and that A'* = *" » + n'* + 2", 

we obtain for the required moment 



- «' j{/- b) 



S.Z ,. .SF 



+ ^[A''+(y-i),'+(i-c)2']-.-'[(y'-6)r-(/-^)n']j. 

If the rod be straight, since i|' = /- y, T = s'- i, and 
A, (?, ^, /, y, i, are each points on the rod, the coefficient 
of iM? vanishes, and the moment of the forces of inertia of 
ni round 6, c becomes 

-«,'{(/-J)^-(/-c)^+^[r + (y-6K+(f-.)r|}. 

To find the couple O which measures the tendency of a rod to 
break at any point of its length. 

Adopting the same notation as above, if X^ be the moment 
roimd this point of the forces applied to the portion of the rod 
at one side of the point, we have 



G = i'- m' !(/- 6) — - (s'- c) — 

m m 



dof 



+ ^[*"+(yr*)i'+(^-02:']-«-'[(y'-i)r-(2'-c),']J.(7) 
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If A' be the moment round 6, c of the acceleration of y', 2', 
O may be put into another form, which follows immediately 
from the &:st expression for the moment of the forces of 
inertia, viz.. 



(? = r-mYA'+r»^\ (8) 



If the rod be free, equation (7) is usually most con- 
venient ; whilst, on the other hand, if it be constrained to 
move in a particular way, equation (8) may sometimes be used 
with advantage. 

The first expression for O may, if we please, be written 



<? = r-m'j(/-6)^^.(2'-c) 






du) 

+ 



|:[A'.+ (y_6),'+ (i_c)r]-iu'[(y'-6)r-(a'-«j)VJj. (9) 



Examples. 

1 . A uniform xod is turning in a vertical plane round a horizontal piyot A, at 
one of its extremities. Find the tendency to break at any point F. 

Let the length of the rod = 2a, and let | be the distance of the point P from 

the pivot ; then m' = fn . If (7 be the centre of inertia of mf, FC = — 5— ^» 

wherefore, if be the angle which the rod makes with the horizontal line 

2a ~f 
Z' = — ^ m'g cos $, 

Moreover, since C is moving in a circle round A as centre, its acceleration has 
two components— one at right angles to FC, which is 



( 






and the other along FC, The latter gives no moment round F; hence 

2g-f ^ 2g~C d^ 
2 2 dfi' 

2a- i , .cu^-p d^e ,^d*e) 
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but 



-ma2^-=m^acOBa, and ^ '= ^g ' 



(2a - f)» 
whence Q = -mg ^ ^^J' ^coeO. 

2. A cracked hoop rolls on a perfectly rough horizontal plane. Deteimine 
the inclination to the horizon of the li<^e joining the crack to the opposite point 
when the tendency to break at this point is the greatest possible. 




In this case the centre of inertia of the hoop moyes in a straight line with a 
constant yelooity. Hence its acceleration is zero, also 

<^« ^ -r, ♦» / .. 2« . ^\ . ^^ 2tf 

— - » 0, i = — a ( a cos 6 + — sin 6 I , smce CO = — , 
at 2 V *■ / *■ 

being the centre of inertia of the semi-hoop comprised between the ciack Q 
and the opposite point. 

Taking FC and CO for the directions of the axes, 

2a 2a 

V'-i = a, z'-e = -, V=0, f' = -. 

IT IT 

Hence 
G = X'+ mV W-b)C-(z'-e)n']='^ L (a cos tf + ^ ane\ + ^ a,A; 

consequently is greatest when 

2 . 2 

cos + - sin is a maximum, ue. when tan = -• 
IT ir 

3. A semicircular wire, of radius a, lying on a smooth horizontal table, turns 
round one extremity A, with a constant angular velocity a. Find the tendency 
to break at any point P. 

Let be the centre of inertia of the arc FB, and let FCA = 0. Join AO, 
AFf and FO ; then, since the angular velocity is constant, the acceleration of 

is 0^ . ^0. Consequently — is double the area of the triangle AFO ; but, since 

AFaad CO are parallel, the triangle AFO is equal to the triangle ACF, or equal 
to a^ sin ^. 

Hence A''= a^c^ sin ^, and * 0=m tfltt^ nn.^. 
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Accordingly the tendency to break is a Tnaxiimim at the point determined by 
the equation tan ^ = ir — ^. 



This example and the two preceding are taken from Kouth, Siffid Dj/namict. 

4. A uniform sphere, resting on a rough horizontal plane, is set in motion by 
an impulse applied in a verticcd plane passing through its centre. Show that, 
when sliding ceases, the roUing motion will be direct, stationary, or retrograde, 
according as the direction of the impulse intersects the vertical diameter above, 
at, or below the point of contact with the plane. Impulsive friction and the 
couple of rolling friction are neglected (Mr. Townsend). 

Let V be the velocity, at any time, of the centre of the sphere parallel to the 
intersection of the horizontal plane with the vertical plane containing the 
impulse; the direction of the latter making an acute angle with the positive 
direction of v. Let u be the angular velocity of the sphere, counted from the 
vertical towards the direction of v positive : then V and fl, tiie initial values of 
V and C0, are determined by the equations 

where Fis the horizontal component of the impulse, and b the distance from 

the centre, at which its line of direction intersects the vertical diameter of 
the sphere. Eliminating F, we obtain 

bF 

For the subsequent motion, if J* be the force of friction, we have the equations 

at at 

dv dm 

whence a --- + Ar' — - b= 0, 

dt dt 

Integrating, we obtain 

av + k^w = constant = a F + A^a = (a + 3) V. 

When sliding ceases, 9 = «<#, Substituting for f; in the preceding equation, we 
have 

{a-\-b)r 

T 2 



/ 
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Hence, gince F is necessarily positiye, oo, when sliding ceases, is positiye, zero, 
or negatiye, according as 

»-»-*> 0, a+J = 0, or a + *<0. 

The first condition holds good, if d is either positiye, or negatiye and less 
than a in ahsolute magnitude ; the second, if & = — a; the third, if d is nega- 
tiye and greater than a in absolute magnitude. 

The results of this example may be extended to other solids of reyolution. 

5. The extremities of a heayy rod are attached by cords of equal length to a 
horizontal beam. One cord is cut ;- find the initial tension on the other, and 
determine the angle at which the cords should intersect the beam, in order that 
the tension should be the greatest possible. 

Let ^ be the angle which the cord makes with the horizontal beam at any 
time, and 9 the angle which the rod makes with its initial position ; then, if T 
be the tension of me cord, / its length, 2a the length of the rod, and y and » the 
coordinates of its centre of inertia, 

at* ac* 

the origin being taken at the point of the fixed beam to which the uncut cord 
is attached. Also 

y=/cos^-|-<7eos&, 2 = /sui^ + asia0; 
whence, differentiating twice, and remembering that initially 

^ = 0, - = 0. ^ = <, = 0, 

we obtain for the determination of the initial tension 

ma^ dH _ . , . d^^p 

-^ -rrr = aT «m Uj - ml sm a -^ = - T COB Uy 
6 at* at* 

d^<t> dH 

ml cos a ^^ -{• ma -^ =: mg - jTsmo; 
ar dt^ 

_ sino 

whence T=mg 



1 + 3 sinV 

This is a maTimum when 

1 



a = sinr^ 



6. A uniform bar,^ of length 2a, is suspended from a fixed, parallel and equal, 
horizontal bar, by strings each haying a length 2a joining the adjacent extremi- 
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ties of the ban. An angular Telocity a is imparted to tlie aiupeoded bar round 
a TBrtioal axis through its ceutre of inertia. Datermine the Tertical height 
though which ita centre of inertia Till rise. 

Aa each eitremity of the bar moves on the surfaiB of a aphore to whioh the 
attached string isrrLdiuB, thetensiona of [he aCiinga do not appear in the ei^uatiou 



3 A = 



6?' 



7. Dotonninoin the last example the initial teosioas of the strings, and their 
tensions when the bar is at ita greatest height. 

If fl be the augla one of the atringa makes with a varlital line at any time, 
tji the angle tbe bar makes with a horizontjil lino pamllol to tho &ied bar, and 
T tho l«Dflion of OQH string j then 



e'd'^_ 



■2aTaaeaoaiii, 



"■dt* 



--2Tco 



also, from the geometiical conditions, 

B = ^ii, aa 2aBin0 = 2as{nJi^, 
i = 2fl(l -coflfl). 
SubstitulJDg i ^ for in the lost equation, differen- 
tiating twice, and obaerring that initially ifi 
initial tension of one string T= -~ + i bibh'. 



To g 
cosJ.^ = 
T=mff 



St the I 
2a -h 




joaion when the bai is at its highast position, make - 
where A has the value in Ex. 6 ; then 

4fl3 2B8j' 

(aa - h) { ia' *■ 3A (4a - A) j ~ '"^ (13? - ■«*) 1 48 j)» + a^'i^iiag 



-Vi 



8. A circular plate rolla down the inner circumference of a rough circle under 
the action of g^vity. The piano of the plate coincides wili that of the rough 
circle, which is vertical. Determine the amaunt of frictiou brought iqlo play 
if the plate start from rest, the motion being pure rolling, and the couple of 
ndlins friotion being neglected- (9ee Examp& 9, Ait. 227.) 

The uqualiona of motion are 



togatber with the aquation of condition 



whence F = iMg si 



-Mffmaf 
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By vi« TiYd 2mp* = 2Mg{z-zt), this will vaniiili when i = so ; therafere, Sic. 
1 0. Determine Ifae velocity of rotation of tlie plate at any time. 
ThiaiamgBl easily done by meam of the equation ---(/■')=2/(Art.a21), 
vhence 



This result can also be obtained from the equationi of Ex. S. i 

\\. Taldng into account the couple of rolling friction, and «uppo«ing the ' 



; fiictioii to the normal preoanre 



,(»-i!£( 



(coafl - coaSc) - "-("inflo -"ine)], 
2if (i - «) p j (ooa 9 - CO. flo) - { («n Bo - -in 9) 

tf stn0-l- i -Mgaoif. 

ppoeed in Ei. 11, the height A U> 



12. Detetmine, under the cii 
vhich the disk will ucend. 

If ^ be the height of the i"i t i« ) pogition of the centre of the disk above 
lowHt poaitian, and r » j - n, A ii given by the equation, 



- ^ (vprAo - M + V{3'-A -IC)]. 



It followi from thi« that h a leas than Ag, and that the diak will finally , 

13. A circular plate ia projected aloog a rough homontsl plane, witb a 
initial velocity v of tranilation, and an angular velocity b>, round an axia,througll | 

Let ^ ho the angular velocity at any time, and let r, the faoiizoDtaJ oo- \ 
ordinate of the uenlre, bo measured in the dJiettioQ of c, as in the fig' 
The rotation -j round C ifl equivalent to ~ round J", together with, the vi 
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city of translation, - a — along PX Hence the whole velocity of translation 

dt 

. dx d<b 
of P IS -TT ~ * -;7 1 where a is the radius of plate. 
dt dt 




Different phenomena present themselyes according to the initial values of 
V and «. 

Neglecting the couple of rolling friction — 

(1) « positive, and v > cua. 

Since v -am\a positive, P begins to slip along FX ; therefore F^fiMg, and 
the equations of motion are 

d^x d^dt 

hence — - a-^ = 0, when t = — — . 

dt dt Zfiff 

The motion then becomes pure rolling, and we have the equations 

M^=-F, \Ma^ — ^Fa, 

where F is the amount of Motion brought into play. 

dx dd> 
Also ^ = * :^> whence P = 0, 

at dt 

dd> dx 
a~ = -7- = constant as 1 1^ + ia«, 
dt dt 

and the disk will roll on with a constant velocity of rotation round the instan- 
taneous axis. 

(2) (a positive as before, v < am* 

Since t; — a« is negative, P commences by slipping back towards X' ; the 
equations of motion are then, 

dH , d'^9 
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aw —v 



ynneai t « —z pure rolling commenoes, and, as before, 

The initial velocity of translation of the centre is, in this case, increased. 

(3) Initial angular velocity negative and equal to — ». 

The initial velocity of P is then v + ao>. Slipping commences and continues 

tiU * = — T — , after which pure rolling begins, and continues for ever ; the 

velocity of the centre being given by the equation 

dx dd> 

Ji aw> 2Vf — and 3- will both be negative, that is, the motion of translation 
dt (Ct 

of the centre will be in the direction opposite to that originally imparted, and 

the rotation will be in the same direction as the initial rotation. 

If we take into account the couple of rolling friction, the equations of 

motion become, for (1), 

Alj^=^^,iMff, iMa^^^fjJfga-fMsf, 
Pure rolling commences when t = 






, . . dx \ «/ /dx\ 

at this instant -r- = .. = I tt 1 ' 

a 

After this the equations of motion become 

d^x , d^<b 

along with -z: =a-^; whence jP= f - ify. 
at at a 

This expression shows that the friction brought into play varies inversely as 
the radius of the plate, provided its mass be constant. The plate will oome to 
rest at a time 

(-) 




where f is counted*from]^the instant when pure rolling begins. 



The student will have no difficulty In inv instigating c«seB (2) and (3) wlien tlie 
couple uf tDlling friction is taken into aceount. 

14. A sphere, rotating with on angular velocity » round a horizontal axis 
at rigbtEugles to the plane of the trajectory of its centre, impinges on a perfectly 
raugh horizontal plane : find the motioD immiKliately after impact. 

Suppose the sphere ia moving from left to riglit boforo impact with velocity w, 
whose direction makes an anglo i with tlie plane of the borizcn. Let u' he iha 
angular velocity in tlie direcCioa of the motion of tiie hands of a watch, and 
b' the hoiizontal velocity of the centre from left to light at the instant after 
impacL F being the impulse arising from friction, the equations of motion ore, 

Mif-=Mvcosi + F, 



The geometrical condition for no slipping ia 



L 



It » COB i = OHO, no impulaive friction is called int« play. If P coa i > uii, tlie 
horizontal velocity of the centre of the sphere is diminished, and. the sphere re- 
bounds at a greater angle than if there were no friction. If v cos i < bu the 
horizontal velocity of the sphere is increased, and the sphere rebounds at a 
smaller angle than if there were no friction. In this case friction accelerates the 
horizontal velocity of the centre of the sphere. 

If uis opposite in direction to the motion of the hands of a watch. 

The velocity of the centre of tlie sphere along tha horizontal line is dimi- 
nishad, and the sphere will rebound at a greater angle than if there ware no 
friction. If ov cos i = 2au the sphere will rebound vertically. If 'laa> 5v cos ( 
the sphere nill hop back, Thie explains the effect of slow imder-cut in tennis. 
The numerical factors for a tennis ball may of course be different from those 
given above. 

IS, If the plane in tbe last example be imperfeotly rough, so that the impul- 
ve friction is not sufficient to destroy the whole tangential velucity of the point 
I contact of the sphere with the plane, determine the motion. 

The eq^uations nro — (1) If iJcoBi>au, 
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(2) If VC08»<AV, 

(3) If « be in tlie opposite directioa to the motion of the liands of a 
Mff =■ Mv COB i — fi{l + e) Mw sin t, 

f lfa<«'=-f Jfa*«+ m(I -i- e)M9awoii, 

16. A sphere is projected down a rou^ inclined plane, along the line of in- 
teneetion of the plane with the yertical plane at right angles thereto. The 
sphere has an initial Telocitj of rotatitm round a horizontal axis parallel to the 
inclined plane; determine the motion— {1) neglecting the couple of rolling 
friction ; (2) taking into account the couple of rolling friction. 

Let the line of projection he the axis of x, and let x positire he measured to 

the light, and —, the angular relocitj, be in the direction of the motion of the 

hands of a watch. Let v be the initial relocitj of translation of the centre of 
the sphere, and <# the initial angular Telocity. 

(1) The equations of motion are, 

dH d^s 

and the condition for pure rolling is 

dx d^ ^ 
t: - « 3^ = 0. 
dt dt 

If t^ be the time at which pure rolling begins, then 

2{v — au) 2 (aw - v) 

*0= ;= : ;;— : — r-, Or = 



(7^ cos t - 2 sin i)g* (7/* cos i + 2 sin i)g* 

according as f^ > a«», or a» > v, where /i is the coefficient of dynamical friction. 
If I' — a» > 0, 7^ cos t > 2 sin i, in order that pure rolling should be attainable. 
If f — a«» = 0, pure roUing will continue, provided In' cos » > 2 sin i (where it 
is the coefficient of ttatieal friction). If f; — a»< 0, pure rolling will be 
reached necessarily, and will then continue, provide 7 fi coat > 2 sin t. 

I^ ( t: ) ^^^ 1^1 ^ t^e values of -— and ^ when pure rolling is at- 
\dt/o \dt/o dt dt ^ ^ 

tained, 

(d^\ __ (^\ _ 5m» cos i — 2 (sin i — ^ cos ♦) «•> 
^* / ~ \dt Jo" 7/AC08i-2sini ' 

(d<l>\ __ /^*\ _ •V*' cos » 4- 2 (sin i 4- /* cos i) au 
dt ) o" \dt J {,~ 7Ai cos i + 2 sin t ' 
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according as i^ — a» is positive or negative. After pure rolling begins, if it con- 
tinues, F = \ Mg sin », 

(2) The equations of motion are 

M^'^Mg sin* - F, ^Ma^^^ Fa -fMg cos*. 

Hence, according as t; > a», or aa > t^, ta being positive, 

2 (t> ~ tfctf) 2 (a« -- y) 

n7/i -6-jcos»-2sin»|^ }(7/*+6-jco8i+2sini|^ 

In the former case we must have 

f T^i - 5 - J cos t > 2 sin t, 

in order that pure rolling may be possible. 

/^*.x fAUx 6(fi - -)f;cos»-2(sin»-/*cos»)afc 

Again [^ = a \^\ = ^ ""' 

^ ' ^ ^ ' l7fi-6-jcos»-2sm» 

6 (fi+-) vcosi+ 2(8uii + ficost)a« 
and, at any time after pure rolling \b established, 

If » be negative, that is, in a direction opposite to the motion of the hands 
of a watch, the equations of motion are 

ilf — = Mg sin i - fiMg cos », 

dH 
I Ma^ -^=afiMg COB i-¥ fMg cos i, 
dt* 



or 

cost + 2 8ini 
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until ^ = 0* ^Hiis takes place at a time 



aw' 



where «' = — «• 



'"°* — 7--7\ 



(, - 2«a' (sin t — u cos ») + 5v cos i (/*+-) 



Then 

5 cost 



After this 37 is positive, and 
at 



<o = ^1 + 



\dt)i 



= 2 



J (7/*- 5-j cos»-2sin»j^ 



And 



/ 



5 f /A j f cos » + 2— — (sin* — ^ cos %) ata 



a 



W^) 



cos t — 2sin % 



17. A uniform bar, resting on a smooth horizontal table, revolves roimd 
a vertical axis through its middle point. The bar suddenly snaps at its middle 
point. Determine the subsequent motion of the parts. 

18. In the same case, find the point of its length, at which either half of the 
bar would strike perpendicularly against a fixed obstacle with the greatest force 
of percussion. 



( 2S5 ) 



CHAPTER X. 

MOTION OF A RIGID BODY IN GENERAL. 

Section I. — Kinematics. 

229. Motion of a Body having one Point fixed. — 

If a rigid body have a fixed point, a spherical surface S fixed 
in the body, with this point ae centre, must move about on the 
surface of an equal conoentrio sphere fixed in spaoe. The 
position in space of 5, or of any definite great circle on it, 
determines that of the body. Hence the motion of a body 
having a fixed point is reducible to the motion of a spherical 
figure on a sphere fixed in space. The position of such a 
figure is determined by the positions of any two definite 
points A and B in it. If the points A and B move into new 
positionB A' and I^, arcs of great oirclea bisecting AA' and 
B^ at right angles will meet in a point 0, and the angle 
AOA' ^ BOS'; but the great oirele OA can be moved into 
the position OA' by turning it through the angle ^O^'round 
the axis CO {C being the centre of the sphere) ; and since 
A OA' = BOB", the same rotation brings OB into the position 
OB'. Hence a rotation round OG brings the spherical figure, 
of which A and B are definite points, from the first position 
into the second. The point is called the pole of rotation 
[Differential Cakxilm, Art. 300). 

Consequently, a rigid body having a point fixed can be mated 
from any one position into any ot/ter by a rotation round an 
axis through the point. 

230. Composition of Rotations ronnd Axes mee^ 
Ing in a Point. — If a body receive rotational displacements 
round two axes fixed in space, passing through the same 
point, the resultant displacement may be effected by a rota- 
tion round a single axis. 

If the displacements he infinitely small, it appears, as in 
Article 196, that the order in whit^ they are efi[ected is in- 
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different, and also that it is indifferent whether the axes be 
fixed in space or be asea fixed in the body, whose positions at 
the commenoement of the infinitely small motion ooinoida 
with those of the axes fixed in space. If the two displaoft*' 
ments he regarded aa Bimultaneoua, the resultant rotation i' 
the actual motion of the body. Hence we see that — 

A velocity of rotation round a single axis is equivalent to 
velocities of rotation round two axes meeting the axis of the 
resultant rotation in the same point. 

Being given the velocities of rotation of a rigid body round 
fico axes meeting in a point, to determine the velocity of the t 
sultant rotation and the position of its axis. 

Let OA and OB be the axes of the component rotationa^ 
and R a point on the axis of 
the resultant rotation. A&R is 
at rest during the motion, its 
displacement from the rotation 
round OA must he equal and 
opposite to that from the rota- 
tion round OB. Hence the 
circles passing through R, and 
their planes at right 
>les to OA and OB, and their 
centres on those Knes, touch &iR. 
Hence OA, OB, and OR lie in the same plane. This appeouj 
readily from the fact, that if two small ciroles of a spheMl 
touch, the arc of a great circle joining their poles \ 
through the point of contact. Again, AR multiplied by the 1 
angular velocity round OA is equal and opposite to JBR mul-^ 
tiplied by the angular velocity round OB. If these angi 
velocities he denoted hy a and /T 



miBOR 6vaA0R' 

To find tu, the angular velocity of the resultant rotatiol 
consider the motion of A. It is unaffected by the rotatifll 
round OA, and may be regarded indifferently, as rotatii 
round OB with angular velocity /3, or as rotating round OM 
with angular velocity w. 



If perpendioulftrB ^P and AQhe let fall on OB and OR, 
we have then AP . /3 = J Q . w. Henoe 



smAOB aiaAOH siaBOM' 

Hence, finally — The axis of (he resultant rotation lies in the 
name plane m the axes of the component rotations, and makes 
with each an angle whost sine m proportional to the velocity of 
rotation round the other ; and the velocity of the resultant rota- 
tion is proportional to the sine of the angle between the axes of the 
component rotations. 

Aooordiogly, velooities of rotation are compounded in 
precisely the same manner as velocities of translation, or as 
forces meeting in a point. 

By reveraing the reasoning above, it can te shown that a 
point E, taken as ahove, remains at rest under the influence 
of two velocities of rotation round OA and OB; whence we 
have an independent proof, that infinitely small rotations 
round two intersecting axes are equivalent to a single one 
round an axis lying in the plane of the two former, and 
passing through their point of intersection. 

We have already seen, Article 196, that velooities of 
rotation round parallel axes are compounded in the same way 
as parallel forces. Hence, in general — Velocities of rotation 
are compounded like forces whose directions coincide with the 
axes of rotation, and whose tnagnitudes arc proportional to the 
magnitudes of the velocities of rotation. 

The attention of the reader has been directed in Article 
196 to the algebraical signs of velocities of rotation. In 
addition to what was there stated, it may be observed, 
that the axis of a rotation may he made to represent the 
rotation both in magnitude and direction. In this case the 
axis is drawn so that the rotation round it is always positive. 
For example, instead of speaking of a negative rotation 
round the axis of S, we may designate it simply as a ro- 
tation round the axis of X negative. When the axis of a 
rotation determines the direction of the rotation, the latter is 
always understood to be in the positive direction round this 
axis, that is, according to the convention, counter-clookwise. 



I fn 
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When rotations are compounded by means of their a 
forces, the direction of the axis determines in this way th4 
direction of the rotation. 

For example, rotations wi, &»!, wj round three rectang- 
axes produce a resultant rotation u which is always positives 

but the direction of ita axis is determined by - 

cosineB of the angles made with the coordinate axes ; i 
these again depend on the signs of w„ w;, and <,'„ as well a 
on their magnitudes. 

231. Gieonietrical represent atlon of tlie Hotion of 1 
a Body having a fixed Point. — When a body has a Exed 
point, its motion may be represented in a manner analogous 
to that mentioned in Article 199. In the present case the 
curves which correspond to the space centrode and the body 
centrode are spherical curves lying on the surface of the Banw ■ 
sphere. 

The motion of the body is represented by the rolling of | 
oone fixed in the body on a cone fixed in space (see Dijfen 
tiai Calculus, Article 301). 

233. Motion of a Body whicb U entirely Free.- 
A rigid body mn be moved from avy one position into any othBr"^ 
by a motion of translation, combined mt/i a motion of rotatio, 
round an axis through any arbitrary point A of the b 

Let A\, Ai be the two positions in Bnaoe occupied by ^ 
in the different positions of the body. Give to every porNf 
of the body a motion equal and parallel to A, A, ; this ' 
A into the required position, and a rotation round an i 
through A will then (Article 229) complete the body*a 
change of place. 

If two positions of a body in motion are infinitely n 
each other, any infinitely small displacements, by which i 
can be moved from the first of these positions to the 
may be regarded as the actual motion of the body. 

The actual motion of a rigid body during an infinitelyl 
short time is, therefore, a motion of translation togetherwitib 
a motion of rotation round an axis through any arbitr 
point of the body. 

The initial and fnal positions of a body being given, the ma§ 
niiude of the rotation, which is required to make it pass from one t^ 
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the other, and the direction of its axis are determined; but the 
motion of translation varies according to the point through 
which the axis of rotation is supposed to pass. 

First, let the axis of rotation be supposed to pugg througli 
a point A, whose initial and final positions are A^, A3. Tlie 
motion of translation ^v^- is compoaeii of two parts, one^,^' 
in the direction of the axis of rotation through A, and the 
other A'A^ at right angles to it. By means of the first a defi- 
nite plane seotion of the body, passiug through A and at right 
angles to the axis of rotation, is moved into the plane in space 
in which it hes in its final position, and the subsequent motion 
of the body is therefore parallel to this plane. If, now, the 
axis of rotation be regarded as passing through another point 
B of the body, whose initial and final positions are B^ B^, we 
oaji suppose the translation S, B^ made up of two parts — one, 
BiB'i equal and parallel to AtA'; the other, B' B,, which 
depends on the position of the point. B,B' brings the body 
into the same position as A, A'. Hence, a translation B'B. 
and a rotation round an axis through B are equivalent to 
an equal rotation round a parallel axis through A and il 
translation A'Aj {Art. 195). The translation BiBi is the 
resnltaot of BiB" and B'B!-, A,Ae is the resultant of A, A' 
and A'A^; B,B' is equal and parallel to A, A'; but B'Bs is 
not in general either equal or parallel to A'Aj. 

233. Analytical Trcatmeut or tbe JHolion of a 
Body liavltig a Fixed Point. — Suppose three rectangu- 
lar axes fixed in the body, passing through a point 0; and 
three others fixed in space, whioh at the beginning of the 
motion coincide with the former. Let the coordinates of 
any point of the body referred to the former be ?, ij, ^ and 
referred to the latter, x, y, z. Let the cosines of the angles 
which £ makes with a:, y, z be a„ aj, a,; of those which 11 
makes, 61, 61, 6a ; and of those whioh j makes, c„ Cj, c, ; 
and tbe angles themselves a,, a„ a, ; /3i, ji,, ^3 ; y„ y„ y,. 

If the point remain fixed we have at any instant 

« = ff, S+ il >i+ c,S> P= ".l + b-^v+Cit, s = fl.5 + iii) + cJ. 

If at this instant any other point of the body besides 
oooapy the same position in space aa at the beginning of the 
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motion, for this point, iz? = ?, y = i|, 2 = 5, and therefore we 
should have 



Ci 



= 0. 



But it is easy to see that this condition is fulfilled, for 
putting 

tti hi Ci 



CL% hi Oi 

^3 hvi Cs 



= A, 



and denoting the former determinant by A', we have 



fd^ dA dA\ d'A d'A d'A 



d^A 



\dai dbt dczj duidbt db^dcz dczdui doidh^dci 

d'A 



XT A 1 ^^ ^ ^^ Jtl 

Now A = 1, 31" = ^1, «;c., j^ j^ - (?s, &c.. 



dtti 



dtti dbi 



daidbtdcz 



= 1; 



therefore A' » 0. This result can also be seen immediately 
by the multiplication of the determinants, which gives 

A A' = - A'. 

Hence we conclude that if a rigid body have a fixed point, 
any two positions have a line in common. 
Again, if be fixed, 

dx = ^dai + y\dhi + l^dci^ dy = ^da2+ ri dbi + f rfcj, 

dz = ^da3 + rj dbz + f tfcg ; 

but, since at the beginning of the motion ?, ?j, Z coincide 
with a?, y, 2, we have at that instant 

tti = cos oi, dai = - sin ai dai = 0, since oi = 0. 

In like manner db^ = 0, cfcj = ; 

also ttibi + a^bi + ^,63 = 0. 



Body haring a Fired Point. 
Differentiating, and remembering that initially 

fl, = 1, a, = 0, a, = 0, J, = 0, h =1, k = 0, 
we have dbi + (ftd = 0. 

In like manner dct + rfaj = 0, db^ + rfc, = 0. 
Let now dii~ - d^, dbs = d9, dci = d^ ; 

then dx = - 1) d^ •}■ Z df " — y dtp + X 

d!/ = ~i:d9 + ^d<p = -zd9 + xdiP 
de •=-^dip + tid9 = -x(litt + y 
But a rotation dO round x would give (Art, 197), 

dij = -U9, eis = „d9; 
dip round y would give 

(fe = - 5 rf^, (fj; - i^rf^ ; 
and d^ round s would give 

d-j- " — ijd'p, dy = ^dip. 

Henoe the most general infinitely BmaU displacement the 
body oan take, remaining fixed, ia equivalent to rotations 
round any three rectangular axes through 0. 

Moreover, from the values of dr, (ly, dz, given above, it 
appears that for a point whose coordinates fulfil the condi- 
tions -Tn^ -r = T-. the displacements are zero. 
rf9 (f0 di\, " 

Hence the three rotations rffl, rf^, d^, round the axes x, y, z, 
are equivalent to a single rotation round an axis whose posi- 
tion is defined by these equations. If we put 



d9 = rfo, c 



di^ = dui 008 ft, dij/ ~ dm oca v 



where da) = \/d6^ + dip" + rfi/i', 

the equations of the fixed axis are 

_i_. J L. 

COS A cos /I ooa v 
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Also, for any point of the body, 

(/«= + rfy* + rfs' = |(i| cos V - ^ cos /i)' + (i; cos X - ^ coa vf 

+ (S coB^ - tf QoaXyidrJ* = p'dtti'f 

if p be tbe perpendioular from the point on the fixed 
Eence rfoi is the magnitude of the resultant rotation. 

Wbenoe infinitely small rotations, and therefore velocit 
of rotation, are eompoiioded lite forces meeting at a point. 

834. Morion of a Body eaUrelf Free. — If the poi 
of intersection of the axes fixed in the body bo not fixed i] 
space, and if its coordinates, referred to axes fixed in 
De x, y', z'; then, for any point x, y, z of the body, 

X = af + aX + btr\ -^^ cX, y = J/'+ «iE + 611 + c,S, 
3 = 3'+ a^i -h biii + dt', 
whence 

dit-^dx^ ^dui + i)(/fii+ i^dc,, rfy = rfy* + ^rfoj + i|(fi, + Zdct, 
i/z = dz' + ^das + i)dba + ZdCi. 

If we suppose the axes of $, ij, ? parallel to those of x, y,i 
at the beginning of the motion, we get, as in the last Artioli% 

dx = dx' - tidip + Z<iit = dx' - {1/ - 1/) dip + {z-s')(lf 
d!/=di/-Zdd+U4' = <i!/-iz-z')d9+(x-x')d^p [, (2)^ 

and we see that 

The most general infinitely small displacement whioh i. 
rigid body can receive oonsists of a movement of tranBlationj 
and a movement of rotation round an axis through any a 
trary point of the body. 

Whatever be the point through which the axis of rotation i, 
supposed to pass, the dirtction and magnitude of the rota 
remain unaltered. 

Sappose two points whose ooordinates faex',^,z 
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successively regarded as the points through which the axis 
of rotation passes ; then, 

dx = dx''- {y - y'O #"+ (2 - O c^0"; 

also dx' = dx''- {y' - y") dx^" + {z - s") e^^". 

Subtracting, we get 

dx = c//~ {y - y') diP" + (s - z') d(j>"; 
but again, 

ri^ir = dx' -{y - y) dif,' + {z - z') dcp'. 

Comparing these, we see that 

dip'^dxl.", d(t>'=d(t>"; 
therefore, &c. 

235. ITelocity of any Point of a Body. — Infinitely 
small displacements divided by the element of time during 
which they are effected become velocities. If the axes of 
X, y, z be three rectangular axes fixed in space, and if the 
velocities of rotation round parallel axes meeting at the point 
X, y', z', be wx, (Oy, wz, we have, from equations (2), 

dx dx / ,v . .. ^ 



dt dt 



dz dz' , ,. / 'N 



(3) 



If the point x'^ 3/', z' be fixed in space, as well as in the 
body, and be taken for the origin, we have 



dx 



dy 
dt 

dz 
It 



= - ZWx + ii^Wa 



= - XWy + yt»)x 



\. 



(4) 
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If we suppose the axea fixed in space to ooinoide at the 
instant under consideration with axes fixed in tho hody, and 
if the angular yelocitiee round the latter be w„ w-i, wj, we 
have iMx = ("I, <uy = ui„ 01= = tu,. If we call the coordinates 
of any point, referred to the axea fixed in the body, ^, (j, Zt 
and the components of its velocity parallel to these 
tt, e, v>, we have 

« = — l)Ws + £( 






(5) 



Equations (3), (4), and (5) hold good for every instant 
whereas the equations a- = 5, &c., ux = i>\, &c., -jr = u, &o.j 

hold good only for one particular instant. 

2(i6. Acre le rations of Rotations. — If w,, im, lu,, bfrj 
the angular velocities round three rectangular axes, OA, OB^ 
OC fixed in the body, and wj, wy, (Uj the velocities round axat 
OX, OY, 0^ fixed in space; and if at any instant wesuppoK|< 
OX, OY, OZ to coincide with the positions occupied at tha 
instant by OA, OB, OC, not only is iul equal to lUx, wa to 
and iit3 to dig, but also 

doll dwx dbti dill, I diiii dwi 



Let lu be the velocity of rotation round a line fixed i 
body, which passes through 0, and makes angles a, |3, y wit! 
the axes OX, OY, OZ; then 



aiy cos j3 -i 



therefore -rr = -vr ""^ a 









Now, if the line ooinoide with OX, 

a.O, 3- J., T- 



then 
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dt dt dt 



but -^ IB the angular velocity with which a line of the body, 

which at the instant coincides with OX, is turning from OF 
towards OX, whence 

•in 



i 



therefore, finally, -7-' = -rr^. 

■' di dt 

The same may be proved geometrically as follows : — 

The body at any instant is rotating round a certain asds 
with an angidar velocity at. Draw a line through the fixed 
origin in the direction of the instantaneous axis, and measure 
oft on it a portion 01, proportional to u, then the projec- 
tions of this line on the axes fixed in apace represent wj, u^, »u, ; 
and its projections on the axes fixed in the body repreaeut 
til, <ot, <"s. At the next instant tlie body is rotating round 
another line with a velocity a/, represented by 01', and the 
projections of 0/' represent lu',, tij'„, m'^; w',, m'a, w'j. But the 
proj'ection of 01' is equal to the sum of the proj'eotions of 
01 and //'. Also 01 (the instantaneous axis of rotation) 
occupies the same position both in space and in the body as 
it did before. Hence, 

dwi = io'x - lui = proj'ection of //' on axis of ;r fixed in space, 
dbii = id' I - <ui = projection of //' on axis of $ fixed in the body. 
At the first instant these axes coin- i' 

oide ; and at the next the two pruj'ec- 
tions of //' differ only by a quantity 
infinitely small compared with //", which 
is itself infinitely small of the first 
order. Hence dayc and dui, differ by an 
infinitely small quantity of the second 
order; 
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f^wi dwx dwt d(i}y dufz drns r/»v 

^^ df ^It' df ^ df' df^dT' ^ ^ 

237. Accelerations of a Point, paraHel tm ttree 
Axes fixed in the Body. — If t/, r, ic be the velocities of the 
point parallel to axes fixed in the body, its velocity F", along 
a line making angles a, /3, y with these axes, is 

u cos a + V cos /3 + w? cos y. 

If we suppose this latter line, fixed in space, the acceleration 

dV 
of the point parallel to it is — -, and we have 

dt 

dV du dv ^ dw 



da - r,dR . dy\ 

in a -77 + t? sin p -jT- + M? sin 7 -7j- ). 
dt dt dt J 



- 1 w sin 

Let us now suppose 

a = 0, /3 = ^7r, 7=i7r; 

,, dV du dS dy 

then ■ =-- r — — w —^\ 

dt dt dt dt ' 

dV , 
but -■ — is now the acceleration of the point parallel to one of 

the axes fixed in the body, whilst -^ and -77 have values 

dt dt 

equal in magnitude and opposite in sign to those of Art. 286 ; 

whence we have, for the accelerations of a point parallel to 

three rectangular axes fixed in the body, the expressions 

du dv dw 

dt dt dt 

where w, f', w are the velocities of the point parallel to the 
axes fixed in the body. 

238. Complete Ueterminatlon of the Motion of a 
Body. — Every motion which a rigid body can take is redu- 



Completa Detenninaiion of the Motion of a Body. 

cible to Sk motion of trariBlatioii and a motion of rotation. 
In order then to determine tiie motion of the body, a point 
in it is selected (usually the centre of inertia), and the motion 
of the body is reduced to the motion of this point, together 
with the rotatory motion of the body round it. 

Geometrically the motion may be represented by the 
rolHng of a cone, fixed in the body, on a movable cone 
unattached to the body, except at one point (the common 
vertex of the cones), the latter cone undergoing a motion 
of translation. If the two cones and the rate at which the 
one rolls on the other are known, as well as the position in 
the body of their common vertex, its velocity at each instant, 
and the path ■which it deacribes, then the motion of the body 
is completely determined. 

It is usually moat convenient to consider the motion of 
translation and the motion of rotation separately. The in- 
vestigation of the former motion is, as we have seen (Art. 
304), reducible to the problem of the motion of a particle. 
The latter motion is completely determined if we can assign 
at each instant the position of the body and its velocities of 
rotation in reference to axes, through the centre of inertia, 
whose directions are fixed in space. 

The equations of Kinetics usually give the velocities of 
rotation round axes fixed in the body; and in order fully 
to determine the motion, it is necessary to ascei-tain the 
effect of these velocities when the position of the body is 
referred to axes whose directions are fixed in space. As the 
points of intersection of these two sets of axes coincide, the 
velocities of rotation have no efEeot on the motion of this 
point ; and therefore, so far as the present inquiry is con- 
cerned, we may regard it as fixed, not only in the body, but 
also in space. 

Call the spaoe-axes OX, OT, OZ; the body-axes OA, 
OB, OC, each set being rectangular. 

Round tlie point O as centre describe a sphere, and let 
the axes meet it at the points X, P", Z, A, B, G. 

Three independent angles are required to determine the 
position of the body in space. 

Those selectee! by the great mathematicians who solved 
the problem of Precession and Nutation are the angular oo- 
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ordinatea of the point C, or of the line OC, and the angle I 
whioh OB makes with the line of intersection of the planes \ 
AOB and XOY. It is obvious that the position of 00 &xea I 
the plane A OB, but does not determine the position of the lines I 
OA and OB in this plane. Hence, when C is fixed, so is OE^ I 
the line of intersection of the planes XOY and AOB : if, " 




then, the angle <p between OE and OB is given, the position o 
the body ia completely determined. The angular coordinate 
of OC are i), the angle which it makes with OZ, and i/- t' 
angle which the plane COX makes with the plane XOZ. 

Suppose now that the body has three velocities of rota 
tion : lu, round OA ; (03 round OB ; and uij round 00, i 
the direction of the arrow heads. We have to exprea 

-r, -7-, and —r in terms of these velocities, rememherinE 
(it (it dt ^ 

the changes of fl, ip, and 4/ are caused solely by aii, ui 
The motion of the point C on the sphere is unaffected l_ 
If the radius of the sphere be unity, the point has t 
velocitieH, ui| and (Uj, along the tangents to the great ci 
BC and CA. Ilesolving these velocities along the \ 
circle ZC, and at right angles to it, we have 



n ^nei 



7 = (U) COB ^ + wi Sin ^1 



Pj BID $ - 






(7) 
(8) 




These equations are obvious, since E ia the pole of ZC, and 
therefore the angle ACS is <p ; and since tlie aro of a small 
circle, on a sphere whose radius is unity, is equal to the angle 
subtended at its pole, multiplied by the sine of the spherical 
radius. As regards the algebraical 
signs, it is well to ohserve that i/- is 
counted from ZX towards ZV; and 
that ^ is positive and acute, when 
S lies in the quadrant AJi, because 
ip is counted from OE in the direc- 
tion from A to B. 

If wj were zero, the change in 
ip would result entirely from the 
motion of the plane A OB, the body 
having no motion parallel to that 
plane: wi and wj would then change 
the position of the pIane-40-B, or ; 
(which is the same thing) of the 

line 00, and consequently the position of OE. Let AB, 
AS be two oonseoutive positions of the plane AB, resulting 
from the rotation (u, alone. Draw EP perpendicular to AB ; 
then EP = 8^. But 

EP =EP cot EEP = w, cos ip cot Qdt. 

^^■In like manner, from wi alone, 

^^P Sf = - (u; sin fi cot 6dt. 

If nil and wj were each zero, the plane AOB would be fixed, 
and the whole change of ^ would result from the motion 
of the body parallel to this plane — in other words, from ui,. 
In this ease OE would be a line fixed in space, and S^ = (u,f/(. 
Hence, adding the three displacements, 



dip = tuirfi - cot fl(ii»i sin ip - 



a.p)dt; 
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therefore, by (8), '^t ^ "^^ ~ ^°^ ^ ^ ^^^ 

This last equation may te ottained more readily by oonBider- 
lag the motion of the point A in the plane AB. The angular 
velocity of A in the plane AB is w^ ; but it is also the angu- 
lar velocity of S resolved in the direction AB, together with 
the rate of increase of SA. Since SE = <)Q', S^ = £B = ; 
and since SZ and SA are at right angles, and S Kes on ZC 
at a distance 90° + 9 from Z, the velocity of S along AB is 

COB ^ ; therefore cuj = cos -7- + ~. 
at at at 

More symmetrical modes of treating the connexion be- 
tween velocities of rotation round axes fixed in Bpaoe, and 
round axes fixed in the body, will be given in the examples 
at the end of the section. 

239. Screws. — It was shown in Article 2-32 that a body 
can be moved from any one position into any other by a 
translation combined with a rotation round an axis through 
any arbitrary point of the body. 

The translation may be resolved into two— one parallel to 
the axis of rotation, and the other at right angles thereto. 
The latter translation, along witli the rotation, may be re- 
placed by a pure rotation round a parallel axis, and bo the 
whole motion will consist of a translation parallel to a certain 
fixed line and of a rotation round it. Such a motion is simi- 
lar to that of a nut on a screw, and is called a Ticisi. Hence 
a body can be moved from any one position into any other 
by means of a twist. 

In order to determine a twist it is necessary to specify- 
(1) the magnitude of the rotation, called the amplitude of the 
twist ; C-i) the position and direction of the line round which 
the rotation is eflfeoted, or the axis of the screw, and (3) the 
ratio of the translation to the rotation. This last is a linear 
magnitude, and is called t/te pitc/i of the screiv. In order, 
then, to determine a twist, we must specify its amplitude, 
and the position and pitch of the screw round which it is 
effected. 

T/te tirist hi/ which a body can be moved from any one position 
into any other is in general unique. 



L 



This readily appears from considering thnt if two posi- 
tions of a body are given, the magnitude of the correspond- 
ing rotation and the direction of its asia are invariable ; and 
that if two positions of a plane figure in its own plane are 
given, the position of the corresponding centre of rotation is 
thereby detwrnined. 

The same thing is proved directly by Dr. Ball [to whom 
the Theory of Screws is principally due), as follows ; — 

Any point of the body, which lies on the axis of the 
twist, must continue thereon after the motion. If, therefore, 
the motion could be effected by two different twists, there 
would be two different linea along which points of the body 
would continue thi'Oughout the motion. In order that this 
should be possible, the linos must be parallel, and the motion 
one of pure translation. 

If two successive positions of a body in motion are infi- 
nitely near each other, the twist by which it can bebrought from 
the one position to the other is the actual motion of the body. 
We see then that the most general motion of a rigid body 
ooDsists of a succession of twists. The screw round which it 
is twisting at any ii^tant is called the instantaneous screw. Ae 
the position of a straight line in space is determined by four 
independent quantities, four magnitudes must be assigned to 
fix the position of a screw. In order to determine a twist, 
its amplitude, and the pitch, as well as the position, of the 
corresponding screw, are required. Hence the motion of a 
rigid body in general depends on six independent variables, 
and we see, as in Article 191, that a rigid body entirely un- 
restrained has six degrees of freedom. 

240. ComposIUon of Twists. — If a body receive in 
suooession two twists whose ampUtudea are infinitely small, 
the order in which they are effected is indifferent, and the 
resulting change of position may be produced by a single 
twist, which is the resultant of the two former. 

More symmetrical results are ohtaiaed, if instead of seek- 
ing for the twist which is the resultant of two others, wa 
inquire how three twists having infinitely small amplitudes 
must be related, in order that the position of a body, after 
being affected by them, may remain unaltered. 

The question proposed may be solved directly, but the 
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method of Bolution devised ty Dr. Ball leads to results of 
a more instructive character. 

Both modea of procedure will be found in the ExampL 



Ana. u ein \, where a itt tbe eortli'a angulnr velocitj, nnd K tlie latituda. 

2. If the Telocitiea of rotation of a body round tlirae rectangular axes -,__ 
giyen in termfl of the time, show how to determine — [ 1 ) the velocity of rotadou 
round tlie inBtanloneous axis; (2) the posilion of the instantaneous aiie ; (3) tba 
oqustion of the cone which is the locus of the iostjuitaneoua nija, 

3. It the Tdocitiea of rotation trmnA three Tcctangular aiee are propartioDa] to 
tlie time which has elapsed from & given epoch, the position of the tcsljintaneoua 
axis is fixed. 



6. A hody receives in a given order rotations of finite magnitude roimil 
two aiM fixed in »paoe, or in the body, and meeting in a point. Find tha pod- 
tion of the axis, a single rotation round which would bring the body into tlw 
saroo poaition, and determine the magnitude of the resultant rolatioo. 

Thia question ia solved in a maimer similar to that employed in Examples 8 
and 4, Art. 20(1 ; the conBtruction in the present case being on the BurfacB of a 
sphere instead of a plane. 

When the rotations round tlio given axes are in the same direction, the 
resultant rotation is double tbe supplement of the vertical angle of a BphorieaJ 
triangle, whose base and base angles are the angle between the axes and the 
semi'amplitudes of tbe rotations round tbem. 

6. A rigid body receives a motion of tninslati"n. whose componente, pamllel 
to the axes, are a, b, c, and a rotation 9 round an axis fixed in the body, which, 
at tbe beginning of the motion, coincides with the axis of b. Detannino *'^- 
poaition and pitch of the screw, a twist round which would bring tbe body 
the same position ; and find the amplitude of the twist. 

Tbe screw passes tbrough a point whose coordinates are 

nsin i fl-icosja isinifl + acosjg 



la 



D Bucoesdon, rotatiODB of finite magnitude round twO' J 
J, „-..... j._,j . .j^ fixed in the body; if ,f ba] 
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the sborteat distance botveen tlie linei A uid B ; and tT the unplitudee of the 
rotaCiOQg round tlieni ; i the angle between tbem ; cfi the amplitude of the twist 
equirolent to the motion ; and p the pitch of its Bciew ; piove that 

Ip^ sin ^^ =: li sin J sin ^6' sin t. 

(This tJieorem ia doe to Rodiigues : Ziomrille, T. 5, p. 390.) 

Take the shortest distsnce between A and £ for axis of y; the point of inter- 
section of this line with S for origin ; and a parallel to A for aiie of i. 

After the bodj has received its rotation round A, suppose it receives in buc- 
eession two equal and opposite rotations round OZj the first of these being equal 
andoppoaite to that round A. These rotations, being equal and opposite, do not 
change the position of the body. If A and S be fiied in space, so are OZ and J; 
if A and S be fiied in the body, but not in apace, ao are OZand B. 

The rotation round A, and the equal and opposite one round OZ, are (Ex. 6, 
.Vrt. 200) equivalent to a translation, whoee magnitude is 2if sin ^8, and whoee 
direction lies in the plane XOT, and is at right angles to a line OP or OF", 
which, if the aiea be fiied in apace, make* with OZan angle - Jfl ; if fiied in 
the body, an angle + Jfl. 




Describe a sphere round aa centre. If the aiei be fixed in apace, the 
direction of tianalation meets the sphere in T ; and the axis of rotation, which 
is equivalent (Ei. 6j to the rotatjons round 02 and B, in R. If the aiee be filed 
in t£e body, these Imea meet the sphere in T' and JC, whero 

XT=XT--=i6, XZT = XZT = \B, ZBS = ZBK=^t, 

SET=BXT'=i<p, ZB = t. 

We have, then, p^ = component of translation pamllel to azia of ecrew 

= 2rf sin Jfl cos TB (or cob T'S!) •= 2d an. i9 mi ZR (fit an ZS), 
whence 

Jjifi sin if = if u« 10 sin Z£ sin }^ = if tin J« no ie* dn (. 
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S. A body reaeirei twista, having inSmtclT nn&U amplitudes, raimd two 
RcniTB inleiaectic^ at right aDglea. Detarmine the amplitude of tho reanltant 
twist, and the poeitioii and pitch of ile sciew. 

Take the si^rewa for aiea of x and y. let their pitches be p and g, and tie 
amplitudes of the twists round them and ^. 

The rotntioQB e and ip are equiviLlent to a single rotation ^ round an ozu 
lying in the plane xy, and muking an angle A with the axis of r, where 

if( cos \ = fl, if- ain \=p. 

The tianslatious ^0 and 941 are equivalent to a tranehition 

iiff cos A + J* ain A. = ( p ens' X + f flin' A) t 

along the exin of (he resultant rotation, and to a traualation 

Sf. COB \ - yfl ain A = [7 - p) * sin A coa A 

at light angles liiereto. This translatiua, together with the rotation d raiind 
the axis through the origin, is equivalent to a rotutlcm if round a parallel uii 
passing through a point on the axis of :, whoso distance from the origin ii 

iciding with the resultant screw is 



the pitch of the screw 
and the amplitude of the tt 



it being ^, 
.(^ = fls + 



9. Any screw, a twist round which is the resultant of twiata round two 
given screws intorsecting at right angles, lies on a surface delurmised by the 
given screwn ; and Ita pitch depends on the angle which iii directioa ■n»tft 
with one of these screws. The amplitudes of the twists lu^ siippoaed to b« 
inilnitely smalt. 

If we eliminate A from the equations of tlie last example, which de&ne the 
position of the screw belonging to the resultant twist, wo obtain 

irhich is the equation of the surface. It ia called the et/lindniid by Dr. Ball, by 
whom it was discovered. 

The pitch r of the screw is, as ahown iu the last example, givaa bj d 
equation 
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If we deBoribe in the plane of xy the conio whose equation ii 

P»^ + qy^ = 6^, 

where e is a linear constant, the square of the reciprocal of any diameter of this 
conic is proportional to the pitch of the parallel screw on the cylindroid. When 
a screw is spoken of as belonging to the cylindroid, it is understood that, not 
only is it one of the generating lines of the surface, but also that its pitch is 
defined in the manner just mentioned. 

10. Prove that any two screws belong to the same cylindroid; and two 
screws being given, determine the cylindroid to which they belong. 

Take the common perpendicular to the two screws as axis of « ; we have then 
to determine the position of the origin and of the axis of x, and the magnitudes 
of the quantities p and ^, so as to satisfy the equations 

n = p cos' \i-\- g sin^ Xi, zi^(g — p) sin Ki cos Ai, 
7-2 =p cos* X2 + ? sin' X2, «2 = (? - P) sin M cos X2» 

A. = \l — X2> A = «1 — Z^f 

where A is the angle, and h the distance between the given screws. As the 
number of quantities at our disposal is equal to the number of equations to be 
satisfied, it is always possible to determine a cylindroid containing the given 
screws. The equations are solved as follows: — Subtracting, 

n - r2 = (? - p) (sin* Ki - sin* A.2) = (^ - i?) sin (Xi + X2) sin (Xi - X2) 

h={q -p) cos (Xi + X2) sin (Xi — X2). 
Adding, 

n + r2 = 2p - (p - j) (sin* Xi + sin' X2) =^2q-\-{p- q) (cos' Xi + cos' X2) 

= i? + ^ + i(i'-?) (cos 2xi + cos 2x2 ) 
= i? + J + (i? - ^) 00s (Xi + Xj) COS (Xi - X2), 
«i + «a = (^ - p) sin (Xi + X2) cos (Xi - X2), 

1*1 ^ t*2 

whence ( j' - j») sin (Xi + X2) = — : — -r, «i + 22 = (f 1 - ^2) cot -4, 

k 

(^-i?)0OS(Xi + X2) = -: 7» «1-22 = A, 

Sin ^ 
j34-^=3ri + r2+A cot Ay Xi — X2 = A^ 

and the mode of completing the solution is obvious. 

1 1 . A body receives three twists having infinitely small amplitudes. Deter- 
mine the relations between the twists, in order that the position of tke body 
should remain imaltered. 
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Dr. Ball's solution is as follows : — 

Determine the cylindroid containing two of the screws. Take its screws 
intersecting at right angles for axes of x and y. Let the amplitudes of the 
three twists be Ai, CI2, Xla, and the angles which their screws make with the axis 
of jr, Ai, Xz, X3. If the third screw belongs to the cylindroid containing the 
other two, and if the angle it makes with the axis of x, and the amplitude (^ 
the corresponding twist satisfy the equations 

Cl\ 0.2 XI3 



sin (A2 — A3) sin (As - Ai) sin (Ai - A2)* 

the twists compensate each other. 

In fact each t%npt can be resolred into two round the screws lying along the 
axes of X and //. The whole motion is thus reduced to two twists round these 
screws ; and if the amplitudes of these twists are zero, the body remains undis- 
turbed. But the equations above are thr conditions that the rotations round the 
axes of X and y should be zero, and these rotations are the amplitudes of the 
twists. 

As the twist by which a given motion can be effected is unique, there is only 
one twist by which two given twists can be compensated ; and, therefore, 11 
three twists compensate each other, the third screw must belong to the cylin- 
droid containing the other two, and the above equations must hold good. 

This problem may bo solved directly as follows : — 

If one point of a body continue at rest, and the rotations round axes through 
it compensate each other, the body muni remain undisturbed. Let the three 
axes ot rotation be transferred to the oiigin. In order that the rotations should 
compensate each other, the three axes, wlien transfened, must lie in the same 
plane. Ilence the three screws are at right angles to the same line. Take it 
for axis of z, and let the coordinates of its intersections with the screws be 
*i» ^t -3» aii<l the pitches of the screws jt^i, ^2, Pz : then, in order that the origin 
should have no motion of translation, 

pi Hi cos Ai + P2 0.2 cos A2 + pz As cos A3 - zi Xli sin Ai - 22 O.2 sin A2 

- zz Clz sin A3 = 0. 

p\ Hi sin Ai f P2 0.% sin A2 + Pz Clz sin A3 + %i Cl\ cos Ai + Z2 CI2 cos A2 

+ zs as cos A3 = ; 

and, iu order that the rotations roimd axes through the origin should compensate 
each other, 

Xli cos Ai + ^2 cos A2 + Xls cos As = 0, 

Hi sin Ai + Ci,2 sin A2 + Hs sin A3 = 0. 
From the last two we get 

nr = Hi' + n2- + 2ni n2 cos (ai - A2), 

Xli sin Ai + CI2 sin A2 



tan As = 



111 cos Ai + Xla cos A2 
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EUminating pz from the first two, we get 

fls «3 = fli [pi sin (Xs - Ai) - «i COS (Xs - Xi)} + ^2 { P2 sin (As - ^2) 

- «2 cos (X3 - A2) ) . 
If we substitute for cos As and sin A3 their yalues, we obtain 

Xis^ «3 = Xli* «i + n2* «2 + fli ^2 { («i + «») COS (Ai - A2) + (pi - P2) sin (Xi - A2) } ; 
and, in like manner, 

Hs* P3 = Xli* i?i + ^2^ i?2 + fli n2 { (l?i +i?2) cos (Ai - A2) - («i - «2) sin (Ai - A2) } . 

12. A body is moving round a fixed point. Determine the accelerations of 
any point parallel and at right angles to the instantaneous axis of rotation. 
Taking three lines fixed in space through the fixed point as axes, 



dx dj/ dz 



= «» y - «y X ; 



dx dy dt 
differentiating, and substitutmg for — , — , — , from these equations, we 



obtain 



d^-y datt doir 

at* at at 



d^z dwx 



d(i)jf 



remembering that 



W' = ««* + Wy^ + «»2. 



Let us now suppose the axis of z to coincide with the instantaneous axis, then 
ux = Oy euy = 0, (Dt = (0, Let the plane of xz pass through the next con- 
secutive position of the instantaneous axis ; that is be a tangent plane to the 
cone C fixed in space, the locus of the instantaneous axis. Measure otf 01 pro- 
portional to <a on OZf let 01' be the consecutive 
position of the instantaneous axis, and take 01' P 

proportional to the corresponding angular velo- 
city w + ^« ; draw I'F perpendicular to 01 ; 
then w + d(a round 01' is resolvable into OF 
round OZ, and I'F rcTimd OX, 

Let I'OF=d<ry then /'P= OF d<r, therefore 



dcox dtr , 
dt dt ^' 

if the angular velocity of the instantaneous axis 

X2 
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15. FiLC lie pDsiiix: cf ib? ixelfrsrinin-oeisre in i body rotating round a 
fixed p::r:. 

The cclIt wi-c^lera^icii-rtiitiv wrich in itneril ejdsts is the fixed point 
itself. 

14. A >>iy 15 rrtjtinr r:-.i:.i i rjivi rein:: £ni tie lociis of a point whose 
itOcl^ritiL'n A-.-u^ iti ^\tn -t inj AriT^-:!! m^tiLnt i5 zcxo. 

Aft thr pkith at the instji:: t: Uvbes i circle, iiTiri: it? <Nrr.tiie on the instan- 
taneous axi? and it« pl^ne at ri^ht angles thtivto, ii . l»e the distance of anj 
point from the axis, 5, the tangential a^^rlcnntTc;, 

r OS" r at' r at r 

The required locus is there! :;e tht cone 

dm 

-^ 11^ — V- ' - ot^r: = 0. 

at 

15. Show that a point whoe« normal acceleration at right angles to the 
instantaneous axis Tanishes lies on the cone 

« ys' -r y-] T C>t = 0. 

16. A Lodv is rotating round a fixed point : determine at any instant the 
positions of the osculating plane, and of the principal normal to the path 
deecribed bv one of its points. 

A plane passing through the point, and the instantaneous axis, is a normal 
plane to the path. Hence the perptrndicular to the osculating plane is the 
intersection of two planes, the first of which passes through the instantaneous 
axis and the point ; the second, through the next consecutive poaitiona of the 
ini;tantane<jus axis aud the point. The direction of the principal normal 
rxiincides with that of the resultant normal acceleration ; hence, u r he the 
angle it makes with the instantaneous axis, 

tan y = ^^ . 
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17. Find the radius of curvature of the path of a point. 
If N be whole normal acceleration, 



«*r* 



P = 



«r3 



iV V { {(»r2 + i|/y«)2 + ijf'iyir* J * 



18. A body is moving in any manner. Determine the accelerations of a 
point parallel and at right angles to the axis of the instantaneous screw. 

Let aro, yo, «o be the coordinates of a point fixed in the body, |, ij, f the 
coordinates of any point referred to xqj yo, «o as origin ; then 

Ip = rfjr + "'('»'• H""" + ""O-y « + f ^ -n ■^, 
^ = Sr + "»('«"{ + "•"' + -f)- •'''' + frfr " ^rfT- 

^ = ^ + "•(*"«+"'"'+"• f )-•' f +" ^ -« sr • 



Take as a;o, yo) ^o that point of the body which at the instant coincides with 
the point on the instantaneous screw in space which is nearest the consecu- 
tive position of the instantaneous screw. If C be the ruled surface in space, 
generated by the positions of the instantaneous screw-axis, aro, yo, zo will coin- 
cide with the point of intersection of the instantaneous screw-axis, and the 
line of striction on G. Let be this point, and O the point in which the 
shortest distance between the consecutive positions of the instantaneous screw - 
axis meets the consecutive screw -axis. At the 
time t -\- dt the body is twisting round a screw 
through 0', Let T be the velocity of trans- 
lation at the time ^, and T and w' the velocities 
of translation and rotation at the time t + dt. 

Now, the rotation <a' round (XS (screw-axis 
through 0') is equivalent to «' round 01' (pa- 
rallel to O'S), and a translation <e. 00' at right 
angles to 00' and 01'. 

The velocity of rotation w' round 01* is 
equivalent to w' round OZ, and <a'd<T round OX. 
Ilence, at the time t + dt, the point xq, yo, «o 
has two velocities of translation: T' along OZ^ 
and {«' . 00' + T'dff) along OX. Again, as 00' 
is infinitely smaU of the first order, being ecjual to 
Udt, the velocity of translation along OZ^ result- 
ing from 00^. «', is infinitely smaU of the second order. At the time t the point 
:ro, //()> -0 had the velocity T along OZ. Ilonce, if U be the velocity of trans- 
lation, and \|/ the angular velocity of the axis of the instantaneous screw, at 
the instant, we have 




d<T 



d^xo 



= a)U-{- 7\|/, 



dfl 



= 0, 



(Pzo 



dT 
Tt' 
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Also .. = 0, ., = 0, «. = », ^ =«"('. ^ = 0. ^=^; 

d^x d<a 

whence -— = «^+ J^f- «'l - 37 »?» 



= — + «\|/77. 



19. A body is moving in any way : determine the position of the acoeleia- 
tion-centre. 

Its coordinates are formed from the equations of the last example, by making 

^^ ^ ^y ^ <^« ^ 

^=°' rf^="' *■'="• 

20. A body is moving in any way: the acceleration of any point is the 
same as if the body were rotating round the acceleration-centre as an absolutely 
fixed point. 

Express the accelerations, by the last example, in terms of the coordinates 
relative to the acceleration-centre as origin, and the results are the same as the 
expressions of Ex. 12 would become, if we made 

dwx , dwy - du» dm 

The theorem is likewise obvious, d priori. 

The theorems contained in the Examples given above are taken from ScheU^s 
Theorie der Bewegung und der Kriiffe, to which the student is referred for more 
extended investigations on the subject. 

21. A body is rotating round a fixed point 0. If OX, OF, OZbe rectangu- 
lar axes fixed in space, and OAy OB^ 06^ rectangular axes fixed in the body; and 
if the direction cosines of the latter referred to the former be, respectively, 
«i, fl2, «8; hi hi h'i cij C2f czi show that 

dai - dbi de\ 

--— = 6i «3 - ci W2, — —c\<o\ — ai as, 37- = ai «a - di «i, 

at at at 

da% _ dbt de% 

— = 0t »3 — ^ »t) -TT — Czai — Ottazi 17 ~^^*~ *' •*> 

das , dh dcs 

■J— = 03 »3 — 03 t02i -TT = C3 «i — as ws, 3— = as «2 - ^j «i, 

dt dt at 

where «i, W2, »% are the angular velocities of the body round OA, OB, OC, 
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To form these 0(]uation8 we may supi^ose velocities of rotation — «i, — «2, — »3 
round OA, OB, ()(\ applied to those axes, as well as to OX., \\ OZ; the relative 
motion is then undisturbed. Take a point on OXj at a distances B from the origin, 
and call its coordinates referred to OAj f^B, 0(\ |, 77, f. OAj OB, and 00 are 
in consequence of the applied velocities fixed in space, whereas OX is moving. 

| = i2fli, ij = -R*i, f=-R<>i, 

dai (if > T> /I \ 

it3-- = — =11 «3- C«2 = -S C*l «3 - <•! «2) ; 

at at 



whence 



dai 

-7- = oi «3 - ^ «2 ; 
at 



and the others are ohtained in a similar manner. 



22. A right circular cone is rolling on another fixed in space, the two cones 
having a common vertex. Given the velocity of rotation of the rolling cone, 
determine the velocity with which the plane passing through the instantaneous 
axis turns round the axis of the fixed cone. 

The normal plane through the instantaneous axis contains the axes of both 
cones. Hence the angle between the two axes remains invariable; and a point 
on the axis of the rolling cone describes a circle having its centre on the axis of 
the fixed cone, and its phine perpendicular thereto. It is also at any instant 
rotating round the instantaneous axis. If we equate the two expressions for the 
velocity of this point, we get 



« sin r = fl sin (C + r), 



0) 



or 



- « sin r = fl sin (C - r). 



{2} 



or 



« sin r = fl sin(r — C), 



(3) 



where co is the angular velocity of the rolling cone round the instantaneous axis ; 
A the angular velocity of the plane containing the instantaneous axis round the 
axis of the fixed cune ; and r the semi-angles of the fixed and moving cones. 






The first, second, or third formula is to bo used, according as — (1) the cones arc 
outside one another, having convex surfaces in contact ; (2) the rolling cone is a 
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small cone rolling inside a larger one ; (3) the rolling cone is the larger cone, 
and rolls outside a smaller fixed cone, which it contains within it. 

In each of these figures OC is the axis of the fixed cone ; Or of the rolling 
cone ; and 01 the instantaneous axis. If the angles are supposed to contain 
their signs implicitly, each heing measured from 01, the last formula contains 
the other two. 

23. A hody is moving round a fixed point. The motion of the instantaneous 
axis in the body being completely given, determine its motion in space. 

Describe a sphere of radius a round the fixed point; the cone C fixed in space 
and the cone r fixed in the body trace out curves on this sphere, and the motion 
is accomplished by the one curve rolling on the other. The osculating circle of 
each of these curves, as it passes through three points on the surface of the sphere, 
will be a circle of the sphere ; and the rolling at any instant will be the same as if 
one of these circles rolled on the other, or as if the right cone on the osculating 
circle of r as base rolled on the right cone having the osculating circle of Cob 
base. Let r be the radius of curvature of the curve C; p of the curve r ; then 

r p 

sin C = -, sin r = -, and therefore (Ex. 22), 



« - = fl sin I sin"^- + sin"^ - } . 
a { a a) 



Now, if « be the arc of the curve C, and — the velocity of the point of contact 

at 

of r along it, 

\ ds \ dff 
^""r It^'r di' 

where (T is the arc of r ; whence 

« - = - -Tr sm < sm-* - + sin * - [ . 
a r dt ( a a) 

From this equation r can be determined in terms of t (in terms of which p, », 

dtr ds dff 

and -J- are supposed to be expressed) ; and, as — = — , by eliminating t an equa- 
at dt at 

tion is obtained between r and », which is the equation of the curve C; there- 
fore, &c. 

24. A body is rotating about a fixed point. Express the element of the curve 
described by the instantaneous axis on a sphere fixed in the body in terms of the 
angular velocities round the body-axes. 

Let the instantaneous axis at any time make angles A., ^, v with the body- 
axes ; let the spherical surf oce be intersected by the two consecutive positions of 
the instantaneous axis in /and I' ; let 01= \»: take 0" = A.«' = A. (« + dt»). 
The projections of //" on the body-axes are 

A. d(i>\, \ dui2y K dmi 
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whence 
but 

Hence 







If a be the radius of the sphere, and <r the arc of the curve, 
we have, therefore, 

\dt) ~* \dt) ~ w^\\dt ) ^\dt I "^xdTi \dt) y 



25. A body is moving round a* fixed point. Being given the axis, a rotation 
round which brings the body from one position to another, and the magnitude 
of the rotation, determine the angles which body-axes make in the second 
position with the space -axes which in the first position coincide with them. 

Describe a sphere round the fixed point 0. Let two of the space-axes meet 




it in the points Z, F; and the corresponding body-axes in the points -4, 5, when 
the body is in its second position ; let P be the pole of rotation ; then 

XPA = YPB = ^, 

M-here ^ is the given rotation. Let a, iS, y be the angles which the given axis 
of rotation makes with OXy OT, OZ; and let 

cos o = /, cos iS = m, cos 7 = « ; 

then XP=AP=ay TP=BP = $. 

T.ct angle APT = € ; then 

cos XA = cos <t> sin* a + cos* a = P -\- {I — I*) cob <p, 

cos YA = cos € sin a sin )9 + cos a cos $, 

mm 

Now cos - = cos 'AB = cos (^ + e) sin a sin iS + cos a cos /8, 

whence cos (^ + f ) = - cot a oot iS ; 
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therefore sin (^ + e) = 



Vl - cos^o— co8*;3 



sinasin/S sinaBin/S 

Hence sin a sin )3 cos € = n sin ^ — cos a cos )3 cos ^, 

and, therefore, cos TA = /m (1 — cos ^) + « sin ^. 

Again cos XB = cos (2^ + €)sinasini3 + c06ac06/3. 

Expanding cos (2^ + c), and substituting for sin (^ + e) and cos (^ + c) their 
yalues given above, 

cos Xfl = ^ (1 — cos ^) - n sin ^. 

The yalues of the cosines of the remaining angles can now be written down 
from symmetry. If we put 

v = cos^^, A = /sin^^, ^ = msin^^, ir = n8in^^, 
we have the following table of the values of cos XA, &c. ^ — 





X 


T 


Z 


A 


w» + A» - ^2 - 1/2 


2 (M + w) 


2 {v\ - vfi) 


B 


2 (\^ - vv) 


Xt^-\-fl'^-V^-\* 


2 (vfi + v\) 


C 


2 {\v + u/i) 


2{fiv- v\) 


U^ + 1/2 - \2 - /*» 



The quantities /, m, «, ^ are called Rodrigues' coordinates. (Thomson and 
Tait, Natural Fhilosophy^ } 95.) 

26. The body is rotating round OA with an angular velocity «i ; determine 
the differential coefficients of 0, ^, m^ n with respect to the time. 




"We have to find the magnitude and axis of the rotation which is the result- 
ant of the rotation ^ round (/, m, «), and of a>i dt round OA. If this rotation 

d<p dl 

be ^', and its direction cosines l\ m', n'; <i/ — <p = — dty ^ ~ ^ —~ji ^t *c. 
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We proceed, according to the method of Ex. 5. Let Ay B, Che the points 
in which OA, OB, 00 meet the sphere described round 0, and P the point in 
which the sphere is met by the line (/, m, n). Make APR = ^ <py and PAB 
= — Jwi dt. (The positive direction of rotation is supposed to be counter-clock- 
wise). B is the pole of the resultant rotation. 

Draw 22 K at right angles to A P, 

AB = AP- VP^AP-PB cos APB. 

In like manner BB = BP- PB cob BPBy 

CB=CP-PBcoB CPB; 

whence, remembering that PB is infinitely small, we have 

V =cobAB = 1+ PB sin ^Pcos APBy 

w'= cos £B = m + PB Bm BP cos BPBy 

«'= cos OB = w + Pi? sin CP cos CPBy 

^_ , , sin AB . , sin AP 
PB = \a>idt. . , =\mdt. . , ^ ; 
sm J </) sm J ^ 

« ^^ • o ^T^cos^PiZ ,, ^,, ^ , 

therefore 2 — = <wi sm-^^P — r— ; = <wi (1 - T-) cot $0* 

<?^ sm J (^ \ / r 

<fi» . . cosPPi? 

2 -7- = «i sin AP sm PP — ^ — - — , 
dt sm -^ </) 

^dn . . i> . ^o cos CPP 

2 -— = wi sm AP sm CP — : — -, , 

dt sm^ <p 

cos PPP = cos (BPA - -4PP), 
and cos = cos PP-4 sin BP sin -4P + cos BP cos -4P ; 

whence cos BPA- - v{(i _ <.)(i _^..)) ' =>" ^^^ = v((l -P)(l -«.')} ' 

and 2 -— = wi (m - ^ cot J ^) ; 

dt 

and, in like manner, as 

CPP = CPA + APBy 

dn , , , I , 

2 -- = — wi (m 4- ttl cot * A). 

Again <f>' r= 2 [ir - ARP)y 

and cos ABP= — — cos ^Psin J- - cos - ; 

2 2 2 
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tberefrjre cos J ^' = cos ^^ - ( am i ^ /«i <//, 

whence -?=/i»i. 

dt 

27. A bodj is moving round a fixed point 0^ with velocities of rotation «i, an, 
«3, rrjund three rectangular axes OA, OB, 00 fixed in the body. Determine the 
differential coefficients of Rodrigues' coordinates with respect to the time. 

By mf^ns of the last example we can write down the changes produced on 
^, I, tHj n by each of the rotations »i dt^ un dt, «] dt. 

Adding, and dividing by dt, we get 

dl 

2 — = - mn + m%m + ccfii<f>{mi- /(^i + mmt + n^n) } , 
at 

dm 
2 37- = - »3 / + win + cot J^ { •» - m (fcii + iffi»a + fM#j) } , 

At 

dn 
2 — =-«! m+«j/+ cot J ^{wj-w (^1 + m«»8 + #M»i) } , 

d^ , 
whence, also, we obtain 

dt 
2 ^ = «1 W - «j V + «8 A** 

2 — = «2 V — ew.j A f «i I', 

2 — = as V - ai /Li + «2 A, 

whore u, X, ^, y havo tJic same mcanin;^ as in Ex. 25. 

28. If 0, <pj rjf, «i, «2, «3 h.'tvo the same significations as in Art. 238, show 
that 

. ^(/e . ^ d^ 

<a\ - sin ^ - Bin 6 cos (p -, 
dt dt 

de .^^ . d^ 

«2 = COB <^ — + Sin d sin .-, 
•. = ^ + 00.0-, 
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29. Show also that 

cos AX = cos cos ^ cos \^ — Bin ^ sin ^, 

COB ^ y = cos cos ^ sin i|/ + sin ^ cos i|/, 
cos AZ = — sin cos ^ ; 

cos BX = - COB 9 sin ^ COS \^ - COB sin i|/, 
COB ^F = - cos sin ^ sin \|/ + cob cob i|/, 
COS BZ = Bin Bin ^ ; 

COB CX = sin COB i|/, 
COS CY = sin sin ^, 
cos CZ = COS 9, 

These equations follow readily from the figure on p. 298, remembering that 

SEX^dy AS = AC8=<I>, I!T=QX = ilf. 



Section II. — Kinetics. 

241. Equations of Modon of a Body hairing a 
Fixed Point. — As the body has a fixed point, D'Alembert's 
Principle requires that the moments of the forces of inertia 
round three axes through the point should be equal and 
opposite to the moments of the applied forces. If we take 
for axes three lines fixed in space, intersecting at right angles 
at the point, we have. Art. 203, 






r^'^it^dt'-'di} 



with two other equations of like form. 

Now, the body having a fixed point must (Art. 229) be 
rotating roxmd some axis through it ; and if wxy wy^ tj^ be the 
angular velocities round the axes of coordinates, we have, 



318 



Kinetics of a Rigid Body. 



dtj dz 

substituting for -j- and — their values from Art. 235, 

at at 

d 

2wi ^ { (2' + x") u)y - yzw:, - yxwx] = M y, (1) 

d 



Sm -- ( (a^ + 9/) (Oz - zxwx - zywy) = N 



dx 



Performing the differentiations, suhstituting for — , &c., 

az 

their values from equations (4), Art. 235, and, finally, multi- 
plying by the element of mass, and integrating through the 
body, we obtain the complete general value of 



^rn y 



d'z _ ^ rpy 



df 



dt' 



This result is seldom of much use, as the definite integrals 
which it contains are in general functions of the time. 

If, however, we suppose the axes fixed in space to coin- 
cide with the instantaneous position of the principal axes of 
the body passing through the origin, the result becomes 
•much simplified, and is readily obtained, as follows : — 

Let the coordinates of any point of the body referred to 
its principal axes be £, ?j, ^, and let the angular velocities 
round these axes be wi, a>2, ^3; then 

dx 

df/ dz 

with similar expressions for ~ and — ; and, by Art. 236, 



dt 



dt 



dwi 



d(i)z du)\ diOy 

dT " dt~' df ^ df' dt 



d(i)z dwz 
^ df 



Also, as the axes are the principal axes at the origin, 
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(ice 
If we observe that -77 does not contain S» we see that 

at 

dx 
^mx — , and the two similar expressions must vanish. 
at 

Again, ^^[^dt^^d'u^^^^*^ **') ^^' 

and ^mix— + ^-r,]= Sm(C*- ?) W2. 

Hence ^m :r.{{v^ + s*) u)x - xy wy - x% wz) = -tt Sw {rf + 2*) 

ar at 

If ^, ^, C be the three principal moments of inertia of 
the body at the origin, 

Hence, finally, 

. du)i 



dt 



-(5- C)w^i^^^L 



at 
dt 



r (2) 



where i, M, N are the moments of the applied forces round 
the three principal axes passing through the origin which are 
fixed in the body but not in space. 

The equations above are due to Euler and are called by 
his name. 

242. Of the Terms in Ruler's Ilqnatioiis. — The 

change produced in wi in the element of time is given by 
the equation 

Adwi = (-B - C) wa cus dt-\-L dt. 

The first term on the right-hand side of this equation 
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results from the angular velocities already existing round the 
axes of y and 2. In consequence of these velocities each 
point of the body, in virtue of its connexions with the other 
points, exerts a force on the entire body. If we consider the 
centrifugal forces resulting from the motion of the body, we 
can determine the moments L\ M\ iV' of these forces round 
the axes, as follows : — 

Let a, |3, 7 be the angles which the instantaneous axis of 
rotation makes with the axes of coordinates fixed in space ; 
p the perpendicular distance from this axis to any point a?, y, z 
of the body ; q the intercept between the origin and the foot 
oi p ; r the radius vector to the point xyz ; and to the 
angular velocity of the body round the instantaneous axis. 
The centrifugal force at the point x, y, z is mpu)^ acting along 
p ; and the component of this force along the axis of a; is 
mu)^ multiplied by the projection oip. 

If we project the triangle formed by rpq on the axis of 
X, we have 

projection oip = projection of r - projection oiq = x-qooBaf 
and q = X 00& a + y COB (i + z cos y; 

whence force along axis of x 

= ma>* [x - (iT cos a + y cos j3 + 2 cos 7) cos a] 

= fwoi' [x (cos* j3 + cos* y)-y cos a cos j3 - 2 cos a oos 7) 

= m [X {wy^ + Ola*) - yWzWy - ZWx Wz], 

remembering that 

COS a = — , COS p = — , COS 7 = — . 

b) (O W 

In like manner for the force along the axis of y, we have 

Wi [y {(M)z + (>>x) - ZWylOz - XWy Wr] , 

and for that along the axis of z, 

m [z {wx + <*^/) - J^ i»Jz (^x - y i*)z wy) ; 
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■whence, taking moments round the axis of x, and iategratiag 
through the entire body, we obtain 

L' = [ujy' - u)t)lyzdm + w^ iuij(s' - 7/')dni - ui, u>i\xydm 
+ (J, lUylxzdm. 

If we now auppoae the axes to coincide with the prin- 
cipal axes of the body, every teim in £' Tanishea exoept 
wy lu. J (s' - y'} dm, and we get 

i'= (B-C)w,w,. (3) 

Acoordongly, the couple whose components round the 
three axes are {B - C) tuj (Ua, &c. is called the centrifugal 
couple. 

243. Euler'8 Eqnations for Impnlses. — If a body 
having a fixed point be acted on by impulsive forces, and 
L, M, J\rbe the momenta of their impulses round the princi- 
pal axes through the point, we have, from equations (4) 
Art. 203, 

^ (f^. - <u',) = X, 5 (w, - a,',) = Jf, C{u>,-^\)^N. (4) 

In fact, 2ff( (^2 - si/)" A (wi - cu,') when the axes fixed in 
space coincide with the instantaneous positions of the princi- 
pal axes through the fixed point, uji being the angular 
velocity of the body round the axis of £, immediately after 
the impulse, and w,' its angular velocity round the same axis, 
immediately he fore. 

Equations (4J can also he deduced easily from the oorre- 
sponduig equations for continuous forces. 

244. Couple of Principal Dlonienls. — If a body be 
moving in any manner round a fixed point, we may imagine 
its actual velocity at any instant to be produced by an im- 
pulsive couple which acted on it at the previous instant. £y 
the last Article the components of this couple round the 
principal axes of the body are Aidi, £ai„ 6'wa, and the axis 
of the couple is called the Axis of Principal Moments. 

If a tangent plane be drawn at the point of intersection 
of the instantaneous axis of rotation with the momental eUip- 
soid corresponding to the fixed point round which the body 
is rotating, the perpendiouliLr from the centre on this tangent 
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phne is the Axis of FriDcipol Ifomente. This U olmoiic, 
vbea we romember th&t Uie ditectioD coeiii«e of this axi« 
ue proportional to A»t„ Bm„ Cwi ; and thoee of the instsn- 
(aneoiia axis of rotatioD to wi, «,, w, ; and tliat the eqoBticio 
oi tbe momoital eilipeoid is 

jy ^ B^+ Ct' = E. 

The axis of the centrifugal coupU is at right angtet to fl 
axis of principal moments, and to the axis of rotation. 

The direction coainee of the axis of the ceotrifagal c 
are propotttonal to 

(5-C)<u, w,, (C - A) lu, iA}i, {A- Bjntibtt; 

vheDoe it is seen at once that the conditionfi for its bedog 
perpendicaJsr to the two other lines are fulfilled. 

If a central section of the momettlal el/ipnoid be ttikfn 
through the instantaneous axis of rotation and the axis o/the cen- 
trifugal couple, these tao lines coincide ictth the principal axa 
(ff this section. 

The lines in question are at right angles, and one it 
parallel to the tangent plane through the point where the 
other intersects the ellipsoid. 

245. ViH Viva of a Body havlDc a Fixed PoIbI.— 

The equation of vis viva is in this case immediately dednoihle 
from Art, 130. As the body has a fixed point, it is at any 
instant rotating round some axis through it ; whence, / 
being the moment of inertia round the instantaneous axis, 
the vis viva is /«'. 

Again, since — , — , — are the direction cosines of the axis 

of rotation referred to the principal axes through the fixed 
point, 

7 = .4 (^' U B i^\+ (^y ; {Int. Calc, Art. 215), 

whence the equation of vis viva becomes 
Aw^ + Bw,^ + CwC- - .22 J {Xilx + Ydy + Zdz) + oonst. (5) 



I 
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246. motion consisting of linccessive Rotations. — 

If the whole motion of a body consist of successive rotations 
(not necessarily executed round lines passing through the 
same point), the vis viva at any time is /a>', where / is 
the moment of inertia, and w the angular velocity round the 
instantaneous axis ; hence 

Iw^ = 2S J {Xdx + Ydy + Zdz) + const. ; 



therefore j (Iw') = 2S (x 






Let p be the perpendicular on the instantaneous axis from 
the point ir, y, z ; and let the direction of the motion of 
this point make angles a, /3, 7 with the axes ; then 

dx dy ^ dz 

— =i?wcosa, ^=/?wcos^, ^=pwC0S7; 

whence — (/a>*) = 2wSj? [X cos a + Fcos /3 + Zoos 7) ; 
ax 

but (X cos a + Y cos j3 + Zcosy)^ 

is the moment of the force applied at the point a?, y, z round 
the instantaneous axis. Hence, if «/ be the moment of the 
entire system of applied forces round the instantaneous axis, 

I It (^•^') = '^- («) 

If the body be such that the moments of inertia round 
the different instantaneous axes are equal, this equation takes 
the simple form 

If the body have a fixed point, equation (6) can be 
deduced at once from Euler's Equations. For if we mul- 

T2 
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tiply the first of these by wi ; the second by cu, ; the third 
by oil, and add, we have 

at at at 

^nd, as —\ — , — are the direction cosines of the instan- 

<o iM) w 

taneous axis, 

www 

whence - -ji (/ci>*) = 2 J. 

wdt 

247. Stress £xerted by a Body on a Fixed Point 

— ^In order to determine the force exerted by a fixed point on 
a body, we have only to consider the point as replaced by 
a force, whose components are X\ Y\ Z' passing through it 
We may then consider the body as free, and we have, by 
Article 204, 

with two similar equations. 

But as the body is rotating round the origin, if we sup- 
pose the axes fixed in space to coincide at the instant under 
consideration with the principal axes through the origin, W6 
have 

d^x _ dwt - dwi ,_ . 

Substituting for — ^ and -^ from Euler's Equations, we 
get, finally. 
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If Sly 829 83 are the components of the stress on the fixed 
point at any time, in the directions occupied at the instant 
by the principal axes of the body, /Si = - X\ and therefore 

-y2 = 2r-3Jij-f^ + ?J+«2((7+.i--B)(?^%i'^)-(«.H«i«)^JM 

where Sj v, 2 are the coordinates of the centre of inertia 
referred to the principal axes through the fixed point, and 
are absolute constants; SX is the sum of the components 
of the applied forces parallel to one of these axes, and L the 
moment round it of the same forces. 2X, 2F, ^Z, L, M, If 
are in general variable with the time. 

248. Impulses SSxerted by a Body on a Fixed 

Point. — If /Si, 82, 83 are the impulses of the instantaneous 

• • • 

stresses exerted by a body on a fixed point, in consequence 
of the action on the body of any system of impulses, we ob- 
tain, in a similar manner, by Arts. 204, 235, and 243, 



L _iVi 



s, = sr.a»j^|_f.j 



5, = sz+a»ig-f _=il 



(9) 



249. Motion of a Free Body. — ^In Art. 205 it was 
shown that if 5, jj, ^ be the coordinates of any point of a body 
referred to axes drawn at the centre ^of inertia parallel to 
fixed directions in space, the equations 
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hold good. 

As the coordinates $, ij, J are relative to a point fixed in 
the body, their differential coefficients can be expressed in 
terms of the angular velocities of the body round this point. 
Hence these equations can be transformed in a manner simi- 
lar to that employed in the deduction of Euler's Equations. 

Thus we obtain the equations — 

dioi 



A, — — (-B — C) io%(jJz= L 



dt 



v, 



(10) 



where cui, ois, 013 are the angular velocities; Ay By C the 
moments of inertia; and i, My N the moments of the 
applied forces round the three principal axes of the body 
at the centre of inertia. 

If we call the mass of the body 5W, we have also the three 
equations 



3»g = 2X, 



^f = ^^' 



2«g = SZ, (11) 



where 5, ^, z are the coordinates of the centre of inertia re- 
ferred to any three rectangular axes fixed in space; and 2X, 
SF, SZ are the sums of the components of the applied forces 
parallel to these axes. 

If the body be subject to geometrical conditions, these 
conditions must in general be replaced by indeterminate 
reactions before equations (11) can be employed, and these 
reactions must appear among the applied forces. This is 
obvious from considering the statical problem to which, by 
D'Alembert's Principle, the dynamical problem is reduced. 



The oorreBponding equations for impulses oan he at once 
written down : they are 



A (», - „',) .L,B{, 



u'J.Jlf, C{u,-m',)=N] 



Ki 



■ SI, 5Sj.sr, a)?j = 



. (12) 



If the motion of the body be oODStrained in any way, 
the conditions of restraint can, as in the former case, be re- 
placed by indeterminate re action 8. 

From equations (10), (11), (12) it is obvious that a force 
or impulse whose direction passes through the centre of 
inertia of a free body produces a motion of translation only, 
whereas a force not passing through the centre of inertia pro- 
duces both a translation and a rotation. 

250. Eqnationii of Klotton referred to Body-Axe*. 
— If M, V, to be the components of the velocity of the centre 
of inertia at any instant in the directions of the principal 
axes of the body at that point, the accelerationa of the centre 
of inertia in these directions ai'o, by Ail;. 337, 
du „ 

-rr - Cdtj + WfcJj, &Q. Z 

at 
whence, if SX, S F, "S-Z be the sums of the' components of the 
applied forces at any instant, parallel to the principal axes 
through the centre of inertia, its equations of motion are 

3H 1^ - f (u, + trw, j - SX 



idv 
\dt " 



USF 

] = -s.z 



(18) 



and the corresponding equationa for impulses are 

m (<( - «') = SX, ^ [v - v') = SF, m (w - .«') = 2Z. (14) 

251. notion of a Free Bodj relative to Its Centre 
of Inertia. — As the equationa for detenoining the motion 




Smeiiet of a Bigid Bo4y. 

I lx)dy idatiTB to Ita centre of inertia «ie the 
if the centre of inertia trere a fixed point, the 
of Alt. 244, in refereDC« to the iDEtantaneotis axis of lotatiooi 
the axis of the centrifngal conple, and the axis of princtpd 
moment^ htJd good. 

252. ficMn-al ExrrcariaB for the TU VIts vfa 
4j. — A& the motion of a body relative to one of its pointa 
most always consist of a rotation round some axis throogk 
I tiie point, it follom, from Art. 131, that if a body be free, 

where Wl is the mass of the body; V the velocity of its centre 
of inertia ; / the moment of inertia, and w the angular 
velocity, round the instuttaneoos axis through the centre of 
inertia. 

s shown in Art, 245, 



7w* = ^ 



- 5«,' + Cw,'. 



Again, if a, b, c, i,j, k be the moments and products 
inertia round three axes through the centre of inertia, ■( 
right angles to each other, and parallel to fixed directions ia 
space, and br„ Uy, u>, the angular yelooities of the body 

ee axes. 



IlU^ = dWl" + 6ll)y* + CW,' — 2llUylll: - 2j(/ 

I vhenoe we have the two expressions 

2«ip' = mV^ + Awi* + But' + Co, 
Swiii' = aJIF' + awj' + fiuy' + Cur ■ 



-ikw 



(15) 



I 



353. Hlotnentsof Blonientam. — If 

lar axes parallel to directions fixed in space, the quantities 



ilCUtWy, (16) 

be reotang^ 
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are at any instant the moments of the momenta of the diffe- 
rent elements of the body round the axes. 

If we call these moments JTi, H^^ JT3, they are equivalent 
to a single moment H round an axis whose direction cosines 

TT TT TT 
are ^, -=?, -^ ; R being given by the equation 

a jtL JjL 

m = B^ + Hi + ^3^ 

This line is called the momentum axis relative to the 
origin. As it is the axis of the couple which is the resultant 
of the moments of the momenta of the different elements of 
the body, it is plain that its direction is independent of the 
directions of the axes. 

If Mi be twice the sum of the projections of the 
elementary areas described by all the points of the body 
round the origin, each multiplied by the corresponding 
element of mass, on a plane whose normal makes an angle 
with the momentum axis, 

8 = Ecos 9. (17) 

This may be proved in the following manner : — Let hdt 
be double the elementary area described by the element 
whose mass is 7n round the origin ; and let a, j3> 7 he the 
cosines of the angles its plane makes with the coordinate 
planes ; then, X, ju, v being the direction cosines of the normal 
to the plane of S, 

8= ^mh (ok + i3ju + yv) = X^mha + fn^mhji + vSwAy 

Hence, the multiple sum of the projections of the elementary 
areas on the j^lane at right angles to the momentum accis is a 

maximum. 

This plane is called the Principal Plane relative to the 
origin. From what has been just proved, we see again 
tliat its position is independent of the directions of the axes. 
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If S, ij, J^ be a second set of rectangular axea ttrotigh th» 
origin parallel to directiona fixed in space, and if the direo- 
tion oosinea of £, referred to x, y, s, be a„ a^, Sj ; of ij, 61, bt, &»; 
of Ct c„ c„ c, ; we have, as partioular cases of what has beent 
proved above, 



( dl 

-(^1-4!)= 



E^ c, + S, c, + S-, c, 



(18) 



The preceding theorema of thia Article are true for an; 
Bjatem of moving points, and whether the origin be fixa 
or movable. 

In the case of a body moving round a fixed point, if three 
lines coinciding with the instantaneous positions of the prin- 
oipal axes through the point be taken as axea, we have, by 
equations (4), Art. 235, 

Mi = Au>„ H, = Boh, Ss = f?w,. 

Hence, ij'a body berotating round afixedpoint, itt moment, 
of momentum S round this point it given by the equation 

M' = A' ui," + 5*01='+ C" a>j'. (19) 

Again, if ir, ^, e be three reotEingular axea fixed in b'_ 
passing through the fixed point of the body, and a„ bi, en 
rts, is, Ca, "3, 63, c, be the direction cosines of the prinoipd 
axes of the body referred to the axes fixed in space, 



"i'lt- 



.*^ 






f BiA>i a, + Cti}, flj 



h^t^.J. + Cai,6, \. (20y 



k 
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As the direotion cosines of the momentum axis, relative to 
the principal axes through the fixed point, are proportional to 
Awi, Ba)2, Cojz, the momentum axis coincides with the axis of 
Principal Moments. This is also immediately obvious from 
D'Alembert's Principle applied to impulses. 

If the body be free, these theorems still hold good for 
the motion relative to any point of the body. 

The moment of momentum round an axis through any point 
is equal to the corresponding quantity mth respect to a parallel 
axis through the centre of inertia^ together with the moment of 
momentum relative to of the tohole mass concentrated at the 
centre of inertia and moving with it. 

For let X, y, z be the coordinates of any point, referred to 
axes whose directions are fixed in space and which meet in 0, 
and let ^, ri, Z be those of the same point, referred to parallel 
axes at the centre of inertia ; then 

since Sw ij = Sm ?^ = 0, Sm ^ = Sm -77 = 0, 

dt dt 



" ^"i^i-'ii- 



■«(^l-l)—(»§-4") 



254. Relations between Forces and moments of 
IVfontentum. — If jffi, jffg, ^3 be the moments of momentum 
of a body round three rectangular axes fixed in space inter- 
secting at 0, and i, M, N the moments of the applied forces 
round the same axes ; then by Art. 241, 

dH, dH^ ^ dM, „ ,^,. 

If be the centre of inertia, and the directions of the 
axes be fixed in space, these equations hold good, whether 
be fixed or moving (Art. 205). 



332 



Kinetics of a Rigid Body, 



If one point of the body be fixed in space, and o, i, c, 
f, y, k be the moments and products of inertia at any instant 
round axes fixed in space intersecting at 0, the equations 
above may be put into the form 






dt 



d 



>, 



(22) 



which are the same as equations (1), Art. 241. Another form 
which may be given to the same equations is 



d ^ 

~ {A(D\ Ui + B(jj2 (h + C(M)i (h) = JO 



{A<t)i bi + BiDz hi + C(t)i 63) = M 



i. 

dt 

— [Atax Ci + B(02 C2 + (7ais O3) = N 

dt 



>, 



(23) 



where ai, &c., have the same meaning as in Article 253. 
From these last equations Euler's Equations can be easily 
deduced. 

If be not fixed in space, equations (22) and (23) still 
hold good, provided is the centre of inertia ; the directions 
of the axes being fixed in space. 

Impulses. — The equations for determining the moments of 
momentum produced by impulses are 

{E,-H^)^L, {H^-Hi)^M, {H,-H:) = N, (24) 

. • . 

where jBTi, &c., can be transformed as before. 

255. Impact. — When two smooth bodies moving in 
any way collide, the results of the impact are obtained in 
a manner precisely similar to that employed in Article 226. 



Impact. 

In the present ease there are thirteen unknown quantities 
and thirteen equations. 

If X, fi, I'be the angles made by the common normal at the 
point of contact with axes fixed in space ; S the whole impulse 
of the mutual normal action during the Jirsi period of impact ; 
p and p' the perpendiculars on its line of action from the 
centres of inertia of the two todies; a, (3, y, a, /3', 7' the 
angles made by the axes of the couples produced by R round 
these points with the principal axes of the bodies ; twelve of 
the equations mentioned abore are 



5Wi 



: R 008 A, AiTi = Bp COS a 



3)Jj? = R 008 (U, 

a«t =isco8v, 



} (26) 



BiTi = Rp cos J3 
Cir-i = Rp COS 7 
2R'S'=--ficosA, A'iT:=-Rp'Qoaa' 
SSi'y'= -J! 00a fx, JB'iri = - Rp' 00a /3' 

m'i'= -RcoBv, c^n-; = - Rp' 008 7' 



where i, &c., are the changes of the components of the velo- 
city of the centre of inertia of the first body, parallel to axes 
fixed in apace, produced during the first period of impact; tti, 
&o,, the changes of the angular velocities round the principal 
axes tlirough the centre of inertia produced during the siime 
period; and x", &o., have similar eignificatione for the second 

At the end of the first period the actual components of 
the velocity of the centre of inertia of the first body ore 

, &e., where I -^ 1 represents the component of this 



\d/L 



\'lll 



velocity immediately before the impact. In like manner, jn+Q, 
is the actual angular velocity round the first principal axia. 

Wo can then write down, in terms of i + ( -7^ ] , tt, + Q], &c., 

the relative normal velocity of the points of the two bodies 
which are in contact. Equating this i-ulaUvo uuimal velocity 
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to zero gives a thirteenth equation; so that i, tti, &o., beoome 

completely known. 

dic 
If — be the component of the final velocity assumed by 

Cvv 

the centre of inertia of the first body at the end of the second 
period of impact, and wi be the final angular velocity round 
the first principal axis, we have, 

di " (^)o'" ^^ "^ ^^ ^' wi - Qi = (1 + e) 7r„ &o., 

dx' (dx\ .. .^, ^ o ^ /I N ^ je ^' ^^^^ 

Since the positions of the two bodies are not sensibly 
altered during the whole period of impact, it is to be ob- 
served that in forming equations (25) and (26) any lines 
fixed in either body may be taken as fixed in space. 

256. Impulsive Friction. — When collision takes place 
between two rough surfaces we can investigate the motion 
according to the principles laid down in Article 227. 

The elementary impulse dF of friction, at each instant of 
the impact, is to be resolved into two components, dF and e/Q, 
along two tangents through the point of contact at right 
angles to each other. 

If w, V, w be the relative tangential and normal velocities 
at any instant during the impact of the points of the two 
surfaces which are in contact, w, v, tc can be expressed in terms 
of the velocities of the two centres of inertia and of the 
angular velocities of the bodies at that instant ; they are 
therefore linear fimctions of P, Q, i2. If slipping take plaoOi 

^ = -, and ^ {dF' + dQ') = ^dB. 
dQ V 

Initially R is zero, and therefore so also are P and Q, 
except the colliding surfaces be perfectly rough. When 
R = i?i, at the end of the first period of impact, w ^ 0; and 
if iZs be the value of R at the end of the whole impact, 

Ri^il + e) Ri. 
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If the surfaces wliioh collide te perfedly rough, the equa- 
tions « = 0, ti = 0, w = enable ns to determine Pi, Q,, ^i. 
Knowing the value of ^j we can find Pi and Qi from the 
equations M = 0, r = 0, which hold good throughout the 
impa^. 

If the bodies sUp on each other in the same direction 

during the whole of the impact, the direction of dF is oon- 

ataut, and we may take dQ = 0, dP = ndlt. Hence Pi = iiE\, 

Qi = ; which equationa, with w = 0, determine Hi ; then 

P. = ^{l+e) Hi. 

If a hoinogeneom sphere impinge against d. fixed surface, or 
two homogeneous spheres collide with each other, we have, by 
taking ae axes of x, y, z parallels to two tangents and the 
normal at the point of contact, 

\dt)„ fit' dt~\dt)^ m' dt~\di)o~m' 
fd^P d-y'_(d-^\ 



dt 



where a, m, and /are the radius, mass, and moment of inertia 
round its diameter, of the first sphere : j-, &c., the compo- 
nents of the velocity of its centre, ui,, &o., the components 
of its angular velocity, at any instant during the impact, 

, &c., and Hi, &c., the values of these components im- 



Q 


cR 


IS 


It" 


dt 


\dt/ 


I' 


b> 


= Q 






'=G 



(S,- 



L 



mediately before the impact : and «', ?//, &o., have similar 
significations for the second sphere. 

The velocities of the points of the spheres which are in 
contact are given by the equations 

die dx „ dj^ dx' , , 



336 Kinetics of a Rigid Body. 

where ?, ij, 2^ ; T, »?', T, are the coordinates of the point of 
contact relative to the centres of the two spheres ; and w, r, to 
are then determined by the equations 

dx dx^ o 
dt dt\ 

Since $ = 0, i, = 0, J = «, ^=0, i,'=0, r=-^, 
we deduce, from the preceding equations, 

(d;x\ (dx\ ^ ,^, /I 1 a* o''\„ 
\dt)^ \ dt /o \»^ ^^ / J^ V 

or w = t^o - ^-P> «? = t?o - ^ Q, 

where / and n are constants. 

Hence du-- IdPy dv =- I dQ, 

but, if there be slipping, 

^-P ^ iT_ 1. du u . J. 1 ^ . i . 

37r = - ; therefore -r- = -, and accordingly - is constant, 
dQ V dv V V 

or the direction of slipping is invariable throughout the 
impact. Moreover, if either u or v vanish so must the other. 
All slipping then ceases, and cannot recommence, as u and v 
are independent of B, and friction cannot initiate slipping. 
Since, in the present case, £i is independent of P and Q, if 
there be no slipping at the end of the impact the result is the 
same as if there had been no slipping at all. 

Hence, in all cases, either the impulse of friction is a 
maximum, and the direction of slipping the same throughout 
the impact, or else the surfaces may be regarded as perfectly 
rough. 

If the problem be solved on the latter hypothesis, and the 
value found for \/[P2 + Q-/) does not exceed fx[l + e) Ri, the 
solution is correct. If \/(Pi + Q2) > fx{l -¥ e) Ri, slipping 
takes place in the same direction throughout the impact. 



w = 


Wo - tiR, 


du 


dP 


dv 


" dQ' 



ExiHPLES. 

Moliim of a Body -anacled on by Force. 



1. The direction of the momentam axis through the centre of inertia ia fUed 
in ^ce, and Uie momeDt of momentum is constant. 

M\, Bi, Si are constant, and therefore H. 

2. The anguhir Telocity at any instant ia proportional to (he intercut on the 
instaataneoufl ajtia of rotation through the centiB of inertia cut off by the 
momental ellipBoid. 

The equation of the momenlal ellipeoid ia Ax' + S^ + fe' = JT; and r being 
the intercept on the line whose direction cosinea are — , — , — , we hayo 



whore T is the vie yive relatiTe to the centre of inertia ; but the velocity of 
this point being constant Bs weU. as the whole via viva, T ia constant, and 
theiefoie u ia proportional to r. 

3. The component of the angular velocity round the momentum axis through 
the centre of inertia ia conatant. 

Tha direction coainea of the momentum axis inferred to the principal axes 
are proportional to Aui, Bm, ftuj ; therefore ^ being the angle between the 
is and the ir 



hat S {Ex. 1 ) ia constant ; tierefore ai 

4. If a tangent piano bo drawn ti 

jnteraeotion wiui the instantaneoua axis 

the dislorico of thia plane from the cont 



the momental ellipsoid at its 
of rotation through the contro ol 
D is constant. 



=4- 



If a body have a fixed point, the reaulta of the preceding examploa hold gooii, 
tha filed point being aubatituf ed for tho ouutro of inertia. 

G. A body movca round a fixed point: give a geometrical xepreaentation of 
the motion. 

The momental ellippoid relative to the point rolle on a plane fixed in space, its 
centre remaining immovable, ao that the matantaneous axis of rotation is always 
tho line joining the centre to tho point of contact. 

6. A body is moving round a fixed point; find the locus of (he inatantoneoua 
axis of rotation in tho body. 

Since — , — , — ore its direction cosinea referred to the principal axes through 
the point, ita locus ia the cone 
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7. Find the locos of the momentum axw ii 
As tbe momentum axis is tlie perpendicu 

Ltremity of the ladiiu rector ( — ? — ? ~ I ** 

the cone 

"(i. + y. + .gj^ 



c s^"- 



AT-S^ , 



. Determine the ci 



Ax'' + Bf + C:' = E, 



This emre is caUccl the polhods. 
I. The prajectiona of the polhode □□ the places perpendiculi 




itDGDtAl ellipsoid by the 



greatest and least n 



. 1 the axe« ol 

L luoiuui am allipaeH. Its projection on the plimc 
[^ principnl aiis la a hyperbola. 



IB of Ex. S, Temombering that A> B> C. 

10. In what caae does the hyperbola become a pair of straight lines P 
UM^ = BT. 

11. If tho body be free, givea geometrical representatioik of the motion (see 
Ei. 5). 

The momental ellipsoid relative to tiie centra of inertia rolls on a plane at ■ 
constant distance from the centra of inertia and parallel to a plane fiiad in epBce. 
tbe instantaneous aiie of rotation being the line joining the centra of inertia to 
the point of contact, whilst the whole syHtem moves with uniform Telocity 
parallel to a fiiad direetion. 

12. Integrate Eiiler's Equations. 

In the preBflnt case these equationa become 



^^{B-C)m^i 



= ((7-^)«.«„ C^ = {A~B)*,i. 



Mnltiplythefinthyui, thesecoDdhyM, tbethirdby ug, add,andmtegnte^ 
nd we have 

and by 5w,, the third hy Cuj 



n the e^nationa for the t: 



Examjjles. 

Finally, if we molliply the Grst by — , the afloond by — , the third by -p^, 
and add, we get 

dm, dioz dM, IIS-C C-A A-B\ 

"' rfT ^ "' rfT + "= rfT = I ^:r + -fl- + -^ J *""" '^• 

rf- ^ _ [A -B){B~C){C-A) 
" di ABC " 

If we combine the two equationa alieody found with (lie equEitiot 



^u^BC{C-B) - T{C'-B') + H'{C- 



- by Ai, snd the two corresponding qiiantilieB 



by \j and Aj, we have 



ABC 



V{(<-'-M)(Ai-<.')K-^,)}; 



'^ " {A^B){A -C}[B-a) 
wlienofl « — = V [ (Ai - "') (Ai - •"') {A3 - w») ] . 

a each positire, and dster. 



13. Show that the three quantitiBa Ai, \i, A 
line the order of their magnitudes. 
If we aubatitute for T and R' their valaea in 



laofu,, <a 



■eget 



-{A (0- A) mi^ + a (C-S)^}, 



Now, aa fl+ (7-^ = 2 JiVm, B + OA; 

thereforo \, is poaitiyB, and alDiilarly for the othera. Again, 

'■'-'"'^ABO''''^^'^ '- ABC^ 
which ia oegatiye, na jf > i) > C. 

In like manner Aj — Ag ia negatirB, thna Xs is the greataet, and Ai — A] hM the 
same sign ai BT—H^, which deponda on the initial conditions. 

14. Show how to eipreas v in terms of ( by means of an oDiptio integral of 
the firnt kind. 

Since tui', luj', sij' aia oa/:h positive, 00' > Ai, »* < Ai, «' > A3 {Ei. 12). 
Hence, if A be tho groater, and a' the lesser of the two qaaatitioa aj and As, w 
may assume »' — A aia^B + Ai cos'^S, and the equation 



ta. 



dt 



= V{(M- 



■')».- 



.■)!«. - 



-'11 




m through a given point of the body, e 
vector and the perpendicular dd the correspondiiig tangent pinna of the ellipMid 
of grratian (aee Integral Ca/eulut, Art. 216) relative t« the point. 

This is the reciprocd of the theorem given in Ait. 244. It can be easilv 
proved directly : rri, rr;, as b«ing the angles made hy the niomentum n-wja with 
the prindpal aiea, and a, b, c the principal radii of gyration, 

S cos tn = Avi = Wa>i.i cos a, &a; 

bat, if j', y', z' be a point on the ellipsoid of gyratiDn, a, fl, y the angles mads 
Trith the aiei by the peipeodicular on (he corraapoudmg tangent plane, and p 
the length of the perpendicular, x'p = n= cos a ; therefore, &c. 

The student will observe that the results obtained in this Example, and ia 
lExamples 16, IT, and IS, hold good for a body moving unifrr tki action if ang 

10. If a tangent plane to the ellipsoid of gyration relative to any point of a 
body be drawn at right angles to the inatsutaueous axis of rotation paaiing 
throDgh the point, and ip be the angle between the inatantaneoiw axis and the 
mdiuH vector to the point of i^onlact, u = 



rH- 






18 If ; therefore, &c. 



1 7. If a body be rotating round a fixed point, or a free body round ita c«iitie of 
inertia, (he couple rejulting from centrifugal forces lies in the piano containing 
the momentum aiia and tto inatantnneoufl aiis of rotation, and its magnitude 
ia iBlm' Sp sin fi, where Jt, p, and f have the same significationB as in the Isal 
Example. 



J 



Tte compDnenta of fie couple resulting from cantrifugal forces are (Art- 
242) 

(B-(7)(Ui«s, (C-^)iU3.ui, {A-S)-^im, 
or m-J'{h^-e')toB$cosy, SD) i«» (e* - o') cos y cm «, SK ui' (o* - *') cos a COB B ; 
but double the projection of the triangle formed by the origin, z', ;/', :', nnd 



i>(i'coafl-y'c( 



-). 



(a»-i=).< 



and double the area of the eame triangle is -By oiu ^ ; therefore, &c. 

The components of the centrifugal couple may be obtaioed directly in a 
manner somewhat different from that given. Art. 212. 

If X, y, z be the coordinatea of any point of the body, and q the perpendicu- 
lar from it on the instantaneouo axis, m^ {j: coa a + 1/ cob B + s cob 7) qdm is the 
CDomeDt of the centrifugal force exerted by dm. The aiis of the correapondmg 
couple is at light angles to the lines (x, y, i) and (a, S, 7), aud its Erection 
anglea x, ju, r are therefore given by the equations 

y COB 7 — 1 COS 3 a coa o — * coa 7 :c cob jS — y cos a 



Since j" = r" + y* + s* - (* coa a + (/ cos ^ + » cob 7)=, the common talue of 
the above fractiotiiS is q ; and the componenta of the centrifugal couple resulting 
from im bib 

»'(z COS a + J/ COB B + E 008 7) (y coa 7 - £ coi fl) dm. 



-'(^. 



)sfl + icoB7)(et 



«'(» cos a + y coBfl -f » COB 7)(j; COS B - y cos ■) dm. 
If we integrate these exprasaions, and remember that 
Ixydm = / ys rfrn = / 1! dm = 0, 

we get the values already obtained. 

18. If a tangent plane be drawn to the ellipsoid of gyration at the point where 
it is met by the aiia of the centrifugal couple, the porpaudicular on thia tangent 
plane is the axis of the rotation produced by the centnfugal couple. 

Z', M', if being the componenta of Uio oenljiiugal couple, and Sui, S011, 
3aii, the rotations produced by it ceniidired ahnc, we have, from Euler's Equa- 



Aiuii = L'dt, 



J! = M'dl, CSws = N'dt ; 



but theao equations ore □( the smno form as those connecting the instanlaneoua 
oiis with the componcnte of the couple ot principal momenta ; therefore, 4c. 

It followa from thia, that the aiia of rotation produced by tho centrifugal 
couple is at right angles to the momentum axis: for, if OA be the momentum 
axis ; OP the instantaneous axis of rotalion ; OR the axis of Oio centrifugal 
couple, and OP the axis of the centrifugal couple rotation ; OR', being at right 
anglsa to OF (Ex. 17), is conjugate to OS : bence OR is parallel to the tan- 
gent plane through M', and therefore at right angles to OF. Also, OR and 
OK are the principal axes of the section of the ellipBoid made by their plane. 
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19. \i 1 bod]' lie rotating' round a fixed point, or a free body round its 
eentie of inartia, under the aotioa of no forcea, the eomponunl ai tbo 
velocity round the momenlum axis is conBtnnt, and the intercept od the 
turn axis by the ellipsoid of gyration la of constant length U. 

These results follow at OBce from Ei. IS and 16. 

20. The momeotuni axis describes in tbe body tho cane which passes througjS 
the iotereection of the eUipfloid of gyration and Uie sphere whose radius is Jf. 

21. To detexmine the nature of the projections on a cydic plane, by lin 
parallel to the greatest and least axes of the ellipsoid of gyration, of t 
qiberical conic described by the momentum axis. 

The projections of the spherical eonie On a cyclic plane may readily be obtain 
from ila orthogonal proiectionB on the planes of ys and xy. The projection OL^^ 
the plane of yi is found by eluninating x between the equations of ttie cUipsoid 
and the apharo a:" + j' + t' = iP : it is ^^ 






fL. 



If e be the angle whioh acyclic plane 



» with the plane of s'l it is et 



hencB lines parallel to x will project the cUipso, whose eq^uation has jiut be) 
nyen, into a circle ; since lines parallel to tbo axis of y remain unaltered, u 
Siose patallol to the axia of s are increaaed in the ratio 1 : cos fl. If «■» c( 



le eyclic plane by Uues parallel U. 



ip>-e»' 



If Ji > *, Ike spherical conic traced by the n 
reelien will be round the greatest oxb of tbe eEipsoid, and lines parallel to * 
each meet it in two points, wbUe thoae parallel to x meet it in one point, 
Uoreorer, the two circles formed by its projections ou the cyclic plane are 
eoncentric, the larger one being farmed by lines parallel to :. Also the piano 
containing the two projocting linoa drawn from any point on the apfaraical 
oonio meeta the oycUc plane in a, line at right angles to the axis of y, ho that 
the two proJBctionB of a point on the aphoriool eonio lie on the same ordinate 
of the cinsl^, at right anglet to theaxisofy; and the projection on the ini 
eirole performs a complete revolution, as the momentum axis mores round tl 
spherical conic, while that on the outer circle oscillates between the It 
to the inner circle drawn at the eitremltiea of the y diameter. I! R < b, 
the pUc« of z, and x of e. 
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22. To determine the position of the momentum axis in the body at any 
time. 

This may be done by detennining the position of the projection of the 



M'Q 




extremity of the momentum axis. Let us suppose that i2 > d, so that the inner 
circle is the projection by lines parallel to x. Let M and M* be the positions of 
the projections of the extremity of the momentum axis at any time. Let 
MY=^ ^f M'T= (y OT=ff, If <fo be the circular arc described by if in tho 
time dt, 

^-t whence p^-^^ 

Now ^ = ~ **^i + **^8 = w (« cos 7 - 2 COS a) = tapxz ( -^ — ^j (Ex. 16); 
and being the same as in the last example, x={miByZ^^ cos 0, also (Ex. 16) 



j9« = 






whence, finally, 



^ j V(a3,^)(y^^) Ej^ii^^^^^UJ^^ V p-»-p^sin»» 



mR 



ab^e 



mR 



aV^e 



_ H V(a2-y)(y-cr^) / p2 ^ 
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r, if QOM' = 1^, wa lave 



N' If 



le Buppoaed, the expreadon for -~ gives t u an elliptia 



integral of the Grst kind. 

li E <i, then p > p' and t is expreieed rs ui elliptao integral by a 
of if-. 

23. A body is rotating round a filled point, or a free body round iia c 
of inertia ; ii B'' = BT, determine the position of the momentum axis u 
body at any time. 



, ~~ = ,=-=,: wnonoe a = o. 

Vsmv*^ vanr' 

ies in one of Uie cyclic planes of the el 



Af. _ a; \l{a^ - P){b' - c^) 



A pntting — - 



24. If the moment 
of the maaa and via vi 
tion ; determine the m 

In the first _.. ^ . 

lines parallel to x is in general small, and the cir e p odu ed by lines 
to a is in general large, and the projection of he eitremity of the — 
axis vibrates only through a small arc of Che latter 

Hence, in the equations of Ex. 22, -wn may take sin ^ :^ ^. We then 
obtain, k having the etaae aigniScation as in the last eiampli 
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of the ellipsoid of gyration), and ^2 the time of a complete reyolution or 
oscillation of the momentum axis round the axis of x ; since approximately 






h = 27r, 



JR 



we have 



tz = ^1 



h = 29r, and jS 



be 



V(ai - b^){a^ - c^y 



A corresponding result and equation may be obtained in the second case 
when jB nearly = «. 

The first case would be applicable to the Earth, if its axis of rotation were 
nearly but not exactly a principal axis. In this case h would be the length of 
the day. Of course the attractions of other bodies are not taken into account. 

25. The motion of the momentum axis in the body consists of a series of 
rotations, the axis of each rotation being at right angles to the momentum axis 
and the centrifugal couple axis, and the magnitude of the rotation being equal 
and opposite to ti^e rotation of the body round the same axis. 

The existence of the centrifugal couple tends at each instant to alter the 
position of the momentum axis, since the new Qioment of momentum is the 
resultant of the principal couple at the beginning of the instant and the momen- 
tum produced by the centrifugal couple during the instant. The former com- 
e^nent is JJ, the latter Hw BiD.<l>dt (Ex. 17), and the two are at ri^ht angles, 
ence the momentum axis turns towards the centrifugal couple axis with an 
angTilar yelocity » sin ^, which is equal and opposite to the angular yelocity of 
the body round the perpendicular to the moQientum axis and the centrifugal 
couple axis. 

26. The axis of the centrifugal couple, regarded as a radius vector of the 
allipsoid of gyration, describes areas proportional to the time in the inyariable 
plane of principal moments. 




Let OS and OS^ be^the momentum axis and the centrifugal couple axis. 



r 
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Describe a splisre round aa cantre, ind let OP and 01" be tbe positionB of I 
the attual oils of rotation, mid of the asis of rot&tion duo to santrifugal (onx*. I 
corrBBpoading to OR and OS', Let the lengtha of OR and OK, regarded us J 
radii Tectores of tbeellipMiid of gjiatioD, bs R and r. Aa we have e(^en (Ex. 18), T 
OR' IB at right at^gUa to OR and OP, and OB ia at right anglei to OF'. ' ' 
tbe body be rotating clockwiae round OP at the beginning of di ; at ita end, I 
OR in the body will have turned towards OS ' ; but the rotation of tie body I 
round OQ being ei^ual and opposite, OR remains fixed in space. Again, OP in 1 
the body will have turned towards OP', into the poBition 01, and as tba body i* I 
rotating round OP, ita luotion cuinot alter the position of 01 in apace by a 
thso an infinitely anmll quanrity of the aeeond order. 

Hence, in the Hgure the line OB and tlto plana at right anglea to it are fixed 
in space, whilat OP and 01 are the poeitiODS in spaaa of the instantaneoua axia 
of rotation at the beginning and end of the time dt. The position of OS' at the 
end of the time dt ia at right anglea to the plane RIQ. It dv be tie angle de- 
scribed by OR' in the time dt, du = QOQ'. If w' bo the angular yelooity pro- 
duced in the time dl by the centrifugal couple, we huTe, by Ex. 13, 17, an^ "* 

!Dlu>'jj'r = ^Oia'pR eiaifdt; 



and as R and u cos ^ are each eonatant, tbe theorem is proved. 
Dbserred tbat it follovra from the equations of £x. 15 and IS that tbe ft 
ROP and R'OP' are, each acute. 

27. To determine the positioD of the body in apace at any time. 

Tie position of the momentum axis in tbe body, or in other wordi the line 
in the body which at a given time coincides with the momentum axis, b knomi. 
If, then, we make this line of the body coincide witb the momentum axis (wloM 
position in ipace remains unaltered), and then turn the body through the proper 
angle roimd this axis, tbe position of tie body in space ia determined. 

In order lo effect the latter part of tho determination, we must consider the 
position in spaca of the line which ia at right angles to tie momentum i 
the aiis of the centrifugal couple. 

The momentum axil describes a. cone C in tie body, and tie linea at right 
angles to the tangent planes to tlia cons C form a reciprocal cone C', one of 
whose edges alwaya lies in the plane of principal momenta, and ia at right angles 
to the momentum axis and the centrifugal couple axis. The position of the 
momentum aiia in the body being known, so likewise is tbe poeitian of the 
corceaponding edge of C ', and if we can dotarmine the position of the l«ttBr in 
■pace, the problem is mlved. Now, OS being tie momentiun axia, and OQ tlM 



I 
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coiresponding edge of G'^ the instantaneous axis of rotation OF lies in their 
plane ; and &e angular velocity o> round OF is equivalent to o> cos ^ round OR^ 
and w sin round OQ. If, then, we suppose the cone C rigidly connected with 




the hody, the whole motion consiBts of the rolling and sliding of the cone C on 
the plane of principal moments. The angular velocity of sliding is cu cos 0, and 
if d€ he the angle hetween two consecutive edges ox the cone C\ the velocity 

with which OQ turns in consequence of the rolling is -7-. Hence the whole angu- 

dt 

lar velocity of OQ round OR is 

d€ 
wcoe^.--, 

if the cone C he on the same side of the plane of principal moments as OF. 
Thus, if the rotation round OF he counter-clockwise, w cos ip will he from R* to 
Q, whilst the rolling round OQ will hring an edge into contact with the plane 
of principal moments which is nearer to ORf^ and this will impart an angular 

velocity - -^ to the edge of C", which is in the'plane of principal moments. We- 
dt 




may arrive at the same result in another way, hy considering the motion of the- 
cone regarded as rigidly attached to the hody. The rotation round OQ 
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(supposed oounter-clockirisB) brings the line OSi conseEUtire W OE into tha 
position OE, and moves the next consecutire tangent plajie of C in s direotioii 
parallel to OK. The next rotatioa ia effected round a line at right angles to 
OSi St, which is therefore nearer than OQ to OK : ttiuB the motion of OQ, in 
ar-clockwise rotation round OQ, is clockwise. On tlie 



tequence 
ic hand. 



other hand, the motion of OQ, in consequence of a counter-clockwise 
round OS, is likewise counter-clockwise. 

Hence, on the whole, if u ho the angle described by the line at right an^ai 
' " ia and the centrifugal couple axis in the fixed plane, 



Since dt ia the iLnglo between t^ 



If the cone 
from OF and 
towards OP "be i 
have the aame s 



on tho opposite side of the piano of principal 
, ia other words, if the curvature of the cone C turned 
I instead of concave, the two porta of the motion of OQ 



The former case occurs when R is Ie£s than the mean e 
gyration ; the latter, when it is greater. In either casi 
Imewing the position of OQ in the cone C 

In order Co facilitate the drawing of the figures, the 
BUpposed to be clockwise, but in the present example conn 

Examples IS to 27 contain the subGlance of Professor MocCullagh'sLecturef 
on Bofation. 

23. The normals to the cone described by the instantaneous axis c& i 
intersect the ellipsoid of gyration in a line of curvature. 

Tbe normal to the ploue of OP and OF (figure of Ex. 26] is conji;|^ta W 
OR and 0E\ and hence passes through the intersection of the ellipsoid c 
tion with lie confocal o' — IP. Tbia result follows aLao from Ei, B. 

29. Show that, if u and ^ have the same meaning as in Ex. 26, 
d.i_ T (AT- }P){BT-W)(CT-K') 



dt 



ABCRT' 



cot>. 



Substituting, by Ex. 3 and 16, 

T I 

«C05* for ^ SDlo' for A, mb- for B, Wifl far C, and iP for - 

the equation given above is reduced to 

dt "'="?[•+ ^jip - o« f j. 






(.■-m(i'-«')(^-i!') ... 



i, e ore pamllel vi tlie 
of tho Bemi-rliaraetet D 
:os of the confocala) are 



aa ia.s,j be tlius proved. 

The axes of a central section of ths qnsdi 
normala to ttta two coofocale througli the extr 
ccnjugate to the section, and (s', a" being tho 
giyen by the eqviationa 

(Sttlmon'fl Geiyrnstry of Three Dimtmiona, } !G4). Moreover, if r' be the o 
normal to a" of the BGction conjugate to i) in the guadrii: ii', the direction o 
coineidea with that of t, and the magnitude of r' is given by the equation 



cP^a^-IP, b-^ = f-lP, 



and, from the quadric a' 



and therefore 

r'p' ' 
Thence, fioally. 



(<i' -ffl)(i'-.a^(a»-j;') 



_{•>'- JPUP-S'^u^ -£*)__ 



The eipression given in this Example for — is due to Poinflot. 

30. Detennine the diflsrontiHl equation of the curve traced out on the i 
variable plane by the pomt of contact of the momontal ellipsoid («( Ei. 6). 

It p and u he the polar coordinates of tho point of contact, the origin hei 
the foot of the perpendicular from the fixed point on the invariable plune, 



Tvliero r - , 


Jy-, F = ^^ (Ex.2, i), «ad - 


Wkerts 


{AT-JI')lBT-H^{OT-S^) 





fib' 



,-)][.= 



iTeitigiited ia called the h 



The cucre trhosa diffsrentM oqustion 
polhode. 

31. Show that the becpoIhodG liea lietveen two circles, theiquares of who 






^--A 



9 compiised between tlie limlttV 



Now (Ek. U) 

Hence die greateat and leiut values ol p 

given above. 

32. If two of tlie principal moments of ineitia of the body be equal, prove tlwtl 
— (1) The Bimultaneoiia poaitioiis of the momcotum axis and tbs instantl 
Hxia of ratatiou lie in a plane containing the m'l of unequol moment of ii 
{i) The instantantiouB oiia aud the momentum axis deKribe in the body ri^fl 
circular coaoa whose semi-anglea are i and 7, where 

, , . C H''~CT , ^ , A S^~ CT 



-, and tan'7 = 



C A.T~ 



_(A + C)T-R^ 



. . . /A-C ^ \ 
where x u >° arbitrary constant. 



Motion o/a Body ttnitr titAetion of Force. 

33. A body ig given a rotation round a principal aiia through it< centre uCfl 
inertia, uid is acted on by a conple having this line for its axis. Sboir that d 
body will continue to revolve round the aiia of initial rotation. 

34. A free body is set in motion )>y an impulae. If the initial motiOQ b( 
pure rotation, show that the directions of the impulse and instantaneous a: ~ 
lotatJDD are piinoipal axes of a aectiaa of the momental ellipsoid relative to tl 
centre of inertia. 

Since the initial motion is a pure rotation, tlie initial velocity of tie ce 
of inertia, and therefore the direction of the impulse, ie at right angles to 
direction of the initantaneous axis of rotation. The atatemeut abova tban 
lows from Art. 244. 
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35. On tlie some hTpotbeoU as in tlie lut example, *bow tiiat tlie initon- 
tinaouB aiifl ot rotation in s prmriipal 1.1U of the body, at tho point in vtich it 
ii met by its ihortest diatincG from tbe line of dii«ctioii of the impulae. 

36. If different impulses produce velocities of rotation round parallel instmi- 
taneous aiea, prove that in general these axes lie in one plane containing the 

tlutt tj 

37. If in the preceding euunple the inatantaneons axes are parallel to a 
principal axis through the centre of inertia, prove that the lines ot direction 
of the impulses lie in the corTespocding principal plane at the centre of inertia. 

The theorf of the centre of percuasion, given in Art. 218, nm; be collsoted 
from Eiamples 35, 36, 37. 

38. A circnlsr disk is hung, vith its plane horizantd, from a fixed point 
vertically over its centre by means of three oqunl atringa atlju^bed to three fixed 
points in the circumferenoo at the diat at equal distanoea from each other. One 
of the stringi is out : detennino the initial tensions of the other two. 

""' ■ ' B along the threads 0^ and OS may be replaced by tl 




Let the length OS = I, SO = b, whera ff is the centre of the diak. Let OS 
and SQ at any tima make the angles a and iff with the horixontnl line which is 
the initial direction of SG ; then iji is obviously the angle through \vliiuh the disk 
has turned. Also, if x, g, be the coordiruMa of 13 referred to n hoiizontal and 
vertical line through O, 



ar = J coe ij - 
The dynamical equations ari 






y twioe, we obtain oxpreasioni 



dx d^x rfy dV 




■"T^Tii-, 



This example is taken from Eouth'e Sigid Dpuanict. 

39. One end of a hear;^ ">d reet^ on s horizontal plane luid agunst a vertia 
vail ; the other rests agunA a parallel vertical wall. All Uie BnrfaceB bmi 
■mot^, if the rod slips down, dctennine the rootiin). 

Take the interaeetion of the horizontal and vertical planes passing throni 
the first end of the rod for axis of z, and a vertical plane, at right angles to a 
walla and passing through the initial position of the centre of inertia oi the toi 
for the plane of ys, the aiia of ■ being vertical. 

Let 3 be flie angle vhich the rod at any time makes with the axis of jr, 1 
its length, 2b the distance between the walle, zi, y\, it ; Xi. yt, cj; and x, f, 
•■" - .... * ■ ■ ■ f£ tie rol 



the coordinates of the two eitreimtieB and of the cenlie of inertia of tl 



p,a 



= 2t, y = i(y,+y:) = i 



also y = acoiSt whence cosi6 = -; thus, as ^isconttenl, the motion of the n 
relative to its centre of inertia is a rotation round the axis of j/, triioae aagi 
tudoat an? time ma; be denoted by p. Again, as n —^ = 0, sodas tbinifi 

value of 3" is lero, — = ; also, since y is constant, ;^ = ; whence tl 
eqaatioo of via 



-Hm-Jh^^-'^- 



Now A* = - 

vheaoe, as the initial value ol 



+=">i(*)""rtfb"-°""- 



40. A homogeoeoui sphere, having an initial angular velocity round a hi 
sontal axis, is projected along a rough horizontal ptane: determine the moti. 
negleotingtlie couple of rolling friction. (Jellett, Thmrg of Friction, Chap, r, 
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"he aiee being tbroe cautuaUy perpandiculai straight lines ChKiugh the 
■B whose diroctiona aj'e tiled is spoca, equation! (22) of Axt. 251, become 
homogeneous sphere whose radim is r, 



Let X and Y be the iKimpoiiontE of frictioQ along two homontftl sies, x nnd y 
the coordinates of the centre of the sphere, M and V the components of thu vulo- 
liity of ita point of contact with the rough plane ; then, by Art. S3£i, 



The equaUona of motion u 



Combining the first and Uat of these, we have 



Now if there be slipping, 



-jtanjcoi 



, where a, b, Ri, Ri ore the inltiid vtluea 
, r=-f.a)l#sinit. 



These are the components of a constant forte having a Gied direction, whiot in 
inclined to the direction of the initial Telocity of tho centre, unlaM atli + ia^ = 0. 
If this equatLon holds good, the centre of the sphere moves along a straight line, 
to which the initial asis of rotation is at right angles. If this condition ba not 
fulfilled, the centre of the sphere desaribits a peiabola. 

Substituting the values of X and yin the equations of motion, we find that 



slipping ceases along the axis of x when l^ 



= ;- , and along the a: 

7«f COB «' 

hence, slipping along each axi 
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After pure rolling begins it will continue, since the values which X and T 
must take in order to maintain it are zero ; the components of the velocity of tbe 
centre are then given by the equations 



dx 5a + 2rCi2 dy 
di 7 ' di 



56-2rni 



If iS be the angle which the final line of ^motion of the ball makes witli the 
axis of Xy 

, ^ 6* - 2rni 

tani3= — . 

oa + 2r02 



The result obtained above, that the centre of the sphere may describe a 
parabola, enables us to explain a well-known phenomenon in billiardB, which 
may be stated as follows : — 

The angle at which the striker's ball goes off the ball aimed at, in order to make 
a cannon, seems to be less according as the distance of the third ball is greater. 
Let A be the striker's ball, B the ball first struck by ^. 11 A be struck in 
the ordinary way, without side, it will have, when it strikes B^ a rotation 
round a horizontal axis CR at right angles to 
8C, the line of original motion. This rota- 
tion will continue arter unpact round the same 
axis. Suppose the motion of translation after 
impact to be in the direction CT, then CR not 
coinciding with OS, the horizontal line per- 
pendicular to CT, the path described by the 
ball is the parabolic arc CPF. Hence, if P' 
be more remote than P, FCS' is greater than 
T'CS', It is well known that a skilful billiard 
player can make a ball describe a very marked 
curve. This is done by an impulse having 
a vertical component which imparts a rotation 
round the line of original translation of the 
centre. 

If the original impulse be horizontal it 
produces no moment round a line through 
the centre parallel to itself, and this latter 
being the original line of translation of the 
centre, there can be no rotation round it ; 
hence in this case the ball must move in a 
straight line. 

41. A sphere rolls along a rough horizontal plane. Taking into account the 
couple of rolling friction, determine the forces brought into play and the path 
described, the motion being pure rolling. 

The equations of motion are 




^S-^' ^3=^' 



at 



- fMg — , X Mr'^ -—■= - rX - fMg — , where w = V»i» + 
CD at « 



«2', 
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dx dy 

with the conditions -rr - ^«2 = 0, — - + r«i = 0. 

at at 

whence Z = - f - ifa — , Fe f - JK> — , — « = -— . 

r w r • w X Ola dx 

d^ 

Hence the path is a straight line. Multiplying the third equation of motion by 
(a\y the fourth by 012, and adding, we have 

dm 
at 

whence r« = -i'^t-\-ra, 

r 

CI, being the initial angular velocity. 

7r2n 
_^ The sphere willjcome to]restJwhenJ^ =J|— — . 

Again multiplying the third equation of motion by o»2) the fourth by wi, and 

subtracting, we have M2dwi — «i d«2 = 0- Hence — = constant = — tan a, where 

ft>2 ^ 

a is the angle which the path makes with the axis of x, 

42. A sphere is projected obliqueljr down a rou^h inclined plane, the motion 
being pure rolling ; determine the friction brought mto play, and the path, neg- 
lecting the couple of rolling friction. 

Tdce as axis of x the intersection of the inclined plane with a vertical 
plane at right angles thereto. 

The equations of motion are 

dx dy 

with the conditions -rr - r«2 = 0, — + r«i = ; 

at at 

whence F= 0, X = - ^My sint. 

The whole force, therefore, is ^Mg sin % parallel to the axiB of x^ and the 
centre of the sphere being acted on by a constant force parallel to a fixed direc- 
tion, describes a parabola. Since 

dx 



dt 


fi03 


^- 


■•«l' 


dt 





the instantaneous axis of rotation is at right angles to the tangent to the path of 
the point of contact on the inclined plane. This is otherwise immediately 



obvious, since the motion is pure rolling. 

2 A 2 
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43. A sphere is projected in any way along an imperfectly zough inoUned 
plane. Inyestigate the motion. 

(This investigation, with some slight modifications, is taken from Routh, 
Rigid JDynamies.) 

As in Ex. 42, the equations of moidon are 

if^ = Z + if^sini, mJ^T, 

whence, eliminating X and J, we ohtain, on integrating, 

-Tr + }*'ft»2=^<sini + a+s rXlj, 
at 

^-ir«i = i3-f rXli, 

dx dy 
where a, i3, Xli, and 112 are the mitial values of — , -j-j «i, and m%, 

at at 

Again, if u he the velocity at any instant of that point of the sphere which is 
in contact with the plane, and B the angle which its direction makes with the 

axis of Xy 

dx dy 

u cos ^ = TT — *'«2, '/ ^?in = — + ;•«!. 
at at 

d'X 
Differentiating, substituting for -— , &c., from the equations of motion^ put- 

ting for X and Fthe values which they take as long as there is slipping, via., 

- fiMg cos i cos B and — fiMg cos i sin 0, and solving the resulting equations for 

du , de , 
— - and u 77, we nave 
dt at 

du . - do 

-—= g an. i (iOa - i fi(/ QOB i, u — = — g ami eia$, 

dt at 

Hence, if ^ a* cot i = «, we obtain, by integration, ubjuB = JTi (tan J0)". 
Substituting the value given by this equation for u in the equation for 

M -, and integrating, we have 
dt 

(tan Jd)»»*i ^ (tan^g)» -^ 2g sin i ^ 

; — H 1 — = Ji-2 ^ — *. 

« + 1 n - 1 JTi 

K2 is determined from the initial value of B, and JTi from the ■nif^ ] values 
of d and u. These latter are given by the equations 

Uq cos Oo = a — rHz, Uq BinBo- fi + rXli ; 

then u and being known, -7-9 -r* "it and 013 can be determined. 

at at 



It n at i /i cot i > 1, u and B bocoruo coatinuallj loss until they vBuieh 
togBtLer. Puio rolling then begins nt b tune to, wbich. is givBii by the 

JTiJi , . dx dff 

Equation III = - — ; — ;, After pore rolling begins the Taluea of — , ~, ui, 

and m, at an; tirne, can bo obtained &om the combination, of the equatione of 
motion with the eo nations 



If n < 1, 8, though constantlj approaching zero, ae appears from the ex- 
pression f or u — , will not Tanish in anjr finite lime, and ii tends to increase 
without limit. 



44. A solid of revolulioQ, having a great angular velocity round its asia, and 
terminated by a spherical surface of small radius, is placed, withila aiis inclined 
to Ihevertieal, on a rough horizontal plane. The moment ofinertia round the axis 
of revolution beingnot loss than that rauod ao axis perpendicular thereto, and the 
distance of the centre of inertia frcmi the lower end being eonaiderabla, show 
that after EOme time the aiis of revolution will become yertical. (Jellett, TSourj 
of Friction, Chapter Vnl.) 

Let the axis of : through the i^entre of inertia be vertical, and let 0(7be 
the axis of revolution, whioh must piot thioagh S, the centre Of the tprminating 
spherical surface. Aocordingly the point of contact Tlies in the plane ZOC. 

The fortes noting on the body are its own weight, and the raaullant of the 
normal reaotion and friotiou at T. The Litter may 
be resolved into two, one along TZ', the other at ligh 
the place ZOO. Calling this latter com 
t F, and pulling 

TS = a, 80 = b, ZOC = e, 
omenta of theapplied forcea round OZand 0(7 ai 



angles 



in B, and - Fn ai 



i«. 



Now (Equations (20), p. 330, and Ex. 39, p. 317) 
H3 = A(--a\exa6cT3a^-^u% ain sin ^ ) 4 Cb] cob 



Hence (Art. 2fi4), 
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also (Art. 241), since S=:A, C-^ = - Faand; therefore 

at 

at \ at / a at 

It 
Hence, if n and 0o are the initial values of 093 and e, 

Aan^ej^+Cm (- + cosa] - Ca (-+ cos do) =0. 

As the force F is constantly diminishing W3, after some time wa must beoome 
equal to 



Now, as ui and to2 are each zero initially, j^ = initiaUy (Art. 238, (8)). 

at 



d + a cos 00 



b + a 

When this happens $ = 0, For, putting n = -, and substituting in the preyioiu 

a 

equation the value just obtained for 03, we get 

(1 -cosa) |2^co82 ja^ - CO, — j-^l =0; 

d4f 
but as n is greater than 1, -^ inconsiderable as compared with ti, and C not less 

at 

than jif the second factor of the above expression cannot vanish, and therefore 

we must have a = 0. 

The result obtained here may be regarded as holding good in the case of a 

top. 

45. A body having a fixed point is set in motion by a given impulBe, deter- 
mine the direction in which a fixed axis through the point should be placed in 
order that the vis viva imparted should be a maximum. 

I being the moment of inertia round the axis, and a the ftn g nHy velocity 
imparted by the impulse, 

lu =^ L— -^M — hJv— ; 
• « • « • •» 

therefore 

... 

If Am^ + ^(02^ + Ctz^ be a maximum subject to the condition above, 

Aan = \X, JB<»2 = AJtf, C«3 = AJV: 
. • • 

Substituting in the equation of condition we get X = 1. Hence the ^^'riiy le- 
quired, if it exist, is determined by the equations 

Z M N 
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To determine whether the vis viva T is really a maximum, put wi + a for a>i, 
W2 + fi for o»2, W3 + 7 for «3, then 

T' - T=2{Awia + B<»2fi + Cws?) + Aa^ + B0^ + (V, 

but, since T' = Z(«i + a) + if («2 + ^) + iV(«3 + 7) = T + Xa + -»)8 + j^y, 

we have 

At»ia-¥ JBm2$ + Ci»37 + -^** + ^^' + ^7* = <>> 

therefore, -4«ia + JBv2$ + CW37, and 2* - T are each negative, and T a 
maximum. 

46. A sphere, having no original velocity of rotation, impinges successively 
against two perfectly rough vertical walls at right angles to each other, the 
points of impact >>eing so near the intersection of the walls that the action of 
gravity between the two impacts may be neglected ; determine the magnitude 
and direction of the velocity of the centre of the sphere after the second impact. 

Take as axes of |, rii (, three lines through 
the centre of the sphere parallel to the inter- 
sections of the walls with the plane of the 
horizon and with each other. Let the com- 
ponents of the velocity of the sphere before 
the first impact be Fi, F2, Fs, and let the Z 
sphere impinge first against the plane TCyz*. 

At the first impact the coordmates {, rj, ( 
of the point of contact are given by the equa- 
tions 

4 = 0, i, = a, C=0. 



Hence (Art 236, (3)), 




dx __dx dy dy 



dz dz 



where ^, y, e are the coordinates of the point of contact referred to axes meeting 
at 0. 

Again, X, Z, and S being the impulses due to friction and to the normal 

reaction during the first period of the collision (Art. 255). 

^ -ry -^ dy „ ^ dz „ „ 
m—zzmVi + X, m-^ = mV2-^B, m ■- = mVz i- Z, 
at * at dt . 



dx ^ dy ^ dz ^ 
~ = 0, ^ = 0, — = 0. 
dt ' dt * dt 



Hence 



S=*^" 1="' ir^""" 



flrai = - f Fs, a«2 = 0, awz = f Vi. 
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In the second period of the collision fiye of the six Telodties alxnre remain 

dv 
unaltered, but ~ becomes - eVz* 
at 

At the second impact the coordinates of the point of contact are 

( = «, i| = 0, c = o. 



Hence 



dx ^dx dy ^dy ds tS 

di'dt' Tt-di'^"'^' ^"di"^' 



"- (l).-*^" (i).-"-- ©.-^* 

ofli = - f Fa, oQz-Oy oils = f Ti. 
Proceeding as before we obtain 

47. In the last example, if the walls be not perfectly rough, determiiie the 
final velocities of translation and rotation (see Art. 255). 

We first treat the question as before and obtain, as in the last example, at 
the first impact, 

l(X2+Z*)=A(ri2+r3«); ifthen ,i{l +e) V2 >i y/iVi^ + Vz^), 

we may assume there is no slipping (Art. 256) ; but if this condition is not ful- 
filled slipping takes place, and the maximum amount of friction is exerted. In 
this case at the end of the first impact, 

^= ri-/iA(l+tf)r2C0so, ■£ = -'eV2, j^=F3-fi{l + e)r2mia, 



««i = - 4 /^(l + *) J^2 sin a, «2 = 0, aotz « f a*(1 + «) F2 cos o, 

where tan « = ■— . 

dx 
The ralues of --, &c., wi, &c., at the end of the first impact are the Talues 
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of [^ j , &c.) Hi, &c., at the second impact. If BUppingtHkeB place during the 
whole of the second impact, we have finally 

at 

^ = -eV2- A*(l + «) { Fi - n(l + e) V% cosa} cofl^, 
at 

dz 

— = Fa - At(l +*) {^3 8in«+ ri8in^-/u(l + ^) ^2 coBadn/S}, 



airi = 0, airz = f /tt (1 + «) { Fi - A* (1 + a) r2 COS a} siniB, 

airs = - f /u(l + tf) { Fi - A* (1 + tf) r2 COS a} COS ^, 
«»i = - f /i«(l + «) F2 sin a, 

«»2 = f A*(l + ^) { ^1 - A*(l + ^) F2 cos 0} sin^, 

fl«3 = f A* (1 + ^) { ^2 cos o [1 + ju (1 + «) cos i3] - Fi cos ^}, 

where . tan ^ = ^i^^^^LHI^Ii^. 

6/14(1 +«) V2COBa-2er2 

48. A body rests with a plane face on an imperfectly rongh horizontal 
plane. The centre of inertia of the body is vertical^ oyer me centre of inertia 
of the face and very near it, the connecting line being a principal axis at the 
former point. The form of the face is such, that its radii of «gyration about all 
lines in it passing through its centre of inertia are equal. The body is pro- 
jected with an initial velocity of translation 17, and an initial very small angular 
velocity A round a vertical axis through its centre of inertia : detennine the 
motion. 

Take the initial direction of translation and a horizontal line at right angles 
thereto for axes of x and y. Let u and v be the components of the velocity of 
the centre of inertia of the body at any time, and ca the angular velocity. Then, 
X and 1/ being the coordinates of any point of the body, and { and 17 its coordi- 
nates referred to parallel axes through the centre of inertia, 

dx dy 
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If ^ be the magnitude of the whole force of friction at any point, its com- 
ponents X and Fare giyen by the equations 

V{(i*-ij»)2+(t^ + {»)«}■" u • ^'^' 

since t^, {oi, and 170* are small compared with m. 

Again, if iS^ be the area of the plane face, the magnitude of the nonnal re- 
action of the horizontal plane on an element of the face is equal to ^((, i|) 48, 
whence F^ fi<^(i, rj) dS, and, since i = constant, /^(|, 7i)d8=: mg, where mis 
the mass of the oody. Also equations (22), of Art. 254, giye X = 0, If =s 0, 
since w« = 0, »y = 0, t = 0, j = 0. 

If a be the distance of the centre of inertia of the body from the plane face, 
and ^ tt, 1,) = JJ, 

M=:tMiItd8^iRid8\ 
therefore / Rid8 ~ ftmjfa, 

Assrmie i? = Jr+ cA, where JTand e are constants, then 
fimga = KS^d8+(S^dt, but f|rf/S=0; 

therefore e must be small, also 

mff = K8-\-€JAd8. 



t> + |« 



ff + 
— 



BdS, 



and, since the second member of Z is zero, q.p., we have fRrid8 = 0. Hence 
the resultant normal reaction passes through a point on the axis of z. 
To determine the motion of the centre of inertia, 

du 
m 3- = 2Z= - fi fSd8 = - fimff ; 
dt 



therefore u^ U- figt, 

dv V C to C V 

Again m ^ = ^T=- fi^\ Sd8 - fi-\ Bid8 = - /img j^, g,p. 

hence v = eu\ and since v = when « = 17, (? = 0, therefore v = 0. 
To find the angular velocity, 
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but 7 being the radius of gyration of the plane face, f^dS = Sy^, and 






_ 7» 
therefore 



«=n(j)*-. 



49. A rigid body is moving in any manner ; one point is suddenly arrested : 
determine the impulse exerted on the body. 

Let u, Vy w be the components of the velocity of the point immediately before 
it is arrested, x, y, z its coordinates, and X, F, Zthe components of the impulse, 

the axes being the principal axes of the body at the centre of inertia, then X 

is given by the equation 

= {ABC+m[A(B + C)x^ + JBO{y^ + «») + mir^ix^']} u 

+ m{AB + mir^)xi/v + m{AC+mit^)xzw, 

where I is the moment of inertia of the body round the line joining the arrested 
point to the centre of inertia, r the distance between these points, and A, By C, 
the principal moments of inertia of the body. 



CHAPTER XI. 



SMALL OSCILLATIONS, 



257. IntTodnetory Coiulder^UoHs. — When a materisl * 
system in equilibrium tmder the action of any forces is 
sKghtly disturbed, the several points of the syetem in many 
cases tend to return to their original positions. In aiic« 
cases, if the distance of each point from its initial position 
Tcmains during the motion very small as compared with the 
other magnitudes on which the motion depends, the system 
performs small oscillations. \ 

.Some cases of small oscillations have been already ooa^ 
fiidered in Artides 100 and 188. The simplification <M 
the problem in the case of small OBcUlations has been exemJ 
plified in the articles referred to, and consists in negrlec 
the squares and higher powers of small quantities. 

It is assumed that the forces which act at the diflerer 
points ot the system are functions of the coordinates of those 
points, and that the restraints and mutual connexions oan he 
expressed by means of equations between the coordinates. 

In virtue of these equations the coordinates of the pointa_ 
of the system are functions of < independent variables, . 
these again are at any time functions of their initial val 
and of the increments resulting from the motion. If { 
system perform small oscillations the increments of tl 
variables are ail small quantities whose squares and hi^ 
powers may be neglected. 

Hence the equations of motion involve only the 

fowers of the variables and of their differential coefBciente. \ 
n other words, they form a system of linear difierentiall 
equations with constant coefficients. 



■ For a great part of the muterialB of this chapter we are indebted tvV 
Mr. Townaond, who Idndly placed at our diaposal hi» Lectures oa S " 
"~^"-'^"— (, delivered to liia Uniter^itT Class, 
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258. Eqaatlon« of Blotion. — The fundamental equEi' 
tion of Dyuamios, wliifih holds good for every syatem, is 
supplied by D'AJemhert'a Principle (Art. 201). To obtain 
from it the equations of motion we equate to cipher the co- 
efficient of every independent variation which the equation 
contains. 

In the present ease, ir, ij, s, &c., are supposed to be 
functions of the % variables 0, ^, i^, &c., whose variations 
are each entirely arbitrary. We have therefore to express' 

-^, X, '^x, &c., in terms of %, $, i/-, &o., and then equate to 

cipher the coefficients of Sd, S^, &c. If 6„ ^o, t^g, &c., be the 
initial values of fl, ^, i^, &c., and w, c, w, &o., their incre- 
ments at any time, we have = 0^ + «, ^ = Jo + p, &c. ; and 
89 = Zu, S<p = Sv, &o. 

Equation (1), Art. 201, may be written 

2«»(^& +^B!/^^ Sz) = s(x8^ + rSy + ZBz\ 

It will he shown in the next chapter that when the forces 
are functions of the coordinates, and are such as exist in 
nature, 2 {Xdx + Ydy + Zdz) must be the exact differential 
of some function V oi the coordinates (see Arts. 122, 123). 
In this case we may write 

S(X8a:+ FSy + Z3z) = Sr. 

Since F" is a jfunction of x, y, s, &o., which again aie 
functions of B, <^, \p, &o., we have 

V=F{e, <},, ^, &c.) = F(do + «, fo + V, ^0 + «■, &o.) 

■* Fo + All* + A,fi + /liw + &Q. 

- i liJii tt' + Pnv' + Paio' + &0. + 2pi,«tJ + 2puti« + 2pmVU) + &c. | , 

as the higher powers of u, v, w, &c., may b 
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Hence 

8F= [hi- {piiu '\-pviV +i?i3«^ + &o.)} lu 

+ {^2 - {puU + J?»f> +^2|W? + &o.)} ^v 

+ {^s - (i?isW + pnv +pziW + &o.) } ho + &o. 
^gain, X =/(fl, ^, i/', &o:) =/(flo + w, ^o + Vy xpo + w?, &o.) 

= a?o + «a;W + J;rt? + CxtO + &0. 

In lik0 manner, 

y = y© + «yW + *yt? + CytP + &o., 
a = 20 + a^u + 6a «^ + ^aW? + &0., 

Adopting Newton's notation (Art. 21) we get 

•• •• ** ** ^^ f^ i^ f^ a^ 

X'^axU-^bxV-^-CxW + &0., cx=^axou+ bxOV-\'CxOWi-&c.y 

Hence ^m{xSx + yly + z^z) 
= Sm(fl;rii + ixi + c««^ + &o.) [axlu + i^eSv + c^Sw + &c.) 

+ 2W (flyti + by'v + CyW-\- &C.) («y Sw + 6y St? + Cy^W + &0.) 

+ S»i (a, ii + 6a V + ^a ti + &c.) (a, Sw + Js 8«^ + Cz Iw + &c.) 

= (/iii^ +/i2«^ +/i8t^ + &o.) Sw + [fuu^-fiii -^f^w + &c.) St; 

+ (/laii +/23t' +/33W' + &o.) St^' + &c., 
where /n = Sw (a^,* + a^ + ^a^), /i, = Sm (aa:*;^ + fly 6y + a^ 6^), 
/22 = 2m (6/ + V + 6a')j /m = 2m (6;cC^ + 6y Cy ■\- 6, c), 
/u = ^m{cxdx •'fCydyt Czdz)y &c. 



r 



Solution of Equations of Motion. 

■ Equating now the coefficients of the independent varia- 
tions Sm, St', &Q. in 2/« (i'Sa; + ySy + aSs), and in S F, we ob- 
tain the system of linear differential equations 

fuU+fiiV+fiiW ■i&0.+Pn«+PitV + Paie-i-&C. =/(, j 
fnU+fiit+fiiV? + &(i.+p,iU + Pi2l>+Pa1^ + &C. = A, I 
fiiU+fiiV+fiif + &0.-^■pa^^ + p■aV + p^iW-i■ &C. = Aj 

&0. = &0. J 

When /i„ hi, &e., are each zero, the assumption of u = 0, 
V = 0, &c., satiaBes the equations of motion, and the initial 
position is therefore one of equilibrium. Conversely, if the 
initial position be one of equilibrium, S(X8« + YSy + ZZz), 
or S r" is zero when ti = Q, v = 0, &o., for all values of Sh, 
Si-, &G. But when ?( = 0, « = 0, &o., 8r= hM + hSv + &c.; 
therefore hi = 0, Aj = 0, &c. In our subsequent discussion we 
shall assume that the initial position is one of equilibrium, 
and therefore that Ai - 0, hi= 0, &o, 

259. Solution off Eqnalioiis of Notion. — If we 

« = Aa sin (iy^+x)' i' = ^"*fliii {i^/^ + x), &o., 

and substitute in the equations of motion, we obtain the i 
equations 

(/ii A - ihi) o + (/i.A -pi>) 6 + (/,.X -Pa) c + &o. = I 

{/iA-i)ii)«+ U*t^-P'')^+ (A^ -pu)c + &o. =0 [ 

(/. X - pu) « + (/a - P,i) b + (AX - p„) c + &c. = ) 

which can he satisfied by the ratios of the t determinable con- 
stants n, b, &c. ; k and x remaining arbitrary, provided X is a 
root of the symmetrioal determinant equation 



(2) 
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which can be satisfied by ai : d : &c., provided jki is a root of 






= 0, 



But this equation is what (3) becomes if we change X into 
- II ; therefore corresponding to every real negative value of 
X there is a real positive value of ii. 

260. liagrange'B CSquatloiui. — The vis viva of the 

motion at any time is Sm [a? + 3/* + i*), and as in Art. 258, 
we get 

2m (i* + 3^* + 2*) = ^m{axU + bxV + c^w + &c.)* 

Hence the kinetic energy T of the system is given by the 
equation 

^=5 {/n«i^ +/22!J' +/8sti' + &0. + 2/12 tir + 2fi^UW + &C.) 

Differentiating with respect to Uj Vy Wy &o., we obtain 






/i2ti h-Zm^ +/2I«i^ +&0., 
&c. = &c. 



Hence also 



(3P I (JH \ •• •• •• « 

5i I "^ ) "/»^ ■*"'^»*^ ■^■•^*3*^ "^ *^-' 



&c. « &0. 

2 B 
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Again, from the value for F, Art. 258, when Ai = 0, A, = 0, 
&o., we have 

dV 

dV 

- -^ = ;?ia W + P%stV + Pi^W + &0., 
&C. = &0. 

Accordingly the differential equations (1), Art. 258, are 
equivalent to 

d(dT\^dr i[dT\dr 

dt\du) du' dt\dv)~dv' ^^^ 

These are a particular case of Lagrange's Equations of 
Motion in Generalized Coordinates, which will be proved in 
the next chapter. 

It is plain that the equations for determining X, a, 6, c, &o., 
Art. 259, may be written in the form 



r7TA + 



du^ du 



f d'T , d'r\ , , 

« + TTF ^ + :r-T 6 + &0. = 0, 
\dudv dudvj 

fd'T . d'V\ (d'T. d'r\. . 
\dudv dudvJ \dv^ dv^ J ' 

&c. = 0. 

If we suppose a, b, c, &c., substituted for u, i, ti?, &o., in 
T; and for w, Vj w, &c. in V; and denote the resiilts of these 
substitutions by J' and V\ these equations may be written 

261. Reality of the Roots of the Hannonlc 
CSqaatioii. — If we put the quadratic function of i variables 
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it appears from Art. 260, since the vis viva is essentially 
positive, that the quantic 3) is positive for all real values of the 
variables. 

Hence also we may conclude that ffi can be transformed 
into the sum of i positive squares [Differential CalculuSy note 
on Art. 163). 

We shall now show that the equation ^ = has all its 
roots real. 

The following proof of this important theorem is due to 
Thomson and Tait {Natural Philosophy, § 343 k) : — 

We have seen (Art. 259) that if \i be one of the roots of 
A = 0, we have the equations 

(/ii^i +/12S1 +/13C1 + &0.) Ai =pnai + pnbi + Pi^Ci + &0., 

(/i2«i +/2261 +ftiCi + &c.)Ai =piiai +pzibi + pzsCi + &o., 

&o. = &o. 
If we put 

J(/n«i' +/22*i' + 212^161 + &0.) = S{a)i = »i, 

i(i?ii«i* + i?22 6i* + 2pi2aibi + &c.) = 8{a)i = 8iy 

these equations may be written 

d%i__d8i d%i _ dSi ^ 

dai dui dbi dbi 

Multiplying the first by Oa, the second by J2, &o., and 
adding, we get 

, / rfKi , d^i dW, ^ \ dSi ^ dSi dSi , 
\ dai dbi dci J dai dbi dCi ^ 

which may be written 

Xia;(a)i,-/S(a)i2, (6) 

if we put 

a, , X d%i , d^i o ^®2 r ^®a o 

a («)„ = «, -^ + 6.-^^ + &0. = «. -^ + 6.-^ + &0., 

and assign a similar meaning to 8[a)i2. 

2 B 2 



mail Oscillaliotis. 

Suppose now, if poBSible, that the equation A = has a J 
pair of conjugate roota Xi and Xs, where Ai = ^ + v v''-!, and I 

The Tallies of a,, bi, &o.f corrospondiog to Xi bein^ of the I 
form ai + 03 \/- 1, ^l + /33 v'" li &<3-> those of fli, b,, &c.» 
oorresponding to X, are then of the form a,-ai v^— 1, 
(3i - Pi vZ-^i &c. We have, therefore, 

S(o),..(.,-a,v/^)|(°.+»V^)/..+«5i + ftv/^)/.,+Ao.| 

+ (/3.-ftv/^l) l(". + - y^)/,.+(A+P.v'^)'i=+&o.)+4e. 



daw, rfsw, 



, /«(„). 



, rfSW. 



+ v^( 






-y-1 * 



■iS(.), dai-). 



+ &0.| 



-SSW, + 2S(a).. 

In Kke mauier, S(n)„.3S(a), + 2S(o),. Hence, by (6), 
(;■ + „y^) l«M.+ »M.I - l«W. + «(«).! - 0. 

Equating the real and imaginary parts eepaiately to i 
cipher, we have v \^{a), + ^(a),} =■ 0. I 

Now, as the quantic ffi is positive for all real values of 
the variahleB, ^(a)i and Sl(a)i must each be positive, and 
®(a)i + ©(0)1 cannot he zero ; therefore v = 0, and Ai is 
real. 

It is to he observed that, as A is the diBoriminant of , 
AS - S, where 8 is the quantio ^ ip,itt' +^e' + &c. + 2p„Kp 
+ &o.|, the equation A = is unaltered by any linear trans- 
formation applied to the quantics S and S. 

262. 6tabiUt7 of the Motion.— We shall Bupposal 
that 2ffi is of the form «' + «* + «■' + &o., 25 being as beforoj 
p„ii^ +j)-;t'' + 2p„iiv + &o. 



1 



Stahitiiy of the Soiwn. o7o 

Apply a linear transformation which will ohang:e m' + o' 
+ w" + &a. into $' + ij' + C + &0.1 and at the same time reduce 
S to its oanonioal form P,^ + Pjjj^ + P^^ + &q. In order 
to do this by a real traoBfonnation asaume 

M = «i£ + idij + ((jj; + &o., 

P = tftS + fs»I + Vs!^ + &0., 

do. = &0., 
where the ratios tii : vi : W| : &a. are determined by the equa 

tiODB 

&0. = &c. ; 
f: : tct ; &o. by the equations ^h 

JliiMj +Pjjfa + i'MW2 + &0. = XiVi, 
&C. = &0., 

and ao on. The oonatants «„ v„ &c., ti;, t\, Ac, are ob- 
yiouely the Talues which (7„ 61, &o.,ai, 6j, &c,{Art,259), takein 
the special case in which 23) is of the form «' + «* + )«' + &o. 
From the above equations, it followB that, when X, and Xj 
are unequal, ttiMa + Uit'j + jciMIj + &o. = 0, &c. For, 



Xi(Mi«i + ViPi + 



J + &0.) - «, I 



.rfw/i 



for 



= «il^- 1 + I'll-;- 1 + Ac, = XjfwiUj + ^1^1 + &o.). 
\dujj \dvji ' ' 

We shall now show that S beoomee of the required form, 

dS ^ ^ A 
(/£ ' dit dv 

Xi I («i' 4 r,' + Wi' + &o.) £ + (m, w, + 
Xi (»i' + f 1' + Wl° + &o.) £, 



+ W1W + &0.) 



OBcillationi. 

It oaa be ahown in a similar manner thftt 

■J- =A]fu,' +r,'+ «-,' + &o.) ti, Bi 
tit) 

II tkfin we a£aame, as is allowable, 



+ &o. ■■ 



f ffi* + tCi' + &e. 



r-A,f, 



rfS 



X,ii, &e. 







and at the 



we bavfl the eqnationB 
dS 

Henoe 2S = X,rH 

«• + v' + ^ + &o. = ? + ^' + r + A«. 

As the transform ation above is real, it followB that if <S be 
reduced in any \cay to a form which contains only the gqnarea 
of the Tariablee, the signs of the coefficients of the different 
squares are the same ae those of X„ Xj, &c. 

In order that every term in the general values of u, p, w, 
Ac. ehonld he periodic, it is necessary (Art. 259) that all the 
roots of A = should be positive. This condition, as we 
have just seen, is fulfilled if S be reducible to the sum of a 
number of squares with positive coefficients — in other words, 
if the function V (Art. 258) be a nifjxt'mum for the position 
of equilibrium of the si/sfem. In this case, the system being 
slightly disturbed in any manner has no tendency to depart 
far from its initial position, and oonsequently m, v, &o. mnat . 
remain small throughout the motion. The motion is then I 
rtable in its character whatever be the directions of the initial ] 
disturbances, and the initial position is one of stable equili- 
brium. 

If V bo not a maximum for the position of equilibrium of 
the system, that is, if some of the coefficients in S when re- J 
dueed to the above form bo negative, terms may occur i 
K, V, &o. which increase without limit with the time. 
this case the initial position is not one of stable equilibriu] 
and the motion will not consist of small oscillations, unlei 
the original disturbaQCes be such that the arbitrary oonBtuitl 
multiplying terms in «, &c. which increase without limit f " 
the time, are each zero. 



Equal Roots. 

263. Eqnal Roots. — When the equation A = has 

equal roots, the solution in Art. 259 of the differential equa- 
tions (1) seems to fail from not containing the requisite num- 
hor of arbitrary oonstants ; and we might suppose that terms 
containing ^ as a factor would occur in the values of w, n, 
&o., and therefore that a stable motion of oscillation would 
not take place for all possible small disturbanoes, Lagrange 
and Laplace both fell into this mistake, which was first 
pointed out by Dr. Routh. 

The true theory depends upon the circumstance that when 
the equation A = has a double root X„ the system of i linear 
equations for determining a, b, &c. (Art. 259), can be satisfied 
by (i - 3} of these quantities, the remaining two being arbi- 
trary. 

This may be proved as follows : — 

If A„ Xi be two roots of the equation A = 0, we have, 
by (6), 

hence (X, - A,} a;(rt)„ = 0. 

When Xi - As becomes email without vanishing this equa- 
2ffi, ffiii 

tion shows that %i-. = 0. Hence the quantity — ^ , 

^ "^ fill a,f)i 

where Oi and a-^ are arbitrary, does not tend to become email 
along with Xi-Xj, but remains equal to a quantity essentially 

positive, VIZ. --,-. jNoweftontennoi — r- - — oontama one 

«i fli Hi da 

of the quantitiea — — -, - — , &c. as a factor, and is 

either of the form A|^(X,) - ^(Ai)), or else of the form 
Ai/'(Xi) [ij){Xi)-^(A)) I; where i is an absolute constant, and ^(X,) 

and li (All are each the value of some one of the ratios—, — , &c, 

a, a, 
Moreover, any one of the funationa <p (X,) or i^ (Xi) is a fraction 
whose numerator and denominator are rational and integral 
functions of X,, and all these fractions have the same denomi- 



I nator, v: 



. -j — . jjuii u f/\^/\ii,>ii \/i,/ - ^{Xs)\ does not 
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- f (X,) dowfl 
indefiiiitelf ^| 



indefinitely small as A, approaclies Xi, either ip (Xi) 

not become iadeflnitely small, or ^(A,) becomes 

great. In the former case the first deriyed ^'{^0 Qiist become 

indefinitely great, whloh cannot happen for any finite value of 

X, except the denominator of$(Ai) be zero. Again, \{/{\i) cannot 

be indefinitely great except its denominator be zero. Hence, ■ 

if Ai be a double root of the equation A = 0, we conclude thotJ 

''^i ^ -1, I 

■ — must Tanisu. I 

apii M 

Instead of taking a, and (h as arbitrary, we might havsJ 
taken 6i and b,, or any other oorresponding pair of constants. I 
Hence all the minors of ii obtained by erasing the first row J 
and first column, the second row and second column, &o,, j 
must vanish. Hence, when A is a double root of the equa- 
tion A = 0, the system of * linear equations (2) of Art, 259, 
oan be satisfied by (i - 2) of the quantities a, i, &o., the other 
two remaining arbitrary. It is on this account that, when ■ 
two roots A, and Xa become equal, the ratio 6i : (d need not te- 
oome equal to the ratio bi : a,, &o. 

We oan now show, when two roots Ai and Xs are equal — 
(1) That the method already given of effecting the ortho- 
gonal transformation still holds good with a slight modifioa- 
6on ; (2) That it is unnecessary to introduce terms involving ! 
^ as a f aotor into the solution of the differential equations for I 
«, V, 10, &o. ] 

(1). As before (Art. 262), J 

UiWt + ViVi + WiiPt+Ao. = 0, u,Ui + ViVt+ WiWt + &o. - 0, I 

&o. = 0, &c. = 0, I 

where — and — are in the present case as yet arbitrary. I 

The equation MjU, + dv, + WiWj + &o. - can now be satuM 
fied by means of t'l : ttt while Vi : u, still remains arbitrary. ■ 

Hence the transformation is complete; but one of t^9 
ratios whicli h det'.Tmiiicii in the case of unequal roots i9 
arbitrai-y iu the case of cquoL ■ 

(2) When the roots are all unequal the general soIutiogH 
of the differential equations for u, v, te, &c., may be writteafl 



r 



Equal Moots. 

u = ai ain t-^Xi + Oi aos f -yXi + a, sin t ./X^ + a4 cob t \/X 

+ Ai sin / y^Xa + «/ 008 t -/Xi + &o. 

i"= fii sin i v^Ai + 6,' cob ( v^Ai + Si Bin ( v'X + h( cos i v'^Xj 

+ 6, sin i ■v/Xa + 6/ 008 i -/K + &c, 
if = C\ sin ( v^Ai + iS;o. 

&C, = &0., 

where «[, Hi', ffi, fli', &c., are arbitrary, and J„ 6i', 6i, 6j', &o,, 
ci, d', &o., are then determined by linear equations — the 
equations for detflrmining 6i, Ci, &o., being the same as those 
for 6,', Ci', &o., except that the former contain nj, and the 
latter a(. 

If two roota Xi and Xj beoome equal, 

M = (fli + fli) sin i -v/ Xi + (a/ + Oa') cos i ^/kx + Oj sin i -^/Xj 
+ as OOB i v'As + &o. 
r = (ii + 6,) sin < v^X i + (fi/ + b{) oos i y^Xi + &o. 
&o. = &c. ; 
or, as the equations may be written, 

tt = fli Bin ( v^Xi + «/ cos t v^Xi + Cj sin ^ y^Xi | 

+ flj' cos *v^X, + &o. 
= 6i sin i y'Xi + J|' cos ( yX + *". 
wb Ci sin / \/Xi + Ci' COB / v'^Xi + &c. 

where «i and Ji are arbitrary, but the remaining [i - 2) oon- 
stants Ci, 1^1, &o,, are determined in terms of Ai and b^ ; also 
(Ji' and 6i', are arbitrary, but c,', rf,', &o., are oonueotod with 
them by the same linear equations which give (.-,, rf,, Ac, in 
terma of «( and h,. 

The solution therefore is still complete, as it contains four 
arbitrary oonstants oorresponding to the two equal roots of 
the equation d = 0, in addition to the 2 (t - 2) arbitrary oon- 




b. 



Smaii OidUatiau. 

stHita wtaaii uise from tiie (i - 2) renuining roots Ba| 
tmeqnftl. 

The preceding investigation can be ea&ily extended irhi^ 
the equation A =0 has r roots equal to one another. 

In this caae 2r oonstants a^, i,, e„ &o., a,', b,', e,', &c., an 
arbitrary, and the t linear equations, which in general deter- 
mine (i - 1) constants, in terms of the remaining one, fulfil 
the conditions required in order that only i~r of Uiem should 
be independent. 

In fact, from what has been proved above it appears that, 
if i> be the first minor of the determinant A, every double 
root of the equation A = must be a root of 2> = 0. Hence 
il A have r equal roots D must have (r ~ 1), Again, it is 
plain that D is related to its first minor in the same way in 
which A is related to D, and so on. We may therefore con- 
clude that if the equation A - have r roots equal to X, 
(r - 1) succeseive minors of Ai must vanish. 

The mode of investigation employed in the present 
Article is indicated by Thomson and Tait (Natural Phtlotopby, 
§ 3-1-3 m). 

For another method of arriving at smiilar results the 
roa<ler is referred to Salmon's Hi<)her Algehra, Art. 46, or 
to Itouth's Treatke on the Dynamics of a Sijsieiif of Jtigid 
Jiodm, Part ii., Art. 61. 

264. DIrertloDK or Harmonic Vibration. — If ^e 
introduce the values of «, i; &o. from Article 259 into those 
of It, If, Ac, in Article 358, we have 

»"ffo + Ai(a,(7i + 6,ii + CrCi + 4c.) sin((v''^' + ^i) 

+ Ai(«.a»+ i,6» + c,c + &c.) 8in{iv^> + X,) + &c., 

y-^Q + *i((Jy»i4 bgbi + (^c, + &c.) Hin[(v^ + ^i) 

+ *• {a»o» + bfbi+ CfCt + &<}.) sin (* y/Xi + X») + 4a, 

«■ «o + Ai(a.ai + 6,6i + e.Ci +&o.) ain {t^/xl* X,) 

+ Ai{a.a, + b.bt + c,Ct + &o.) sin (t-ZX, + X,) + &«. 
&o. = &o. 



mi 



If wa denote by ki^,, A-,£„ &c., the increments of x cor- 
rsBponding to Xi, An, &c. ; hy k, i)„ A, ijj, &o., those of i/, aud so 
OQ) we may write these equations 

X = Xa + kit, -i- IhKt + k,^, + &o. + hi ti 

j/ = yD + *t»ii + hm + kjifj + &0. + kirii 

Z = »a + kZi + hZi + kiZi + &0. + kiZi 

&0. " &0. J 

Henoe the motion of eaoh partiole is, in general, resolv- 
ahle into : simple Tibrations whose periods are 



2n 



2ir 



Va; 



The motion of any particle being determined, the motion 
of any other consists of simple vibrations having the same 
periods, or harmonic with the former. 

The iuorementa k, £„ k, i|i, k, Zi, if they existed alone, 
wonld determine a direction of vibration for the particle 
^, y, *) which depends on the connexions between the par- 
ticles and the forces acting on the system, but is independent 
of the initial positions and velocities. Henoe the directions 
of the several component vibrations, as well as the ratios of 
their amplitudes for the different particles in any one har- 
monic set, depend on the particiilarB of the system (con- 
nexions and forces), and are independent of the particulars of 
the motion {initial positions and velocities). 

The several systems of directions (£„ iji, Zi ; Ui ii'i Zi ; 
^,", „,". I,"; &o.), %, 1,, Z.; 5/, W, :.'; &o.), &c., along 
which, if the particles were simultaneously displaced, they 
would all vibrate in the same period or harmonically, are 
termed the directions 0/ harmonic vibrntion. 
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In each ofthefoUowing Sxtmples up to 15, with th4 ^xcepHm efS, ik$ nt§tt 
oteiUationi if ik$ given tygtem mretohe determined : — 

1. A matarial particle miftillatflfl about the lowest point of a Teitieal drele 
under the action of gamty. 

Take the lowest point for origin ; let the Totical ordinate be m, and the 
horizontal x ; then 2rs = «*+<*; and x being small, s is of the order jp*, and, 
accordingly, s* may be neglected ; therefore 



dH rfVf /dsy 

-»« = *«*, ^^-'^^[Tt) ^ 

dH 
hence 3^ is negligible, and 

or 

therefore — + ? j: = 0, and a; = i; sin I J- < + x ) • 

2. A heavy particle oscillates about the lowest point of a cuxrey lying in 
a vertical plane. 

K r be the radius of curvature of the curve at its lowest point, the question 
is reduced to the last. 

3. A heavy particle oscillates about the lowest point of a sphere. 

Taking the origin at the lowest point, and the axis of s yertical, we have 

2rx t= jps 4. y2 4. £2. Accordingly we may neglect, as in Sz. 1, s* and — -; also 
r9z-x9x + if9y; 

d^z Q d^ Q 

therefore t^ + -* = 0» and--f+-y=0; 

dt* r dt^ r 

therefore « = m sin f aI- < + /u), y = ti8in [^- < + ir j, 

where m, it, /a, and v are arbitrary constants. From these equations it appears 
that the projection of the path of the particle on a horizontal plane is an ef^se 
whose equation is 

The harmonic determinant is a quadratic function of A having equal roots. 



Examples. 

i. A. heavy particle oscillatea about the lowest point of an eUiptaid. 
Take tangents to tbe liaee of curvature B,t tbe lowest point for tha axea oE 
X and y, thee the equatiuu of tKo Buif aco, neglecting small quantities of aa order 



higher thui z', is 2z - 



-, where Bi and fit are the principal radii of cu 



vature. Substitnting for it in the general dynamical equation, neglecting ~ 
and equating to zero the coefficient! of Sz and ti/, vre obtain 



■W*'-). — Wi-)- 



A Bimilar result holds good in the case of any concave surface. 

G. A heavy bar hanging freely from one extremity is sightly displaced. 



therefore i = r(l - ja' - Jf'), 81 = 



thus we may neglect -7—, and have 



+ j2«r(«M + rf8^) = 0, 



rfC 



Jr'rfm + ji^/rdHie 0, 



8. Two baUs connected by a horigontal bar, who«e masB may be neglected, 
are ouspendcd by two vertical cords of equal lenglb. The bar receives a slight 
diBplacement of rotation round a vertical axis midway between the cords. 

Let 1^ be the angle which the bar makes with a horizontal line parallel to its 
initial position, » iLe inclination of one of tbe eords to the vertical [see figure in 
Ex. 7, Art, 21B), I its lengtb, b the distance &om the middle point of tbe bar to 
one ot the balls ; then 
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but 
and 
tlien 



»-J+; .-.« = * (l-i^*») 



X = — X 



. y' = - y, «^ « « ; 

dH <fV rfgg rfV 
^' rf<*' <?^*' <f^* 



may be neglected, and equating to cipher tlie coefficient of t^ in tlie general 
equation, we haye 

dH V*" 

(m + m')i« -^ + ^(m + m') j ifr = 0; 



therefore 






where a and % are arbitrary constants. 

This shows that the period of vibration is the same as that of a pendulum 
whose length is I. 

7. A heayy bar having no balls attached is suspended and displaced aa in 
the preceding example. 

Let r be the distance of any point of the bar from its centre, and h the 
distance from its centre to the point of attachment of one of the cords ; than, 
as in the preceding example, 



therefore 



^ = a sin ( - J~ < + X ) > where jr^dm = mk^. 



8. How must the bar in the preceding example be suspended in order that 
its vibrations should be isochronous with those of a ball hung by one of the 
supporting cords P 

Ans, 6 = k. In the case of a homogeneous bar whose length is 2«, 



b=—. 

V3 



9. A number of balls suspended by a fine cord hang in ^ 
a vertical line, and are slightly displaced in the same vertical 
plane. 

Let xiy zi ; x^, Z2, &c. , be the horizontal and vertical 
coordinates of the balls ; aiy oz, &c., the distances from 
the point of suspension to the first ball, from the first ball 
to the second, and so on; 0i, 02, &c., the angles which ai, 
02, &c., make with the vertical at any instant. The weight 
of the cord being neglected, the distances ai, &c. are inva- 
riable; then 

xi = «i0i, zi = fli cos 01 = ai (1 - i$i^), 

Xi = aifli + a202i 22 = ^-i (1 - lOi^) + «a(l - I Br), &c. 
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Substitutiiig in the general dynamical equation, neglecting -j-r-, &c., and equat- 

ing to zero the coefficients of BOiy 9$%^ &o., we haye, after diyiding the first 
equation by ai, the second by 02, &c., 

• • • • • • 

(rwi + W2 + «»3 + &c.) «i ^1 + (mj + f»3 + &c.) 02^2 + (wj + &c.) as^j + &c. 

+ (mi + fn2 +&c.)^*i= 0, 

(mg + W3 +&c.) «i ?! + (W2 + ma + &o.)aa^a + (wt3 + &c.) «3^3 + &c. 

+ (m3f&c.)^«2 = 0, 

• • •• •• •• 

mn«i Oi + m»«2^2 + fnna^Os + &c. + mnOnOn + fnnff^n = 0. 
Hence, assuming 

^1 = A:a sin (^ \/\ + x)> ^2 = ^fi sin (< Vx + x)> &0-> 

where ^ and x ai^o arbitrary constants, we get to determine a, jS, y, &c., and \ 
the equations 

(mi + m2 + &c.) (ai\-^)a+ (m2+ ma + &c.)«2Ai3 + (ma+ &c.)«3A7 + &c. = 0, 

{mz + ma + &c.) a\ Aa + (m2, + mz + &c.) (oa A. -^) jS + (ma + &c.) aa A7 + &c. = 0, 
• •• •.•• _ 

(aia + OaiS + 037 + &o. + «n«)A.-^«= 0. 

10. The system of balls suspended as in the last example are displaced in 
different vertical planes. 

In this case, $1 and ^1, being the angular displacements of ai round the 
axes of X and 1/, 02 and ^2 those of 02, &c., 

xi = ai<l>i, i/i = ai0u «i = ai(l - J^i*- J^i*), &c. ; 

then di, 621 &c., are independent of ^1, <p2y &c., as in Ex. 3. The values of 0i, 
&c., are therefore the same as in the last example, whilst those of ^i, &c., differ 
from them only by having a different set of arbitrary constants. 

11. A number of rigid bars are hinged together in the same vertical line, 
and are displaced in the same vertical plane. 

If ^1, 2 1 be the coordinates of any point of the first bar, X2, §2 those of any 
point of the second, &c., and 9i, 02} &o., the inclinations of the bars to the 
vertical; xi = n^i, «i = ri(l - Jtfi^), X2 = ^itfi + ra^a, «» » «i (I - J«i») 
+ r2 (1 - i^a*), &c. 
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Proceeding aa in Ex. 9, we obtain 
{<»i*i' + («»j + m8 + &c.)«i*}(?i+ {nhh + (m8 + &c.)«2} «iSi 
+ {mh + (W4 + &c.) as} «i ©3 + &c. + {mi Ji + («»3 + ma + &c.) ai}ff$i = 0, 
{ma*» + (wg + &c.) tfa} ai^i + {mjA^* •¥{m + &c.) oa'} 62 
+ {mzbz + (m* + &c.) 03} 02 ^3 + &c. + {mzh + {tnz-^mi + &c.) a%] gQt^ 0, 




•• •• •• "- 

m«*»«i^l + mnhn(l2B2 + Wn^nOs^S + &C. + mnkn^On + mnbnff9n = 0, 

where Ari, A^, &c., are the radii of gyration of the bars round their extremities, 
and bif h, &c., the distances from the extremities of their centres of inertia. 
The solution of these equations is obtained in the same manner as in Ex. 9. 

13. Two balls, mi, and ma, are suspended by cords, whose lengths are ai and 
02, from the extremities of the arms b\ and 62 of a 
lever, whose position of equilibrium is horizontal, ^ 
and which hangs by a bar e, at right angles to it, 
from a fixed point. The system is displaced in 
the vertical plane which it occupies when in equi- 
librium. 

Let 01, 02, Bi, be the inclinations of oi, 02, and e 
to the vertical ; x\y zi, and X2, Z2 the coordinates of 
mi and m2 ; and ^3, zz those of any point of the 
lever whose distance from the point of junction 
with is r ; then 

Xi = aiBi + h{(\ - \ez^) + cBz, zi = 01 (1 - \9i^) - ^1^3 + c(\ - ^63'), 

«2 o 02^8 - h(l - J^3*) + CBz, «2 = 02(1 - 4^2*) + hBz + <j(l - J^S*), 

xz = r(l - W) + C03, «3 = - re3 + c(l - W)- 

SL'^ X\ 
Expressing-^, hxi, &c., in terms of^i, ^2, ^s, the general equation of 

dynamics becomes 

mi {fliBi + cBz) (aiWi + clBz) + m2(a2i2 + cBz) (a%lB2-\-eZBz) 

+ (m3C* + mi^i^ + m3i2* + ^r'^ dmz) Bz hBz 

+ g {mi 01 ^1 Ml + m2a202W2 + [(mi + m2 + mz)eBz + mi^i - mzh%-\-irdmz'] ZBz) 
■s 0, wbere m3 is the mass of the lever. 

As the initial position is one of equilibrium, 

mi di - m2 ^3 + Irdmz = 0. 
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Hence, putting 

wi h^ + mj «3* + ir^ dmi + (mi + W2 + Ws)^ = (mi + ma + msjcas, 

we have, from the equationa got hy equating the coefficients of Wi, &c. to cipher, 

$1 = ka sin (^Va + x), ^2 = k$ sin (^Vx + x), ^3 = kyBm{tV\-^ x)> 

where a, jS, y, and \ are determined hy the equations 

{ai\ - g) a + e\y = 0, 

(a2K-g)$-\-eKy = 0, 

mi tfi Aa + m2 02 \$ + (mi + m2 + ma) (asA. - ^) 7 = 0. 

The resulting cuhic for \ hecomes a quadratic if either «i = 0, or ^2 = ; and 
appears as the product of a linear and a quadratic factor if ai = 02. 

13. The halls and cords in the preceding example are replaced hy two hars 
which hang freely from the ends of the lever. 

xiy z\ heing the coordinates of any point of the first har whose distance from 
the extremity is r\ ; x%f «2, ^2, corresponding quantities for the second har, and 
the rest of the notation as in the last example, we have 

xi = n^i + bi(l -i^s') + cBz, «i = ri(l - }0i») - hiBz + c(l - i^s*), 

X2 = r202 - ^2(1 - \ez^) + Cez, «2 = ^2(1 - ^$2^) + *2 03 + d(l - i^J^), 

and xz and zz the same as in the preceding example. Hence, assuming as hefore 

01 = Apa sin (^Va + x)» &©•» 
and putting 

J n dm\ = ^1, J r2 dm2 = ht } — j— = «i» r — -;; — = «»» 

we have, to determine a, $, y, and A., the equations 

(aiK - ff)a-¥c\y = 0, 

(oaA - ^)j3 + 4JA7 = 0, 

mi^iAa + m2/2 Ai3 + (mi + m2 + ms) {az\ - ^) «= 0. 

When ai = oj, the cuhic for A appears as the product of a linear and a qua- 
dratic factor. 

14. A rigid hody, having a fixed point and in stahle equilibrium under the 
action of a conservative system of forces, is slightiy disturbed. 

Let the axis, a rotation round which would bring the body from its position 
of equilibrium to its actual position at any time (Art. 229), make angles witii 
the principal axes of the body at the fixed point whose direction cosines are 
/, m, n. Let cr be the magnitude of the required rotation, which by hypo- 

2 C 



386 Small Oscillations. 

thesis is a small quantity. The coordinates of each point of the body are 
then at any time functions of constants and of the yariables, cr, /, m, n, or, of 
the three independent variables a-l, cm, (rn, which may be denoted by $, ^, j^. 
Hence, &a $, ^t ^ are small, and the initial position is one of equilibriiim 
(Art. 268), 

r= To - i (pil 0^ + PZZ <t>^ +PZ3 V + ^Pl2 9<P + 2j9l3 9^ + 2p23 ^). 

* • • 

Again, neglecting small quantities of the second order, an = 0| «s = ^,^ms = f ; 

and therefore (Art. 245) 

r=i(^i« + -B02+C7ip), 

neglecting small quantities of the third order. 
Hence Lagrange* s equations (Art. 260) become 

C^ + i?13 © + 1723 ^ + i?33 4^ = 0- 

Assuming 
= Xra sin (t Va + x), ^ = Jcfi sin {t^fh + x), 4^ = Ary sin (< Vx + x), 
we have, for the determination of a, /3, 7, A., the equations 

A\a = i?ii a + pn $ + 17137, 

BK$ =pi2 a •\-p22fi + 1723 7» 
C\y = pu a +P23fi + /733 7. 

If ai, »if &c., be the values of a, &c., corresponding to A.i and A.2, two of 
the roots of the cubic for \, it is easy to^see that 

(Ai - A2) (Aaia2 + ^i8ii82 + CV172) = ; 

hence Aai a2 + Bfiifi2 + Oy\ 72 = 0, 

and therefore also 

02 (i7ii ai + p\2 fil + 1718 71) + $2 {Pl2 ai + 1722 /3l + 1723 7l) 

+ 72 (Pi3 ai +pt3$i+ J733 7,) =jo. 

Accordingly the lines whose direction cosines are proportional to ai, 0i 71 • 
012, ^2, 72 ; as, iSa, 73 ; are conjugate diameters of the momental ellipwrid,' and 
likewise of the quadric £j whose equation^ref erred to the principal axes of the 
body at the fixed point is * 

1711 X^ + 1722 y* + 1733 «*.+.2l7l2 Xf/ + 2l7i3 XZ + ^p^^yt = JT. 

Since the initial position is one of stable equilibrium,^ must be an eUipaaid 
(Art. 262). 
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An angular displacement o-i from the position of equilibrium brings the body 
into a position whose potential energy, relative to the initial position, is 

^K ( — J , ri being the semi-diameter of JE round which the rotation 

effected. Hence all small angular displacements, which are proportional to the 
diameters of £ round which they are effected, bring the body into positions 
having the same potential energy. On this account Dr. Ball calls JE the ellipsoid 
of equal energy ^ or, the potential ellipsoid corresponding to the initial position of 
equilibrium. The results arrived at may therefor© be stated as follows : — The 
harmonic axes of a rigid body, having a fixed point and in stable equilibrium 
under the action of a conservative system of forces, are the three conjugate dia- 
meters common to the momental and the potential ellipsoids. This theorem is due 
to Dr. Ball. 

15. If gravity be the only force acting 
on the body in the last example, show that 
the potential ellipsoid becomes a circular 
cylinder, and determine the positions of the 
harmonic axes. 

Let be the fixed poiat, G the initial 
position of the centre of inertia, 0' its posi- 
tion resulting from a small angular displace- 
ment (T of the body round the line OR whose 
direction cosines are /, m, n. Draw OF 
and G'F perpendicular to OR, and Q'H 
perpendicular to OQ. Then (T = Z GFQ\ 
and the potential energy due to the displace- 
ment is aJl ^ . GH. Putting OG = a, and 
LGOF—p, we have 




(7ir = 



GiP' FG^.a^ a 



2a 



2a 



= - 0-2 sin^f • 



Again, i£ \, fi, v be the direction cosines of OG, 

(T cos p = (T (l\ + mfi + np) = $\ + ^fi •\- ^p. 

Hence, the potential energy due to the displacement is 

i^ga {e* + ^* + ij'* - {e\ + ^^ + }jfpy}, 

and the quadric H is determined by the equation 

a;2 + y2 + 52 - {\x + fiy + v^)' = K, 

which represents a right circular cylinder having OG for its axis. 

This can also be easily seen directly as follows : — ^The amount of energy T 

required to turn the body through an angle o- round any semidiameter r of ^ is, 

a^ 
as we have seen, i JT— . Now, if r be vertical, T=0, and therefore r = « . 

Also, if r be horizontal, T= ^gh (where h is the height through which the 
centre of inertia is raised), and is therefore constant if o- be constant, therefore r 
is constant ; accordingly the corresponding section of jS is a circle. 

To determine the harmonic axes — One is the vertical, OG, the other two are 
found as follows : — Draw the diametral plane of the momental ellipsoid wliich is 

2 C2 
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conjugate to a vertical line through the fixed point ; it will meet the cylind^ E 
and the momental ellipsoid in two ellipses ; the pair of conjugate diameters commoo 
to these two are the lines required. Also, since a horizontal section of ^ is a 
circle, the projections on any horizontal plane of the two non-vertical harmonie 
axes are lines at right angles to each other. If the hody he displaced without 
initial velocity, there will be no oscillation round the vertical axis ; and if the 
periods of vibration round the other two axes be different, the instantaneous Km 
of rotation will either oscillate or revolve continuously in the plane of the non- 
vertical harmonic axes. If after displacement an initkl velocity be imparted to 
the body, in order that there should be small oscillations, this initial v^ocity of 
rotation must be round an axis in the plane of the two non- vertical harmonic 
axes. 

16. If the system of forces acting on the body be constant in magnitude and 
direction, determine the values oipn, &c., in Example 14. 

Let the components of the constant force acting at any point of the bo^, 
parallel to the initial directions of its principal axes, be JT, Y, Z; and let the 
coordinates of the point of application referred to the principal axes be Xj y^ty 
then, 

i?ii = 2(yr+5;Z), i?22 = 2 (zZ + a:Z), pas = 5(a;X + yF), 

2pi2 = -2(xT+yX)y 2pi3 = - 2{xZ+ «Z), 2p73 = - 2(y^ + sF). 

17. If a system whose position is determined by three independent YariaUes 
perform small oscillations, prove that the harmonic axes are the three conjugate 
diameters common to the quadrics $ and S (Art. 261). 





CHAPTEE, SI I. 

THE DTNAMIC.U. PaiNCIPLES. 

Section I. — Motion of Centre of Inertia, and Moments of 
Momentum. 

265. Centre at Inertia of a Free System. — A ajfitem 
IB Baid to be free when it is not aoted on by any restraints 
external to itself. 

It has been shown in Art. i307 that the equations of 
motion o£ a rigid body are in their most general form appli- 
oable to any system whatever. Hence, from Art. 204, we 
may conclude that — 

In any free system the centre of inertia moves as if all the 
forces were applied to the entire mass concentrated at thai point. 

As this theorem is one of great importance, we shall prove 
it directly from D'Alembert's Principle as follows : — 

If a system be free, equal and parallel displacements in 
any arbitrary direction can be given to each of its different 
points, as their relative positions are thereby undisturbed. In 
D'Alembert'a equation {Art. 201) we may therefore oousidar 
Sx, Sy, &, as arbitrary and independent, but as having the 
same values for all points of the system. Heuce 

.(^-»^r)=o, .(^->»g^)=o, <^-».s>°. 

and therefore 

266. Restraints and Partial Freetlom. — If a sys- 
tem be subject to restraints external to itself, we may apply 
equations (1), proridod we suppose the restraints replaced 
by the forces to which they give rise. 
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If a syBtem, though not entirelj free, be Buch that equal 
and parallel diepIaeementB of arbitrary magnitude can be 
given to each of its points in a definite direction, and if the 
axis of le he taken in that direotion, we have still the egna- 
tion 

267. laternal Forces. — Any force by which two 
parts of a system act on each other is said to be intemaL 

Since action and reaction are equal and opposite, the com> 
ponents of internal foroes destroy one another in the sums 
SX, SF, and SX. Hence io any system — 

Internal forces have no effect on the motion of the centre oi 
tTieriia. 

268. Case of no Exteraal Forces. — It follows from 
Art. 267, that if a system be acted on by no external forces, 
its centre of inertia is either at rest or moves in a straight 
line with a constant velocity. This theorem is eometimee 
termed The Principle of the Conservation of the Mutton of the 
Centre of Inertia. 

Beeults similar to those of the preceding Articles hold 
good for impulses. 

269. Motion of a Free System relative to Itt 
Centre of Inertia. — If £, ij, ^ be the coordinates of any 
point of a system referred to axes through its centre rf 
inertia parallel to fixed directions, ic = 5 + |, y = y + t|, z = z + Z. 
Substituting in D'Alembert's equation, we have 



SX-W5 



|(.-».^-;?)«.(r-.,^').,.(.-.^-l=)«j=„. 



M 


sr- 


(£») 


§y 


Si(sz- 


(^-iS) 


df 


8S^™g! 


--»f 




mK 


d-i 


2mS)) 


ft 

de 


201 8; 






Now Sm^ = 2m?( 
Art. 265, we obtain 




Free System. 

■■ 2»j5 = 0: henoe, by equations (1), 



dt\ 



rff , 



22 =0.(2) 



It follows from thia equation that — 

The motion of a free sydcm relative to its centre of inertia is 
the same us if this point were fixed in. space, the applied forces 
being unaltered as regards magnitude, direction, and point of 
application, 

270. Haments of JHomentum. — If x, y, s be the co- 
ordinateB of any point of a system, and «» the mass concen- 
trated at that point, the quantity 



Sm 



dx\ 



dt 



is called the moment of momentum of the system round the 
axis of s. It may also be termed twice the areal velocity of 
the system round the same axis (Arts. 29, 206), 

The Momentum Axis and Principal Plane of any system 
are determined as in Art. 253. It can be shown, as has been 
done in that Article for a rigid body, that — 

The moment of momentum of a system round an axis through 
any point is equal to the moment of momentum round a parallel 
aaia through the centre of inertia, together wiih the moment of 
momentum relative to of the entire mass of the system supposed 
to be concentrated at the centre of inertia, and moving with it. 

271. Free System. — Equations (8) obtained in Article 
206, for determining the moments of momentum of a rigid 
body, may, like those for determining the motion of the centre 
of inertia, be appHed to any free aystem. This appears from 
Art. 207. 

The direct deduction of these equations from D' Alembert's 
Principle is effected, in the case of any system, by giving to 
each point of the system a displacement such as it would re- 
ceive if all the points were rigidly connected, and the whole 
fiystem made to rotate round an arbitrary axis. Whatever be 
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tlie internal oonnexions of the syBtetn, suoh displaoementB are 
poaaible, bIdgo tliey leave tlie relative positions of all tlu 
points unaltered, 

272. Reatralate and Partial Freedom. — A eyateiq 

which IB not free may he regarded as free if the external i 
strainte be replaced by the forces to wliioli they give rise. 

If the system, though not free, be such that displat 
ments oan be given to its points, suoh as they would receive 
if they formed a rigid system made to rotate round a fixed 
axis, the equation for determining the moment of momentum 
of the system round this axis still holds good. Hen 

If there be a fixed line in a system, the rate of change, relativ»< 
to the time, in the moment of momentum of the system round thi 
line is equal to the moment of the applied forces. 

If there be one point of a system fixed, Equations (8)| 
Art. 206 hold good for this point as origin, 

273. Internal Porces. — Since internal forces ooour ia 
pairs, each pair consisting of two equal and opposite foroof 
having a common line of direction, the moment round anj 
line o£ the whole aet of internal forces must be zero. SenoB' 
the moments of momentum of any system are unaffected by forced' 
internal to the system. 

274. Conservation or Moment of IHomentani. — Jt 

a free system be unacted on by any forces external to itself 
its resultant moment of momentum, relative to any point 
fixed in space, is constant, and has for its axis a line whoH 
direction is invariable. 

A similar result holds good for the centre of inertia t 
though this point be not fixed in space. 

If a system, otherwise free, contain a point or a line fixe( 
in space, aud be unacted on by external forces, the resultanl 
moment of momentum of the system relative to the fi^ed 
point, or the moment of momentum round the fixed line, 
constant. 

The theorems enunciated in this Article together oonsti?' 
tute what has been often termed The Principle of the Coruer 
ration of the Moment of Motnentutn, or The Principlt of th 
Conservation of Areas. 



As the moment of a force round an axia intersecting the 
line of direction of the force is zero, we see that — 

If the lines of direction ofallthe external forces which act on 
a free system he met by the same space-axis, the moment of mo- 
mentum of the system round this axis is constant. 

If the space-axis be fixed in the system, which ie other- 
wise free, the theorem above still holds good. 



Aiu. A series aC parabolas, and finally a straight Ima (em (1), £x. 13, 

p. 278), 
2. Show that the centra of inertia of the univei'se is eiUtec fiietl in space or 
je moves in a Etroight lias with a constant velocity. 

. A dog wallis irom one end to the other oi a uniform plank which ia 



placement ia — ~a. 

4. A uniform plank ia placed on a smooth inclined plane bo as to bs petpen- 
diouiar to the interaeelion of the inclinod plane with the horizon; dotoiminu the 
time in which a dog should go from the uppar to the lower end of the plonk in 
order that it should remain unmoved. 

Let ( be the time required. The displacement of the centre of inertia of the 

aygtcm in the time i in apace is ^gl' sin i, and relative to the plank is a. 

It the plank remain unmoved those must be eqoal. Hence 

2D a 

~ D + J-'fm^i' 

5. A sphorfl ia projected with a velocity v along a uniform Bmooth tnbe 
within which it fits exactly. The tnbe rests on a smooth horizontal plane, and 
it« Biis foiTDs u circle ; determine the motion. 

Let m be the maas of the sphere, rn' that of the tube, and a the ntdius of 
the circle formud by its axis. The common centre v! inertia of the tube 
and sphere moves parallel to the diteotion of projection of the sphere with 

a velocity 1, and the oeatrea of the tube aad sphere deiicribe circles luund 

will an angular telooity -. 
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6. A uniform circular plate whose centre is fixed lies on a smooth horizontal 
plane. An insect starts from the centre of the plate, and returns to the same 
point after describing a circle whose diameter is the radius of Uie plate ; find 
the angle through which the plate has turned. 

Let ^ be the angle through which the plate has turned at any time, a its 
radius, m its mass, m' that of the insect, r and its polar coordinates in space, 
r and tf^ its polar coordinates relative to the plate ; then 

a^ dA de 

^'idi'^^'^di'^^' "^^^"^f r = acos«fr. 

„ C 2m' cos' J/ 

Hence ^ = - 1 tt-. — rr »4'» 

^ J m + 2w cos*^ ^ 

and the angle required is 

7. A satellite of mass m is moving in a circle whose radius is r, round a 
planet whose mass is M, and which rotates round an axis at right angles to the 
plane of the orbit with an angular velocity n. If C be the moment of inertia of 
the planet, and fi the attraction between unit masses at the unit of distance, 
show that the moment of momentum of the system round its centre of inertia is 



C U + fi^^p (M+ m)-»r*|. 



8. A hollow cylinder filled with water is projected without initial ro- 
tation in a direction perpendicular to its axis, along a rough horizontal plane ; 
determine the time at which pure rolling begins, the amount of friction subse- 
quently brought into play, and the time at which the cylinder comes to rest. 

Let M be the mass of the cylinder and contained water, / the moment of 
inertia of the cylinder round its central axis, a the radius of its external sur&ce, 
fjL and /the coefficients of sliding and rolling friction, v the initial velocity of the 
common centre of inertia G of the cylinder and contained water, ^i the time at 
which pure rolling begins, F the friction subsequently brought into play, vi the 
velocity of the point G at the time ^i, hi the time at which the cylinder comes to 
rest. Then we find 

^ i'-i) 



/x+ A 



1 -, F^ , Mg. vi = , ^v V, 12 a— -, 



where Kl — Ma^, In these equations A must exceed 2, which is its value in the 
case of a solid cylinder. "We see that as A increases, ^i diminishes, F and V\ 
increase, whilst h remains constant, being the same as in the case of a solid 
cylinder (see Ex. 13, p. 278). 



9. A smooth rod having ano ei 
tshle, anddjivQS n, particle of muss 
a point indefinitely near the fiied e: 



lity fiied movDS on a eraootb horiionlol 

il to its own, which stflrts from rest from 

nity of tliB rod. Find the inrlinntion of 

in of the particle when the latter has reached an y 



Art. 209), we haye, if ^ be the angle required, ta 



, V['-'+*')\ 



-n it is the 



radius of gyration of the rod, and r the diatanos of the particle from the fixed 
«itremity. 

10. A triangular prism rsats with one rectangular face on a smooth horiEOntol 
plane. A rough cjlioder, having its axis parallel to the edge of the prism, rolls 
down one of its faces starting from rest, tLe centres of inertia of the prism arul 
cylinder being intbe same TerticaJ plane; determine the angular velocity of the 
cylinder when it roaches the horisonlnl plane, and the distance through which 
tbe prieia has moved. 

Let the axis of x ha the intfirseotion of the horizontal plane with the vertical 
plane uonlaimng tho centres of inertia, the axis of s being vertiual. Let x" be 
tba coordinate of the centre of inertia of the prism, m' its mass ; z, i tbe coordi- 
nates of tliD centre of the cylinder, a its radius, m its moss, t its radius of gy- 
ration, ^ the angle through which it has turned, andi the distance on the pnsm 
perpendicular to its edge through whicli the line of eonlact of the cj4indor has 
moved, at any time ; then, i being the angle which the face of the prism mukee 
with the hoiiEontal plane. 



+ *V)-2ir;«(:,-:), 



2(m + ,.,')0(h-a ) 



Section II. — Energy. 

275. Energy. — Work and Energy have been defined, 
Arts. 116 & 126, and the equation of Energy for a rigid body 
has been obtained by two different methods (Arts, 129 & 
208). In the present section wo propose to oousider the aub- 
j'eot of Energy in a somewhnt more general manner, and to 
show that ou the equation of Energy may be baaed the whole 
theory of the aotion of forces on a oonneoted system. 
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276. E^[«ailaB afEMergy. — Jl any Bystem of material 
points be acted on by any forces, we may suppoee the oon- 
rtraints and connexionB of the flysteni replaced by oorreapon- 
ding forces, and with this proviBO regard each point as enturdj 
free. Assuming then the principles which goTem the reso- 
lution and composition of forces acting at a point, and the 
relations between force and acceleration, we hare 

""''IF^^'^ "^'If^^'^ "^'dF^^'^ 
d'Xi cTyi ^^ 'w 

&c., &c., 

where Xi, Fi, Zi, include the components of the forces whidi 
replace the constraints, if any, acting at ^i, yi, Si, and so for 
the other poiuts of the system. 

Multiplying the first equation by dxi, the second by dyi, 
&c., and adding, we have 

/d^x d^u d^z \ 

^ml—dx-^-^di/ + — dzj = ^{Xdx + Ydy + Zdz) ; 

or, putting T ^\ 2/?/t?% 

dT 

— .dt^^ {Xdx + Tdi/ + Zdz). (1) 

Uv 

In virtue of this equation, T is called the kinetic energy of 
the system (Art. 127). 

277. Conservatioii of Enerf^y. — If the mutual forces 
between the parts of a material system are independent of their 
velocities, the system must be conservative (Art. 122). 

To prove this we have to show that in going from the con- 
figuration A to the configuration B, the work done by the 
forces of the system is independent of the mode of transfor- 
mation, and depends only on the initial and final configu- 
rations. 
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Suppose that in one mode M of going from Ato B more 
wort is done than in another mode N. Let us imagine two 
systems precifiely similar, and let the first, going from A\aB 
by the mode M, be made to bring the other from j5 to -4 by 
the mode N. This will be possible, because the work consumed 
in going from B to A through JV is equal to the work per- 
formed in going from A to B through iV, since the foroeB in 
any partieSar position are by hypothesis independent of the 
diyectiom in which the points of the system are moving, 
and therefore each element X dx oi the total work retains the 
same magnitude, but changes its sign, when the transforma- 
tion is reversed. Hence the transformation from A to B 
through M will bring the second system from Bio A through 
N, and leave an overplus of work. Let us now suppose l£e 
second system to go from A to B through M, bringing the 
first from Bto A through iV. There will again be an over- 
plus of work. This process may be repeated for ever, and 
thus an inexhaustible supply of work can be obtained from 
permanent natural causes without any consumption of mate- 
rials. The whole of experience teaohes us that this is im- 
possible. Heuoe the work done in going from A t^ B \b 
independent of the mode of transformation. 

If a si/stem be acted on bp no ej-fenml forces, the work 
done by the forces of the system is equal to the change of 
kinetic energy ; whence it appears that the kinetic energy T 
in any particular configuration depends only on the values of 
the variables by which the configuration is indicated, and on 
the initial state : in other words, we have the equation 

T~T, = <p {x„ !/„ «„ ff„ y,, zs, &o.). (2) 

It is essential to the validity of this demouetration that the 
work consumed by the forces of the system, in any transfor- 
mation, should be equal to the work performed by them in 
the same transformation reversed. If the force acting on any 
point changes sign with the direction of the motion of that 
point, the condition of roversibihty is not fulfilled. In the 
case of friotioD, for instance, so far as it is considered in 
Mechanics, the force changes sign with the motioa, and oon- 
Bumes work both ia the direct and reverse transformation. 



The same ia tme of the resistance of a medium. Again, if 
the foroeB are not equal in magnitude when the points occupy 
the same relative positions, as in the case of the collision of 
imperfectly elastic bodies, work is apparently consumed with- 
out any oorresponding increase of potential energy. The ex- 
periments of Joule and others have established that in all 
Buoh cases the energy which seems to bo lost is really pre- 
Berved in the form of heat, which may be regarded as kinetic 
energy resulting from molecular motions not directly sen- 
sible. In applying the equation of energy we must, how- 
ever, remember that in all cases such as those mentioned, as 
well as in some others, the conservation of energy, so far as 
sensible motion alone is concerned, does not hold good. On 
the other hand, if we take into account every fonn of energy, 
the conservation of energy may be considered as an absolutely 
universal fact of nature. 

If in (2) we put f = V<i— K, we have 

r+ r= T, + r,. (3) 

We can now give an exact definition of potential energy. 

The Potential Energy of a conservative system in any par- 
tionlar configuration is the amount of work required to bring 
it to that configuration against the mutual forces of the system 
in its passage from any chosen configuration. 

The principle of the conservation of energy may then be 
Btated thus : — 

In any conservative system unacted on by external /breea Ott 
turn of the kinetic and potential energies is constant. 

278. Ortbe ulUmate Permanent Forees ofXmtarm. 

— In his Paper on the Conservation of Foree (TJeber di» 
Erhaltung der Kraft, 1847), Helmholtz observes that w» 
must regard the forces of nature as caused by the aotion d 
portions of matter on each other, and from a mathematical 
point of view must consider matter as composed of an infi- 
nite number of material points. The ultimate permanemt 
forces of nature must result, therefore, from the action <rf 
these points on each other. 

If the conservatiou of energy hold good of these foiMS, 
the mutual forces between two material points must be in th» 
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line joining them, and be a function of the distance between 

them. 

This proposition is proved by Helmholtz as follows : — 
In this case the kinetic energy of the system composed of 

the two points is given by the equation 

T = J {Xdx + Ydy + Zdz + X'dx + Y'dy' + Z'dz') + c. 

Since the conservation of energy holds good, T ia a 
fimotion of the relative position of the two points. Again, as 
they are points, all directions must be supposed indifferent as 
regards either of them considered alone. Henoe tlieir relative 
position must depend solely on the distance between them, 
and T is therefore a function of this distance r, or T = ^ (r). 

Equating the two ezpressions for 2'and differentiating, 
we have 

^ =*'(')£ ^=*'m|' ^=«"s. 



i'-*'W~. r-.^'H?!*, z'./M?^'. 

Hence the point x, y, s is acted on by a force (ji'{r) in 
the direction of the line joining x', /, s' to x, y, z; and the 
latter point is acted on by an equal force in the opposite di- 
rection. 

Conversely it is easy to see that, if two material points 
acted on each other with a force depending as regards mag- 
nitude on their mutual distance, but not in the direction of 
the line joining them, they would be capable of producing in 
each other an over-increasing velocity, and of thus generating 
an unlimited amount of energy. 

In order to bring about this result we have only to suppose 
the points connected by a rigid rod. The whole system would 
then he acted on by a constant oouple. 
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279. Forces wblcli appear in the Equation «r 

Enersy. — For any Bystera entirely free we have obtained 
the equation liT = S [Xdx + Ydy + Zdz), and have seen 
that the equation holds good for a system reatrioted in any 
way, provided the various constraintB are replaced by equi- 
valent forces. 

If the constraints of the eystem consist of smooth ourves or 
surfaces along which the points are oonstrained to move ; of 
rigid bars or ineitensible strings connecting the ditferent 
points with each other or with any external fixed points; or 
in general of any connexions such that the distance between 
each pair of points immediately acting on each other is in- 
variahle, the whole work done by all these constraints and cott- 
nexioEB is zero, and may therefore be omitted from the right- 
hand side of the equation (Arts. 121, 134). 

If the potential energy (Arts. 126, 276) of any portion oft 
system be a function of a single variable quantity !i, the wo 
done by tliis part of the aystem in any displacement must 
of the form \hi, since P'= ^{»)> 3'°<1 therefore dV= ^'(«) ( 

If between any points of the system tliere be a conneii 
which is capable of being expressed by means of an equati 
between their coordinates, such connexion can be effected 
means of material constraints of an invariable character ; so 
as smooth fixed surfaces or curves, or rigid bars or inextensil 
fibringa. 

Henoe we may conclude that, in any motion of the systi 
the icork done by the forces replacing any eonna-ion liefween . 
jmntg qf t/ie xystem capable of being expressed by cquationt i 
Uteen ikeir coordinates, is sero. 

A formal proof of this important proposition may be gii 
as follows: — 

If 17 = be an equation between the coordinates of «. 
points in a moving system, the forces which the correepondia 
constraint introduces into the Eystem must he functions i 
the coordinates and of the other forces. Hence, if the lattfl 
he conservative, so are the forces caused by the conetraia 
which for brevity we shall refer to as the constraint U. 

Again, if at any time the condition f = be actually i 
filled, the imposition or removal of the material bonda 
which the corresponding constraint is efieoted cannot leqi 
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any expenditure o£ energy ; since thia imposition or removal 
does not cliaiige the position of any point of the system. 

Let there be now a system S„ wnioh without U is conser- 
vative, and let A and B be two configurations in which the 
condition f7= is fulfilled; then, as we have seen the forces 
replacing fare conservative, and if they consume work going 
from Bto A, tliey produce work going from A to B. Let the 
externa! work IFbring Si from A to B subject to the con- 
straint TT. Let Q be the amount of potential energy thereby 
produced in S„ and E the work done by the forces replacing 
U; then, the whole amount of work produced ia W- Q + E. 
Now let this be used in bringing 8^ (precisely similar to Si) 
from BtoA without IT, whereby Q is produced, and in doing 
such an amount of other work, that Si may come to rest at B 
and Si at A, We may then without any expenditure of 
work impose the constraint P" on Sa and remove it from S,. 
Things are now in precisely the same state as at starting, and 
in the whole prooess, by an expenditure of work W, we have 
produced work whose amount is W + E. Hence in any 
motion of the system Si the work E done by the forces re- 
placing the condition 11= must be zero. 

As the amount of work done by these forces in an un- 
reversed motion cannot be influenced by the charncler of the 
other forces, but only by their amounts and direolions, the 
work done by the forces replacing C" = must under any 
oircumstanees be zero, 

280. Eqnatlon orEoergy in Cleneral. — If we have a 
system acted on by any forces external or internal, and sub- 
ject to any constraints or mutual connexions, the equation of 
energy assumes the form 

T- r„+ V- Vn= W. (4j 

7*0 and Vn are the kinetic and potential energies in the 
initial position, 7* and Fin the position under consideration, 
W ia the work done by the forces external to the system, and 
by those internal forces which are not conservative or rever- 
sible in their oliaracter in going from the initial to the actual 
position. 
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As regards constramta and connexione, tliey may be t 
Tided into three classes, 1. Those producing foroea whoi 
■work during any motion of the system ia zero. Suoh ( 
nexioQB we have already considered ; they have no effect o 
the equation of energy, 2. Those which are capable of olte 
ation under the actioa of external forces, and such that theb:' 
alteration produoee or consumes a corresponding amount of 
potential energy. The work done by the forces replaoisg 
these constraints and connexions is included in the expressioQ 
Ya-V. 3. Reeistanoes or connexions which introduce foro ^" 
of a non- conservative character. Such are the friction i 
rough surfaces, the resistanoe of a medium, the forces dev« 
loped hy the alteration of an extensible body vrhich does lei 
work in its recoil than the amount required to stretch it, &. 
All such forces must appear as forces in the equation i 
energy, and the work done by them is included iu W. 

281. Tlrtoal Velocities.— TheprincipIeofEnergymaJj 
as we have seen, be expressed for dynamical purpose 
following form : — 

The work done on a system in any interval of time l 
external applied forces, diminished by the work consumed i^L 
the same time by the non-consei-vative forces of the syateni^J 
is equal to the sum of the increments of the kinetic anJ 
potential energies. 

We have seen likewise that this principle holds good for 
a aystem pubject to any invariable constraints or connexions 
intorniil 'ir external as well as for a free system. 

We are now able to obtain the conditions which must h 
fulfilled in order that any system should be in equilibriu] 
they can be expressed in a single statement, viz ; — 

In order ihtit an;/ sj/siem should be m equiiibrium, the « 
donebi/ilie applied forces in anyposdble inJinUely ntnalldupl, __ 
meni, dimiiiie/ircl bi/ the increase of the potential energy oftl 
tt/iiem, must he either negative or zero ; and, if this be in 
fi>r every possible infinitely small displacetnent, the system is i 
equilibrium. 

The truth of this statement readily appears from i 
equation of energy. 

A position of equilibrium is one in which if the Byeteiii \ 
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placed at rest it will remain at rest. Now the system will 
not remain at rest if there be any possible mode of Jisplace- 
ment, in which the united action of the internal and external 
forces can produce a velocity in any of the points of the ayatem. 
On the other hand, if the aystem move from rest in any 
manner, it will acquire a positive tinetio energy. Henoe, if 
there be uo poasible way in which it can do thiB, its position 
muBt be one of equilibrium. 

In applying |the principle of equilibrium we must regard 
the noQ- conservative forces of the system (if any) as applied 
forces, and introduce them with their proper signs. In the 
case of adufil motion, forces of this kind always conaiirae 
work, but in the case of virtual displacements this is not ne- 
cessarily the case; e. g. suppose a heavy particle is planed 
on a rough inclined plane, and it is required to determine the 
condition of equilibrium. In this case we must consider the 
force of friction as acting upwards along the plane. If now 
we imagine a virtual displacement down the plane, friction 
■will consiime work ; but if we imagine a displacement up the 
plane, friction will produce work. In the case of actual 
motion, whether slipping take place up or down the plane, 
friction will consume work, 

Again it is to be observed, that if every possible set of 
displacements remain possible when reversed, the condition of 
equilibrium becomes simply that tJie total work done by all the- 
forces interna! and external be zero. 

In fact, if SPS/) be negative, and P remaining unaltered, 
the sign of each ^p be changed, SPSp becomes positive ; but 
this ia inconsistent with equilibrium, hence SPSp must be 
zero. 

If we combine the principle of Virtual Velocities with 
D'Alembert's principle, we obtain the equation which embraces 
the whole theory of Kinetics, 

.!(x-,„5)a«.(z-™S)8,.(z-,„g)a.j = o. 

From this equation that of energy was deduced in 
Chapter IX. Ia the present Chapter we have reversed this 
mods of procedure. 

qua 



b 
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282. Eqalvaleat Sete of Foreea. — Two Bets of forces 
acting on any material Mfstem are said to te equivalent when 
each is capable of equilibrating the same third set. 

//■ a net of forces acting on ant/ system he replaced by an 
equivaknt set, the motion of the system is unaltered. 

For let P be a force of the first set, and Q one of the second, 
and suppose tbe P set to be acting. Introduce at th© point 
where Q would act two forces Q and - Q. This being done for 
each point of the sjEtem, the motion remains undisturbed. 
The system is now acted on by the three sets of forces P, Q, 
and - Q ; and, since the sets P and Q are equivalent, the sets 
P and - Q are in equilibrium, and the motion is the same as 
if the set Q were acting alone. 

In moving a system from one given position to another, eqai- 
calent sets of forces produce ike same amount of work. 

The motion being the same whichever set of foroea is 
in action, the intermediate positions of the system are at each 
instant the same; and since the two sets of forces are equiva- 
lent, ^Pdp = SQrf? at each instant. Hence the whole amount 
of work produced in one case is equal to that produced in the 
other. 

It can be shown in like manner that the work required to 
move a system from one given position to another, against the 
action of any set of forces, is equal to that required to move it 
against the action of nu equivalent set. 

283. Wrenches. — A wrench in Kinetics oorresponda to 

a twist in Kinematics. 

If a rigid body be acted on by any forces, these forces can 
be reduced to a single force along with a couple whose plane 
is perpendicular to the direction of the force. 

Such a system is called a icrench about it screu; the axis of 
the screw being the line of direction of the force, and the pitch 
of the screw being the line which is the quotient of th© couple 
by the force. The magnitude of the force is called the in- 
tensity of the wrench. 

The wi'ench to which a set of forces acting on a rigid 
body is equivalent baa been termed the canonical form of the 
Bet of forces. 
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The canonical form of a set of forces is in generaljunique ; 
for, as may be easily seen, if two wrenches be equivalent, they 
must either be identical or else consist of equal couples in 
parallel planes. 

Examples. 

1 . A particle of mass m moyes with a simple harmonic motion ; detennine 
its mean energy. 

If T and a be the periodic time and amplitude of the motion (Arts. 85, 86), 
and T the mean energy, 



T Jo 2 T* 



2. If the motion of the particle m be the resultant of any number of simple 
harmonic motions haying different periods and amplitudes, find the mean value 
of the energy. 

I f be an interval of time which is very great compared with the longest 
periodic time. 






mv^ , - a* 



3. Determine the mean energy of a system of vibrating particles. 
The rectangular components of the displacement of any particle are periodic 
functions of the time, and can therefore be expanded in series any one term of 

which is of the form asinf — < + oj. Hence, 



T=ir*2m 



t3 



4. A rigid body is acted on by a couple whose moment is Pp ; detennine the 
work done by the couple in any small motion of the body. 

If dd be the angular displacement of the body round an axis perpendicular 
to the plane of the couple, the work done by the couple is Fpdd (see Art. 125). 

5. Express the kinetic energy of a body having a fixed point in terms of 
the angles 0j ^, ^ (Art. 238), the body-axes being the principal axes at the 
fixed point. 

As ijjiy »2, <i>3 are given in terms of $, ^, if^, Ex. 28, p. 316, we have, 
Art. 245, 

2r=(u4sinV+^co8*<^)&2+{(^cos*^ + .Bsin«^)sin'fl + Cco8*«}^ 
+ Cip^-\-2{B-ji)an0 gmift coBift ^ -^-20 cob0 ^ ^, 

6. If T be the kinetic energy of a body having a fixed point, and taxj <i>y, ^z 
its angular velocities round three rectangular axes fixed in space passing 
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dT dT dT 
timragh the point, prore that - — , -— , -— aze tiie momenti of nmni enU im of 

dmm dmp Mb 

flie bodj roimd the axes. 

Lei i, y, she the eompooents of the Telocitj of any point of Uie bodj, then 

heoee (Art. 235), 

7. Detennine the amount of energy W which must be expended on a rigid 
body in order to effect a given twist in opposition to a given wrench. 

Let be the amplitude of the twist round the screw a whose pitcli is p^ 
Q the intensity of the wrench round the screw /3 whose pitch ia g, and A the 
angle between a and /3. 

Take a as axis of x, and the shortest distance from a to jS as axis of s, de- 
noting its length by e. Beplace the wrench at each instant by the forces Z, 
T, Zj passing through a point coinciding with the origin, and the couples X, M, N, 
Then the system Z, T, Z, Z, M, iVbemg equivalent to the wrench, 

X=QcoBa, r=Q8infl, Z=0, 

X = Q^ cos A - Q^ sin A, If = Q^ sin A + Qe cos A, iV= 0. 
Hence (Ex. 4, and Art. 121), 

dW=^ Qp COB add + (Q^cosA- Q«8inA)if0= Q{{p + q) coed— e nnQ}d$t 

and therefore 

Jr= (^{(i? + g)co8A-<;sinA}. 

The expression {p + q) cos A — tf sin A is called (Ball, Theory of Sermn^ 
f 13) the virtual coefficient of the pair of screws a and /3. 

If <; be regarded as always positive, A is the angle through which the ani 
of the screw a must be turned round the axis of z in order to be codirectional with 
the axil of /3, the positive direction of z being always from a towards /3. 

8. Two weights are connected by a fine inextensible string passing over a 
smooth pulley. The lesser hangs vertically, and the other descends a smooth 
inclined plane, starting without initial velocity from a point vertically under the 
pulley ; detetmine how far it will descend, and state the limit of the ratio of 
the weights within which finite descent is possible. 
• If « be the height which the lesser weight W ascends, and a the distance 
along the inclined plane traversed by the greater weight W, we have 

Winnie W"z = 0, 

and therefore 

. . ., ^ 
c B M am t, if — ; = K. 
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Also, if h be the vertical distance of the pulley frinn the inclined plane, 

A + « = ^ (A» + «» + 2A« sin i). 

Hence s = „ . ^ . h. and in order that finite descent should be pos- 

1 — A.* sin* t 

sible, JF' > Wani. 

9. If any system of smooth inelastic bodies collide, show that the loss of vis 
yiya is 

2w {{m' - w)2 f (v' - v)» + {w' - «;)*}, 

where m is the mass of any particle, and u, v, w; u\ v\ w are the components 
of its velocity before and tftter the shock. 

If X, &c., be the components of the impulses due to the shock, we have 
(Art. 202), 

Sw { {«'- u) Ix + (t/- v) ly + ( w - w) 5a } = 2 (X5a? + FSy + 2^z) , 

Instead of HXj 8y, 9z, &c., we may substitute u'dtj v'dtj w'dt, &c., for as 
these are actual displacements they must be possible : thus we have 

• • • ' 

But x\, yi, z\ ; X2y y2, ^2 being two colliding points, 

2 ( J«' + Ft/ + Zm>') = Ji (Ml' - «2') + ri (vi'- va') -f Zi (m>i'- u;^') 4- &c. = 0, 

since the direction of the impulse at each point is perpendicular to that of the 
relative velocity after impact. Hence 

2»»{m^ + t/2 + M>'2) = 2m («u' + vv' + wu/), 
and therefore 

2i»(«2 + t;« + «;*) -2m(«'2 + »'* + u>^) = 2m { (a' - w)* + (v' - v)« + (m;' - m;)^}. 

If there be any set of internal impulses whose directions are perpendicular 
to the relative velocities assumed immediately after their action, or any set of 
external impulses whose directions are pei*pendicular to the absolute velocities 
assumed immediately after their action, by the points of the system at which 
they act, the expression just obtained for the loss of vis viva still holds good. 

The impulses produced by geometrical constraints- of any kind suddenly im- 
posed fulfil the condition mentioned above. 

10. If a system be put in motion by any set of impulses, every additional 
geometrical constraint imposed on the system diminishes its initial vis viva. 

11. If a system be acted on by any set of impulses, prove that the increase 
of its vis viva may be expressed in the form 

2{Z(« + i/) + r(f; + tO + Z{w + w')\, 
where X, T, Z are the components of the impulse acting at any point of the 



• • 
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system, and u, v, w, t/, v', w' the components of the Telocity of this point beforo 
and after the impulsion. 

Since tii dty v\ dt, widt; U2 dt, vz dt^ wz dt^ &c., are the components of actual 
displacements of the points x\y yi, zi; X2, yz^ zz, &c., they are possible dis- 
placements. The same thing is true for ui dty &e. Hence any system of dis- 
placements resulting from the super-position of these two, each set being mul- 
tiplied by a constant factor, is a possible system. Hence in D'Alembert'a 
equation for impulses (Art. 202) we may substitute u + t/ for Hx, v -^ %/ for Sy, 
and v}-\-w' for Sz, and we obtain for 

2m {(w'* - ««) + (t;'« - «*) + (m^ - «?*)}, 

the expression given above. 

12. If in the last example 2 (Jw' + Yv' + Zw') - 0, prove that 

2(Xw + r<; + Ztt;) = - 2m {(f/- uf + {y' - «)«+ {w' - «?)«}. 

13. One point of a rigid body moving freely is suddenly arrested ; determine 
the loss of vis viva. 

Let Uy Vy w be the components of the velocity of the point immediately before 
it is arrested, Xy y^ z, its coordinates, and X, Y, Z the components of the impulse 

which it exerts on the body, the axes being the principal axes at the centre of 

inertia ; then, % being the loss of vis viva, we have 3) = ~ (■^** -\- Yv ^ Zw) 

• • • 

{Ex. 12). Substituting for X, &c., their values from Ex. 49, p. 363, we obtain 

= ABC(u^ + V* + w^) + 3Rr2(5C7w2 + CAv^ + ABu^) + WtHr^(xu + yv +«u;)« 
+ SW (a:w + yv + zw){AB (xu + yv - xtv) + BC(yv ^-zw — xu) + CA (ztv -hxu — yv)]. 



• • • 



14. If Xj y, z be the changes in the components of the velocity of any jKunt 

of a rigid body caused by any set of impulses, and^, y, z; in, ira, ira the corre- 
sponding changes in the components of the velocity of the centre of inertia, and 
in the angular velocities of the body, prove that 

• -I- ^ 
2w(i2 + y2 + z2) = 3K{^2_,.y2 _,. ,•^) ^ ^^^2 + ^ttz^ + Ctts*, 

the axes being the principal axes at the centre of inertia. 

16. If any system of smooth imperfectly elastic bodies having a common 
coefficient of restitution collide, show that the loss of vis viva is 

i^ 2m{{cr- «)2+ {r- v)2 + {7r- tr)2}, 

where e is the coeffiriont of restitution, m the mass of any particle, and «, r w; 
V, V, W the components of its velocity before and after the shock. 
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Let Uf v', w' be the components of the Telocity of m at the end of the first 
period of the impact ; then, as in Ez. 9, 

2m{{Cr-u')M'+(r-0«''+(^-«'')«''} =0, 
and also 

%m {{w - u') w' + (« - t/)f;'+ (%o - vo')v)'\ = 0. 
From these we obtain 

= 2m{(w'-u)2 + (t;'-v)* + (u>'-«>)*-(I7'-f*')»-(r-«y-(»^-«'')»}. 

Now the quantities %i — m, &c., are determined by linear equations in terms 
of the normal impulses B.^ &c., and the quantities U— u\ &c., are determined 
by linear equations in all respects the same as the former, except that eS, &c., 
take the place of -R, &c. Hence U— u' = e{u'— «), U- w = (l + e){u' — w), &c. 
Introducing these results into the equation aboYe, we have 

l-e 

2m(«2+i;2+tt;*)-2w(Cr2+r*+ Jf^) = z 2m {( CT- w)2 + (r-t;)»+ (IF- «>)«}. 

1 + c 

The theorems contained in Examples 9 and 15 are due to Camot. 

16. Show that the velocity v with which a fluid under a uniform pressure j> 
escapes from a small orifice is given by the equation v* = 2ghy where h is the 
height of a column of the fluid which would produce the pressure p. 

Suppose a small mass m of fluid forced through an orifice, whose section is (T, 
into a large volume of fluid under the pressure p. If x be the distance through 
which the surface tr of the fluid is pushed in by this operation, the work ex- 
pended is pxa. 

Hence the potential energy lost when m escapes is pxir, and this must be the 

kinetic energy acquired by m, therefore —^ = px(r. Now, if p be the density of 
the fluid, p - gphy and m = pxff. Substituting, we have 

v^ = 2gh, 

17. Determine the total energy, kinetic and potential, of a planet and satel- 
lite moving as in Ex. 7, p. 394. 

If T be the total energy 



2r=cj«'-^r-'j+i-, 



where K is an imdetermined constant, and C, &c., have the same significations 
as in the Example referred to. 

18. A planet and a satellite move as in the last example. If with a given 
moment of momentum it is possible to set them moving as a rigid body, it is 
possible to do so in two ways, one of which requires the maximum amoimt of 
energy, and the other the minimum. 
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If in the equation of Ex. 7, p. 394, we substitute xior r^, p for n, and pot A 
lor the moment of momentum, we have 

h= Ci/ + fi^ Mm (M + m)^ar. 
Again (Ex. 17), 

2r-X=Cy»-uJfmV 

By a proper selection of the independent arbitrary units of mass, length, and 
time we can make C, fi^ Mm {M + m)'i, and fiMm each equal to unity ; and we 

obtain thus, for the unit of mass — , for the unit of length { ,^ ^ j , 

M-\-m ( Mm ) 

(C'(lf+ fw))i 
and for the unit of time \ — ' , „ - > . We have then 

( fi^M^m^ ) 

If the whole system move as a rigid body, the angular velocity «f of the 
satellite round the centre of inertia of the system must be equal to ft ; but 
f* = t*-{^ -^ ^) «'*> *Ji<i ^ tli6 special units adopted itS(M +*»)*= 1 ; henee 

«* = -. Again, to have Fa maximum or a minimum, 

y 

i j(* -)' - ij = 0. or .-A + i, = 0. 

which is the same equation for determining x as before. Hence, if the irhxit 
system move as a rigid body, F is a maximum or a minimum. 

Let /(a;) = «* - Aa;' + 1 = a:^ (a; - A) -f 1. If a; be negative f(x) is podtiTe, 
and therofure the biquadratic /(a;) = has no negative root, and cannot therefore 
have more than two real roots, since the coefficient of a:^ is zero. If a; > A, f{s) 
is positive, and therefore the. biquadratic has no positive root greater than h ; 
but if X be positive and less than A, f{x) may be negative, and therefore the 
biquadratic may have two positive roots between and h. As f*(x) =x*{4x — 3A), 
if the biquadratic have two real roots, one is greater than f A and the other lesi. 

The greater root makes f(x), and therefore -^-^1 positive, and Y a minimum; 

(vX 

d'^Y 
the lesser root makes -r-k- negative, and Fa maximum. 

dx^ 

19. Apply the preceding examples to determine the secular effects of tidal 
friction on the Earth-moon system, the Moon being supposed to more in the 
plane of the equator. 

If the Earth's radius be denoted by a, Cis approximately iMa^^ and M= 82m. 

Hence the unit of mass is — , the unit of length 5*26a, and the unit of t»^"^ 

83 

2 hours 41 minutes. Again, in the special units, the present value of r is 11*464 
and that of n is 0*704, whence x at present is 3'384, and A = 4*088. It is plain 
that for this value of A the biquadratic f{x) = has two real roots. The lester 
of these, xi, makes Y a maximum, and the greater, a^s, makes Y a TninimwM 
Again, f{x) is positive for values of x between and xi, negative for those be- 
tween xi and X2, and positive for those greater than X2» As d? is poaitiTt 



throughout, we Lire _j > y, or « > n, when_/(s:) U positiTe; and -^<!/. oroB<ii, 

when /(j) u negative. Since the Moon'i motion and the Earth's rotation 
are in the name direction, and since ihe angular Telocity of the Earth's rotation 
eiceedi (hat of the Moon in its orbit, the present state of thinge correspondg to a 
value of x vhich liei betveen ii and zj. 

We can now determine the effects of tidal friction. Sinte the friction ro- 
Hulting from the lunar tides muat constantly diniinieh the senublu or mechani- 
cal energy of the Earth-moon «yat«m, F must continually decreHse (Art. 277). 
Henue, aa at proient /{x) is negative, x must increaae and y decrease until Y 
reaches its minimum, after whii^h the whole syatem will move as if rigidly 
connected. 

It appeam accordingly that the fiiction caused by the lunar tides diminiahea 
the angular Telocity of the Earth, or increases the length of Ihe day, and at 
llie same time increases the Moon's distance and the length of the month. This 
process must go on till the day and month are of equal length after wbii^h the 
lunar tides must ceaae. If at any past period ttaMoon moved as if rigidly con- 
nected with the Earth, this must have been when ¥ was a manmum. Such a 
state of liings was dynamically unstable, for the least disturbance of the rigidity 
of the motion would have produced tides wboee friction would have diminiBhed 
the energy, and caused the system to depart fartber from the configuration of 
roaiimum energy. The dejiarture from this configuration might have taken 
place in two ways, according as the Moon approached the Earth or receded 
from it. If the former event had occurred, the Moon's angular velocity £n iti 
orbit would havehecome greaterHjantheangular velocity of the Earth's rotation, 
and the Moon muat ultiiaately have faUen upon the Earth, as * muat have de- 
creased continually along with Y. If on tho olhar hand the Moon had receded, 
the present state of things would have been reached. The value of x which 
makes Ya, miidiuum lies between 4-073 and 4'074, and the corresiionding value 
of M lies between O'OlSand 0014. Tho ratios of the present value of n to these 
two values are 46'9 and 60-2. The present investigation would therefore lead 
ua to conclude that, when the lunar tides cease and the day aiul mouth become 
equal, the length of the day will be between 16 times and 50 times its present 

Examples 17. IK, 19, and Eiample 7, p. 394, are taken from a Paper by 
Profeaaor G. H. Darwin, first pnhlialjed in the Froceedings of the Ko^iil Society 
for 1879, and subsequently, with some altemtions, to Tbomsonand Tail's JVufui'af 
Fhihfophi/, Part ii. In this Paper Mr. Darwin givss diagraiua of the curves 
represented by the equations 

7, = 2r-X= J-f*), »'y = l, h = x^-y, 

by means of which the reaulta arrived at are exhibited io the eye. 

20 The ends of a string paaaing over a smooth pulley are attached to two 
maases, of which one rests on a horizontal plane, and the other is dropped 
through a height h ; the masses of the itring and pulley being neglected, de- 
tennine the loss of kinetio eneriry earned by the impulsive teusiou of tlie stiirii' 
(•ea Alt. 210). 

If m and m' be (he maases, »i aud tt the velocities of the dropped mass nt 
before and after tho chuck, and ffi the loss of kinetic onergj-. 
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412 Energy. 

21. A great number of smooth perfectly elastic particles are moving with 
^eat velocity in various directions within a rectangular parallelepiped, two of 
whose opposite faces are large compared with its other dimensions. If one of 
these faces be movable, determine the force required to keep it steady. 

Let u be the velocity of one of the particles whose mass is m, and <f> the angle 
which the direction of its motion makes with the normal to the face. Before 
striking the face the particle has a normal velocity u cos ^, and after the shock 
it acquires an equal normal velocity in the opposite direction. The momentum 
communicated to the face is therefore 2 mu cos (p. Having reached the opposite 
face, the particle rebounds and strikes the movable face again ; the interval of 

2a 

time between two successive shocks against the movable face heinir . 

MCOS^' 

where a is the perpendicular distance between the faces. The whole momen- 
tum communicated to the movable face by the particle m in the time B is there- 

fore dj and the whole momentum M commimicated hy all the par- 

Q 

tides in the same time is — ISmu^ cos^0. 

a 

In order to determine the value of :imu^ cos'^, describe a sphere of unit 
radius, and draw from its centre lines parallel to the directions of motion of the 
various particles at the beginning of the interval of time 0. Since the number 
of particles is very great and the direction of the motion of any one undeter- 
mined, we may assume that the energy of those particles whose directions of 
motion make an angle <(> with a fixed direction is to the total enc'rgy of the nar- 
tides as that portion of the surface of the sphere which lies on the cone w&oae 
semi-angle is (ft is to the whole surface. If T be the total energy of the par- 
ticles, we have then 

(n 2 

cos^ <p ain <(> dip = - T. 
«> 

Hence M=- — . Now the required force F must be such as to communi- 
3 a 

•cato to the movable face the momentum M in the time 5, and therefore 

„ 2 Td , -r, 2 T 
F0=- — , andJ?'=--. 

22. A number of particles move as in the last example ; determine the 
pressure which they exert on the unit of area. 

If S be the area of the movable face in the last example, and p the pressure 

2 T 

of the particles on the unit of area, pS = F- - —. Hence, if v he the volume of 

3 a 

2 

the parallelepiped, pv = - T. 

The results obtained in Ex. 21 and 22 are made use of to explain the pressure 
which a gas exeits against its envelope. The mode of investigation employed 
is due to Clausius. 

23. Determine the mean kinetic energy of any system in stationary motion. 
A system is said to be in stationary motion when the coordinates and Telo- 

cities of its various points fluctuate within determinate finite limits. 



Examples, 413^ 

If we integrate x^dt by parts, we get {x^dt =xx —jxxdt ; and similar equa- 
tions may be obtained corresponding to tne other coordinates. Again, suppos- 
ing each point of the system to be free, we have mx = X. Hence, ifd = ti — toy 

- f ^ Tdt = — - 5W {iciici + yi yi + ziz'i - {xo xo + yo yo + zo 2*0) } 

- ;i 2 f ' (Za; + Fy + Zz) dt. 

^0 J to 

If 6 be made sufficiently large, the first term on the right-hand side of this 
equation may be neglected, and we find that the mean vSue of T is equal to 
the mean value of 

- j2(XK+ry + Zz). 

This latter quantity is termed by Clausius the virial of the system. Hence, th& 
mean kinetic energy is equal to the virial. This theorem, and its application 
given in Ex. 25, are due to Clausius, whose investigation wiU be found in the 
Philosophical Magazine for August, 1870. 

24. If n be the virial of a system which is acted on by no external forces 
except a uniform pressure on its surface, prove that 

1 C* 



n = ipv-^-[':ir<i>{r)df, 



where r is the distance between any two points of the system, v its volume, and 
p the pressure which it exerts upon the imit area of the surface of the surround- 
ing medium or envelope. 

If r be the distance between two particles of the system whose coordinates 
are x, y^ z\ «', y', /, the portion of n due to the mutual action of these particles 
is the mean value of an expression of the form 

or r<p{r). (Art. 278.) 

Again, if dS be an element of the bounding surface of the system the di- 
rection cosines of whose normal are I, m, n, the part of n due to the external 
pressure is 

Jjt?J|(ir/+ ym->tzn)dS = ip[jjxdydz+SSydzdx-{-jjzdxdy} = ^pv. 

1 f*i 
Hence n = fiw+- :ir<t>{r)dt. 

25. Determine the pressure of an enclosed gas in terms of its volume and 
the mean kinetic energy of translation of its molecules. 

A gas may be regarded as composed of a number of molecules which exert 
no action on each other except when in contact. If the gas be enclosed in an 
envelope, and its condition remain imaltered, its molecules must be in stationary 
motion. Hence, if T' be the mean value of that part of the kinetic energy 
which results from the velocities of the centres of inertia of the molecules, and 
n the corresponding virial, we have jT = n ; but n = ^po (Ex. 24), since the 
other term of n may in this case be neglected. Accordingly pv = iT\ 
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HnlttiJ; th« firet by A, the SMOnd bj », the third by 
&B., and add to B'AIemberf s Eqo&tion, and we obtain 



Ac ) &r, + && - 






i 



If there be n eqoations of oonditioD we can 
A, ft, V, 4c., fluch values as to make the coefficients of the fint 
n diBpIaoementB in the above eqaation Taniah. B j means of 
these 'lisplaoements ne can satisfy the n equations SF= 0, 

SO = 0, &c. The remaining displacements are then entintf < 
unrftstrieted, and their coefficients in the general equat^"^ 
above must therefore he each zero, and ne hare for the 
tions of motion 
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If from these equations we seek to obtain the Equation of 
Energy, we multiply the first by dxi, the second by dy^ &o., 
and add, and we have 

dT= ^ {Xdx + Ydy + Zd%) + X ( — c^iTi + -r- cfyi + &o. ) + &o. 

\dx\ dy\ J 

Now, if the equation i^= involve only the coordinates 
of the various points, 

dF. dF ^ o ^TP f^ 
-r-dxi+ 1—dyi + &o. = dF= 0, 
dxi dyi 

and the condition expressed by the equation jF = has no 
effect on the kinetic energy. 

This result was obtained from first principles in Axt. 279, 
and by its means the Equation of Virtual Velocities in its 
usual form was deduced from the Equation of Energy. 

285. Equation of Energy when Equations of Con- 
dition Involve the Time Explicitly. — If the equation 
F= involve the time explicitly, the work done in any actual 
motion of the system by the forces capable of replacing the 
condition F= need not be zero. In a virtual displacement 
the work done by these forces must still be zero, because in 
such a displacement no lapse of time is supposed to take place. 
So far, therefore, as the equation of virtual velocities is 
concerned, t must be considered constant in the equation 
F= 0, and the virtual displacements must fulfil the condition 

dF^ dF^ dF^ dF^ . ^ 

^- S^Ti + -7- Sui + -T- 821 + T— 8X2 + &c. = 0. 
dxi dyi dzi dXi 

The actual displacements on the other hand fulfil the con- 
dition 

dF dF dF dF [dt\ 

-T-dx^+ -rr- dVi + -7- d2i + -=— dXi^- &C. + -rr ]dt= 0. 

dxi dyi dzi dx^ \dt J 

Hence in this case the Equation of Energy becomes 

dT= S [Xdx +Ydy + Zdz) - X (^ dt-fi (^\ dt - &c. (5) 
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286. Similar Hecbanlral SrslcniB. — Two eyetems are 

geometrically Bimilar when each line of the one is equal tfl 
the corresponding line of the otter multiplied by the same 
constant. 

Similar Mechanical systems are not only geomebrioally 
Edmilar, but have also a similar distribution of mass, and a 
similar distribution of force, and work in a similar manner ; 
i. e. each masa of the one ia equal to the corresponding mass 
of the other multiplied by a constant, each force of the one 
is equal to the corresponding force of the other multiplied by 
a constant, and the systems are always geometrically similar 
at instants of time whose intervals from two fixed epochs are 
in a constant ratio. 

If IE be a coordinate of a point in the first system, m a 
mass, X a force, and t an interval of time; and if x', m', X", 
f be the corresponding quantities for the second system ; we 
have the equations x' = ix, m'= fitn, X' = \X, t' = vt. 

Hence Dm' f 5- «'' + S' «!>' + S' S*"! 
\at ' at at J 



and 2 ( X'Sx' + VBi/' + Z'Sx") = Xffi (XS* + rSy + ZSz) . 

In order then that D'Alembert's equation should hold 
good for each system we must have fil = Xv'. 

This equation of condition may be put into another form 
by expressing v in terms of the ratio of the corresponding 
Telooities in the two systems. If we denote this ratio by a, 

■we have -^7 = -77. hut also, -ttt = - -77 ; therefore / = aw, and 

at (it at V (It ' 

the equation of condition becomes \l = ^a'. 

If, as is generally the case, weight be one of the moving 
forces in both systems, \ = n, whence a' = I, or the velocity 
in each system must be proportional to the square root of iis 
linear dimensions. 



r 



Equations of Motion in Generalised Coordinate. 

287. Equations of Motion In Gfenerallxed Co- 
ordinates. — If the position of a systeiii is determined at 
eaeh instant by a certain set of independent quantities, 
which may be termed coordinates, and be denoted by B, 
If), i/i, &Q, ; the Cartesian coordinates of each point of the 
system are espreasible in terms of these new variables, so that 
■''it S'u ^u '''21 pi} ^sj "^"-j ^s functions of 0, <^, ^, &o. If the 
system receive a displacement S0, the work done against the 
forces of inertia must, in a conservative system, be equal to 
the loBS of potential energy ; and in any system, oonservatiye 
or not, must he equal to tie work done by the moving forces 
(Arts. 201, 281). 

Hence in any system, if we put, in accordance with 
Newton's notation, 



. dx .. , dV . , dy 

'^"'df '*°'le- "'"'W 

■e have 



/..dx ..dy -d. 



dy - rf'y „ 



y±^U 



The right-hand side of this equation may be denoted by 
QW ; similar equations may he obtained for displacements 
corresponding to the other variables. 

Since jt, &c., are functions of i, in virtue of being functions 
of 0, ip, ^p, &o., we have 



' dl dO d^^ d^^ 

dx dx dr dx 



d^ d>p 



dx d^ 

de' dS'"'^ dOd^'^^dedifj 



rf'ic . d'x ■ . d {dx\ 



418 



Energy. 



d{a?) . dx . dx 
dh 



Aeain, 4 -^ = '> —.^^^m and therefore 



iT. 



d d{x*) ..dx . d (dx 



dt a0 dO 



d fdx\ .. dx . dx ..dx 

di[Te)^''de^''Te"'dd'*'^ 



Henoe 



d{x') 



»^^ , d d{^) 
d0 ^ dt dh d9 



dd ' 



(6) 



Now jT, the kinetic energy of the system, is 

J2w(i* + y* + s^) ; 

henoe, multiplying each equation similar to (6) by the oorre- 
sponding mass and adding, we obtain 

„ A. dx .. dt/ ..dz\ d dT dT 
\ dO ^ dO dOj dt ^0 dO 

Similar equations hold good for the other coordinates 
^, &o. ; henoe the equations of motion for any system are 



1 ^_^-e 

dt dd dB 






d_ dT 
dt dip 

d dT 
dt dxf/ 



(IT 
d<l> 

dT 

dxp 



= ^ 



&c. 



(7) 



The quantities 9, ^, ^, &o., are called the generalized 
components of the forces which act on the system. 
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For a conservative system, equations (7) become 
d dT dT dV 



» 



dt dO da 
d dT_dT dV 
dt d^ dip df 
±dT_<IT dV_ 

dt d4, dtp ■ </4, 



.0 



(8) 



where Via the potential energy of the system. 

These equations were first given by Lagrange, and are 
known as Lagrange's Equations of Motion in Generalised Co- 
ordinal es. 

As observed by Thomson and Tait, the proof given above 
shows that Lagrange's Equations hold good when the time 
appears explicitely in the equations which determine the 
Cartesian coordinates in terms of the generalized coordinates. 

In fact, in this case x = f{9, f, ^, &c., t), &c. ; i then 
contains the additional term ~ ; hut the equations 

dx _ dx f^ _ ^ (^\ 
de dO' dd dt\^^J 

Btill hold good, so that the proof given above remains valid. 

V in Art. 260 repreaenta the force function. In the 
present Article the same letter is used to signify the potential 
energy, which is equal to the force function with its sign 
reversed. Whether the system be conservative or not, the 
only forces which enter into 0, &o. are those which appear in 
the equation of energy. 

288. ]jagrange*«i GqaaHon^t for Impalses, — If 
immediately before and immediately after the action of any 
set of impulses, Xa, ya, Sn ; ir, y, s, be the components of the 
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velocity of the point a?, y, 2, and i^ J, F, Zy be the compo- 
nents of the impulse at this point, we have, Art. 202, 

a»j(i-i.)| + (i--i-.)| + (i-i,)a 



-K?^r|^?|). 



The right-hand side of this equation^^may be denoted by 

0; and since (Art. 287) i^ - i-, 

S dd 

dT „ ( • dx • dy .• dz\ 
-r = 2»» [x— +y — ^.z — ). 

d9 \ dd d9J^ deJ 

Now 3^9 ^^'9 ^i*^ ^^^ same immediatelv^before and imme- 

diately after the impulsion ; henoe, if To and T be the oorre- 
Bponding kinetic energies, we obtain the equations 

dT dTo ^ \ 

— - -r- = e 

dO dOo 

d(l> d<Po 
&o. 

Examples. 

1. Deteimine in polar coordinates the equations of motion^ of a particle 
wbich moves freely in a fixed plane. 

Here T = i«» (r* + r* B^), whence 

d dT dT .. ., d dT dT \d , , . 
r = wr - mTB\ r = m — (r^tf), 

dtdr dr dt de dB dt 

and the equations of motion are the same as (9) and (10), Art. 28. 

2. Determine in polar coordinates the general equations of motion of a frae 
particle. 



T= Jm {r« + r«(tf» + sin^tf 4>«)}, 




where S, P, and Q are the companents of the force acting on the particle, along 
tha radius vector from the origin, perpendicuhir to the radius vector in the 
meridian of the particle, and at right angles to these two directions. 

3. Prove Euler'a egiiationa for a body having a fixed point. 

The expression for T in terms of B, i, ^, tho hodj-axes being the ptincipal 
axe* at tho fiied poinl, is given in Ex.. a, p. 405. Hence 

j,{(^f+ Ci'00aP)-(^ ~B) aul*cos<(i(a=-+^Bin'flJ 

+ (J - a) sin S (uob'^ - ain'^) fl ^ = ♦. 



0-r-M--B)(,i«, = # = jr. (Ex. *, p. 406). 

t. Generalize Eulcr's e^tiatioiia for tlie cue in whiob the body-aies are not 
principal axes. 

Id the caso of a body having a fixed point, T ia a quadratic f imctioD of 
■!> ■:, m, with coDstont coefiicionta (Art. 252). Hence b; Ex. 28, p. 316, 

4^ dai d^ dmi d^ daj3 dip dvi 

dT ^ dT dm 4T dan dT dan _dT ^ . 

difi dai dip dtn df duii i^ dm dot 

tad we have 



d: \diiif dai dm 

5 Two particles m and m' are connected by an ineitensible string pissing 
through a smooth hole at the edge of a smooth horizontal table on which m rests ; 
determine the equatiooe of motiDn of the particles, and the Lension of the string. 

Let r and i be the polar coordinates of ni with respect to the hole as origin ; 



2r=(m 



m:)r' 



- mrfl' - - m'g, ^ (mr" i) = 0. 



Energy. 

If T be the tension of the Btriag, and h iba foluo of i/ir- i, wc hare 
mr-inr'S'a - r {Ex: I), 



i. A Bmooth particle descends the upper edge of a fhia vertioal L . 
ih is capatlo of sliding freely down a. amooth inclined plane with wMoh I 
1 Ha whole hv/er edge is in contact. If the pkno of the lumina be peipendiculacl 
to the intornection of the inclined plane with the horizon, and the piuticle lu 
lamina start from rest, determine their poutiDn at any time. 

Let X be the diatunce at any time of a point in the boae of the lamina &. 

its initial poaition, { the distance vhicli liie particle hag moved along the edge oil 
the lamina, a the angle which this edge makes with the inclined plane, ^ tilt I 
inclination of the latter, in the mass of the particle, and Jf that of the Ian "- 



2r=(lf + B.)i' +Hiii + 2niijooii«. 
Again, - r= Jfi,j Bin 3 + WW |i Bin ,8 + f sin (a + ^) ) 

Ud therefore the equations of motion arc 

(Jf + m)"i + mi COS a = (if + n.)if ain B, <n (( +'i cos «) = mj 
whence 

\ M + fti am' a J Jtt + m bi: 

7. A particle deicenda from rest along one face of a smooth tnangutar p 
' which is Bupported by a smooth horizontal plane. The initial poaition ot 
particle lies in the vertioal plane oantaiuicg llie centre of inertia of the prig 
and perpendicular to its edge ; determine the motion. 

Let X be the horizontal coordinate, in the veitical plane in which thepar 
moves, of the centre of inertia of the priem, Hfite moBB, m that of tlie pardcll 
{ the distance it has moved at any time along the face of the prism, and a H 
ftngle which this face ni.ifcce irith the horiionlul plane ; then 



2T=(M+m)J + 
m ind the equations of motion ar 



4 2)nxi m 



-msiei 
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Hence, as the particle starts from rest, 

• * *• 

{M + w) a? = — w| cos a, {M + m sin^a) | = (Jlf + m) ^ sin o. 

The student will observe that if T were expressed by means of the first of 

these equations as a function of | alone, and treated as such, the second equa- 
tion would be obtained directly as Lagrange's equation. The importance of this 
remark will appear from Examples 9, 10, 11, 12. 

8. In the preceding example, if the face of the prism down which the par- 
ticle descends be rough, determine the equations of motion. 

The force of friction tends merely to stop the relative motion of the particle 
and prism ; hence, ^ being this force, 

FBf= — /imff cos a8|. 

The equations of motion are therefore 

•••• •••• 

(if + m) a; + m| cos a = 0, m| + mx cos a = mg (sin a - ;i cos a). 

9. If there be no force tending to alter one or more of the independent 
variables by which the position of a system is defined ; if the expression for the 
kinetic energy of the system does not contain these variables, but only their dif- 
ferential coefficients ; and if the system start from rest ; then T may be expressed 
as a function of the other independent variables and their difierential coefficients, 
and be treated as if these latter variables completely defined the position of the 
system. 

Let I be one of the independent variables satisfying the conditions supposed ; 
then, as there is no force tending to alter |, 

d dT dT dT dT 

■— — r — -;r = ; but -;r = 0, and therefore —7 = constant; 

dt a^ d^ d$ a^ 

but, as the system starts from rest and T is a homogeneous quadratic function 

• • • • . dT 

of 9, ^, i^f $, &c., this constant must be zero ; hence — ^ = 0. In like manner, if 

di 

dT 
ri be another variable satisfying the same conditions, we have — 7 bs 0, and so on. 

dri 

dT dT • • 

From the linear equations — r= 0, —7 = 0, &c., |, 17, &c., can be determined 

d^ dr) 

• • • 
in terms of the remaining differential coefficients 0, ^, ^^ &c. Thus T becomes 

a function of 0, <^, ^, &c., and of their differential coefficients, or 

r=2f(0,^,if.,&c., i, <^, ^, &c:). 
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). A Byetom is moving 



dF dT dF dT 



any way ; determine the aet of impulMt vl 
..._. — ;i_. — .^ £(g actual velocity. 



lu. A. Byaiem is muving ]□ any way ; aewmiine tae hbi oi impmeea van 
would give to each part ol' the syelem, il' at reat, its actual velocity. 

Let », *, &c,, be the required impulsea corresponding to the iudqiendfl 
Tuiibles 0, f , &c,, and let T be the actual kinetic energy of the aj'stem; Qhk 



II. A ipliere, having no motion of rotation, and under tho aetitni ofBfiai 
pusing through its centre of inertia, moves through a liquid exteodinff indd 
nitely in all directians on one Bide of an infinite plane : the liqiud ba 
origiiumy at test, and not acted on bj any forco, determine the form of n 
oquations of motion of the sphere. 

Iiet the origin he anywhere in the flied plane, the aria of x being at tM 
uiglea to that plane ; and let x, </, c be the coordinatee of the centre of ft 
iphero at any time, and ( a coordinate of any particle of the liquid, whieh ■ 
M defioed oa matter which is incompressible and devoid o" ' ' ' 



If r be the ktnetio e: 



7 of the whole ifttem, y 



''£ 



= C. K 



• tlMre il no force acting on the liquid : 
KRt, and no impulse was imparted to it, 

'i Vl 'i ''> y> ' (^*' ^)- -Ag'ui'i the motion of the syglem at ooy instant c<mU 
be produced from rest bjr phu-'ing the sphuro in its actual poailion, and giving it 
•auBDulieiufficiBnttomiputtoit itsaotuol yr'— --- ---- "-- ■ ■^-'- 
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should be given to the liquid particles are zero (Ex. 10). Hence, as the initial cir- 
cumstances are unaltered by changing the yedues of y and 2, T is a function ofx, 

Xy y^ I, Again, a change in the sign of ^ or 2 can make no change in the value 
of Ty which must therefore be of the form J [Fa?' + Q(y* + «^)}, since the co- 
efficients of xyy ysj zx must be zero. 
The equations of motion are then 

-.• du • • __ ^.* au . • ._ 



^'•^M£^-S^'^^'>)=^- 



12. Prove that a sphere projected through a liquid parallel to an infinite 
plane boundary is attracted towards the boimdary. Show also that if projected 
perpendicularly from the boundary it is at first accelerated, and then tends 
towards a constant velocity. 

Initial circumstances in Ex. 11 are altered in the same manner, whether we 
suppose introduced into the liquid a second bounding plane parallel to the 
first, and between it and the sphere, or suppose the sphere placed initially 
nearer the original bounding phuie. Hence a diminution of the initial value 
of a; is equivalent to the introduction of additional geometrical constraints 
into the system. From this it follows, by Ex, 10, p. 407, that, if a:' < a;, and 

P'i' = Fx, the value of Pi' must exceed that of F'af\ and therefore x < x, 
and F' > FyOT F decreases as x increases. Similar reasoning can be applied to 
Q, If X be infinite, or the liquid unbounded in every direction, F and Q 
are constants. 

The statements made in the enunciation of this example follow then imme- 
diately from the equations of Ex. 11, by making X and Fzero. 

Examples 9, 10, 11, 12, are taken, with some slight modifications, from 
Thomson and Tait {Natural Fhilosophy), and illustrate what these authors have 
termed Ignoratum of Coordinates, 
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289. nectaanical Equivalent of Ueat. — The expe- 
riments oi Joule and others have shown that whensTM, 
sensible kinetie energy disappears without a corresponding 
increase of potential energy, an amount of heat is prodnoB 

Sroportionat to the quantity of sensible kinetio energy whidl 
as disappeared. 

A similar result takes place in all oases in which work i 
expended without producing a corresponding increase (' 
energy ; and, conversely, a definite amount of heat can \ 
transformed into a definite amount of work. 

The number of units of work which the unit of heat a 
perform is called the mechanical equkaknt ofhmt, and mayh 
designated by the letter J. If the quantity of heat requiiBi 
to raise the temperature of the unit mass of water fiw 
0° to 1° Centigrade be taken as the unit of heat, and ti 
amount of work expended in lifting the unit mass throui 
a height of one metre as the unit of work, the value of J 
424. In English units, i.e. if a foot be taken as the ni 
of length, and temperature be estimated by Fahrenheili 
themiometric scale, the value of J is ITi. 

If Q, be the quantity of heat which has been imparted! 
ft body ; U its total energy, kinetic and potential ; W the wo 
done by the body against external forces; and AQ, &o., ti 
increments of these quantities at any time reckoned from tl 
same instant, the experiments of Jonle, already mention* 
oonduat to the equation 

JAQ= A(7+ AR^. (1) 

If we desire to give this equation a purely theoretit 
basis, we have only to assume that heat is energy reBoltii 
from molecular motions, and that the principle of the oo 
aervation of energy holds good. 



Equation of Energy. 

If we seek to determine J from Equation (1) Lj measur- 
ing the amount of i Q, &o. in any partiouhir case, we are met 
by the diiEoulty that the value of A Fis in general unknown. 
This difficulty can be got over by bringing back the body 
which is being experimented on to its initial condition : A H 
is then zero, aud we have JaQ = A IT. 

When J is known, quantities of heat can be expressed in 
work units ; and if this mode of expressing Q be adopted, (1) 
takes the simpler form 

AQ = AD'+ AfT. (2) 

290. Equation of Energy. — The equation of the pre- 
ceding Article is one of the two fundamental equations of 
Thermodynamics, and may be called the Kquation of 
Energy. 

In order to arrive at the results which may be deduced 
from this equation, the body under consideration is supposed 
to pass continuously from one state to auotliur, in consequence 
of changes in its temperature and in the preasure which the 
unit area of its surface exerts against the surrounding me- 
dium, this pressure being supposed the same at all points 
of the surface. 

In Thermodynamics we are not, in general, concerned with 
the kinetic energy of sensible motion. In fact, the apparent 
effect of heat on a body ia to raise its tempenitui'e, or to change 
its condition, or to cause it to do external work. Hence tlje 
body is, in general, supposed to be at ro^t iu the ordinary 
sense, and ite kinetic energy is exhibited in the form not nf 
sensible motion, but of those moieeolar nmlions on wIlIl-Ii 
temperature depends. This being understood, we see that 
the total energy of the body at any time i» a function of two 
independent variables — the temperature t, and the pressure p. 

As the volume v of the unit of mass depends on p aud t, 
we may take as independent Tariables any two of the three 
quantities t, p, and v. 

If the work done by the body against external forces be, 
as is usually the case, the work which it does in consequence 
of its expansion against the pressure on its surface, and if we 
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J the unit of masB, it is easily seen that dW 
= pdv, and hence we have from (1) the equation 

- dv+pdv. (3) I 



dU 
dt 



dv 



291. Specific Ileat. — The quantity of heat which miut 

1)6 imparted to the unit of masB of a homogeneous substance to 
raise its temperature 1", is called its specific heat, and is equal 

to the limit of — -. 
At 

The specific heat in general depends on the external worit 
aoeomplished by the body, and is indeterminate, except the 
relation between the variations of the independfjnt variables 
be assigned. If, however, the temperature of the body be 
raised under the condition that its volume remains constant, 
or under the condition that the presaure on its surfsoe re- 
mains constant, the specific heat is a definite function of the 
variables on which the state of the body depends. 

The specific heat at oonstant volume may be de^gaKted 
ty Cp) and that at constant pieseure by Cp. We have then, 
from (3), 

^^ (dU\ -.-, {dU\ dD 



indicates the differential ooeffioient of U with 



'dZr\ . 



■where 

respect to i under tlie hypothesis that v is constant, sad 

I — J has a similar signifioation in reference to p, and wh«e 

in the equation for Cp we regard i! as a function of p and (. 

For practical purposes, when great accuracy is not re- 
quired, no distinction is made in the ease of solid and liquid 
bodies between the two specifio heats, and the specific heat 
for each body is assumed to be an absolute constant. 

292. Perfect Oas. — In the case of a perfect gaa the 
volume I' of tiie unit of mass is connected with the pressure y, 
and the teoiperature t by an equation of the form 

vp = Capa (1 + ai), 
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i where Vn is the volume corresponding to the pressure pa and 
the temperature zero, and a is a constant which is the same 
for all gases, its value being -jy-^ when temperatures are 
oounted on the Centigrade thermometer. If the zero of 
temperature he taken at - 273° C, and temperatuie reckoned 
from this origin be denoted by T, we have, putting M for 

aVaPn, 

^p = ET. (4) 

The experimenta of Joule and Thomson have sho^vn that 
if the volume of a gas vary without any heat being imparted 
or abstracted, the temperature remains constant, provided no 
ejctemal work is done. If now in (2) we make iQ = 0, and 
4^=0, we have ii f = ; hence it appears, that if the 
temperature of a gas remains invariable, so likewise does the 
internal energy, which is therefore a function of the tempe- 
rature alone. 

The experiments of Regnault have shown that the specific 
heat of a gas at constant pressure is independent of the pres- 
sure, beiug a constant for each gas. From this it follows 
(see Es. 3) that the specific heat at constant volume is like- 
wise a constant. In the case of a perfect gas, equation (3) 
I aooor dingly becomes 
■■j^ JdQ = JC^dt +pdv. 

^^^^17i niindrop falU to the ground from a height of 1272 metrea ; dettrmme 

^ by how muoh i(a tempocature la raiacd, aaeuming thut it itoparls no heat to the 

■IT or to the ground. Ant, 3°C. 

2. Find bow much heat a diaongnged if it bullet weighing 50 grammos and 
blTing a velocity of 50 metree per aenond atrilieB h target, aaaumiiig g to be 
9'S metres per second. 

A HI. An nmount of heat auffiuieat to roue one giammo of water through 
16° C. 

3. In a perfect gaa ahow that Cp=C, + -. 

4. Calculate the difference between the two apeciQo heats of air, being giieii 
tbat a cubic metre of air, at a temperature of 0° CI,, and under a preaaure of 
780 mm. of mercury, wboec density ia 13-6, weighs 1'2932 kilograiiunea. 

A,a. 068. 

5. For any gas vbaee deaaity referred to air ia if, show that 
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i 



■dm. Q = -~ pi{v2 ~ v\). 

7. TheTolume and pressure of a gas n-hoae m^Lsaia nnity (change from ciB 
^1, to tj and pi; deteimme tbe amaiuit of heat which must be imparted to t 
gna ia order that its temperature should remain conBtant. 

If T, he the uonatont temperature, JQ = STi log- 

the gas in this case is eatd to he iiBihermal. 



'e and valumo, 7i and V], bytOie equation " =( 



Thfl tranaformatioiii 



e the equation connecting U 



ID. Determine the external work done bj a gaa ia an isotherma] traiuA 
In this cnao W-= JQ = STi log ^ = jiiVi log -. 

11. Prove that the external work done by a gas in an adiahatic tranafom 
tion is JCr {Ti — T]), whore Ti and Tti are tho initial and final tempeiaturM. 

12. If the decroasc in tho temperature o( the air as its height above ( 
tnrfttoe of the earth increases ware due merely to the fall of temperature resul 
ing &om the eipanBion caused by diminution of preaaure, show that &T, t 
eioeaB of the temperature at the earth's aurface above tho temperatura at a 
height c, would be given hy the equation 



AT = 



- I 273i; 



where Ag is tho height of a homogoneaua atmosphere at 0° C. 

If ^ be the pressure, and p the density of the air at the height i, ' 
from the fundainental equation of hydrostatics, dp = ~ gf di ; but f = 
dT k' 



a adiabatic, ~ = 



and dnoB the expanaion 

have dT = r — -r ^'i from which, 

given above. 



SlimznatinK <fp, 
p^ • JWo> ^B obtain the equsl 



I 

i 
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13. If T be tlio Bbeolute temperature of a gax, and S' the porlion of the 
energy of iCe unit mass wliicb is due to tlio velocitiaa oi translntiou of iti mole- 
cules, show Iliat ffi' = 5 RT. 

Smeept> = l^' (Ex. 26, p. 413), this ru suit foil Dwa from (4) Art. 292. 

14. Detennine the mean velocity of translation of a inolec:ule of air whioi 
is at a, temperature of 0° C. 

Here T is 273, and the mean velocity lei^oired is 4SS metres per second, 

15. Show that the mean velocities of translation of the molecules of dif- 
ferent gases nben at the same temperature are inversely proportional to the 
square roots of the denaitiea of the gases. 

16. Determine the rehition hotn-een the total kinetic energy St of a gas and 
that portion gi' of the kinetic energy which ia due to the velocities of translation 
of llie moleculsB. 

The total energy U of the unit mass of a gas is composed of the kinetic 
energy g, and of Uie potontial energy F, which again is the sum ot two parts, 
I'l resulting from the mutoal action of the moleculea, and F: depending on the 
constitution of the individual moletules. Fa may he considered constant so long 
as the chemioal constitution of the gas remains unchanged, und Fi may be 
aaaumed to he aoro, since Pis a function of the temperature alone, and Vi, if it 
existed, would depend on the mutual distances of IJie molecules, and thor^ore 
on the volume, Henco 0"= g) + Fj. 

Ajnin, —= /C, = constant, whence U=JCvT+C\ or %+ Fi = J'Pci"+C. 

Let ® = ,83!;', then ^ = fSfir, and i0ET+ Fa = ICT + C. Hence, as 
Vi ifl constant, $ must be of the form ■/ + —,, where y and y are constants ; and 
9 must he the sum of two parts — one proportional to the temporaturo, the other 
«onetaat. The existence of the latter part seems in the highest degree improb- 
able ; we may, therefore, conclude that is consLant. To determine its value 
we have jfiffi = 7(7c, whence (Ex. 3) p =f^ — -, where i = -^. Now i is found 
to be almost the same for all gases, and to be equal to 1'408; hence is ap- 
proximately the same far all gases and is equal to 1-634. 

17. Two masses of different gases have equal volumes at the same pressure 
and temperature ; show that for all equal tempenitures they have equal kinetic 
energies. 

293. Revcraibilit; and Cyclical Processes. — When a. 
body experieneea transformations such that the inverse changes 
can take place in precisely the same circumatanoea, the trana- 
formation i^ said to be reversible. In order that this should 
be the case, any source from which the body derives heat, or 
to which tlie body imparts heat, must, at the time at which 
the heat ia transferred, be of the same temperature as the 
body ; and also the external pressure on the body at any time 
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mi^ be equal to the pressure eorresponding to the state of 
the body at the time. 

A cycHcnl process is a transformation at the end of which 
the body retui-na to the same state as that in which it was at 
the beginning, 

294. Indicator Dlsgratn. — The state of a body is, as 
we have seen, a function of two independent variables. If 
those selected be the volume of the unit of maes and the 
pressure on the unit of area, the state of the body at any 
time is indicated by the position of a point whose coordi- 
nates referred to two rectangular axes are proportional tn 
the volume and preBsure. 

In the case of a body undergoing a transfonnation ac- 
cording to a fixed law, the set of poiute indicating its suooes- 
sive states form a curve. In a reversible transfonnation, if 
no heat be lost or gained by the body during the transforma- 
tion, this curve is called an adiabatic or isettiropie curre. If 
the temperature remain constant, the curve is called isoihrrmal. 
The area comprised between the curve, its extreme ordinate, 
and the asis of abseiBfias, represents the work done by the body 
during the transformation. 

295. Fundamental Principles of TbermiidrBa' 
mica. — The Bcdenoe of Thermodynamics is founded on twi> 
fundamental Principles. Of these, the first finds its mathfr- 
matical expression in Equation [1), and involves two state- 
ments, viz., that In ecert/ natural process the total euergy u 
mvarinhle; and thatSeo^ ie a form ofmergy, a definite amoatit 
(^fheni being eguimknl to a definite amount of work. 

The second fundamental Principle was first stated by 
Clausius, as follows : — It ia impossible for a Klf-acting macfiiai, 
unaided by eHernal agency, to conixy heat from one body to 
anolhei- at a higher temperature. 

33y Thomson the same Principle is stated somewhat diffo- 
rently in the following manner : — // is impossible by means of 
inanimate material agency to derive mechanical effect from aiiy 
portion of matter by eooUng it beloir the temperature of the cvldeAt 
of the mirrouiiding objects ; and by Clerk Maxwell in another 
form, thus: — /( is impossible, by the unaided action of naiiiral 
processea, to transform any part of the heat of a body into mf 




chttnical tcork, except by allowing heat to pass from that body into 
another at a lower temperature. 

This Principle merely expresses the teacliing of expe- 
rience in reference to the connexion between temperature 
and the transference of heat. 

296. Carnot'8 Cjele. — Let us suppose a body subject 
to a reversible cyclical process indicated by an isothennal 
AiBj, an ndiabatic SiB-^, another isothermal B,A~, at a lower 
temperature than the former, and 
another adiabatio AiA,. Whilst 
expanding from the Tolume repre- 
. aented by OC, to that represented 
by OD, the body is kept at a con- 
stant temperature f„ receiving from 
a source Ki of heat at that tempera- 
ture a quantity of heat Qi. Wliilst 
expanding from OD, to ODi, the tem- " 
perature falls from i, to I-,, no heat 
lieing lost or gained. The body is now compressed from ODt 
to OC2, and the heat Qj thereby developed is imparted to a 
reservoir K, at the temperature ^3. Finally, the body is com- 
pressed from OC5 to 00„ and the temperature thereby rises 
from ti to t„ no heat being lost or gained. In this process 
the volume at which the adiabatio compression oommenees 
is selected in suoh a way that when the volume returns to 
its initial value the temperature returns likewise to its initial 
value. In the whole process Q, units of Heat are imparted to 
the body, and Qi units of heat are taken from it ; and as the 
body returns to its original state, Q, - Q, units of heat have 
been transformed into the work which is indicated by the 
urea A,B,BiA-. In referring to this process K, and £"j are 
frequently termed the source and the condenser. 

We can now show that, if Q„ t„ and 4 be supposed inva- 
riable, Qi - Qi must be the same for all bodies. 

Suppose Q, - Qi for one body L were greater than for 
another body isf, its value for L being denoted by Q, and for 
■3f by Q'. Employ the cyclical process for the body L to work 
that for the body M in reverse order. Then the source of 
heat at t, remains as before, whilst the source of heat at fi 
has received Qi and given out Q/ units of heat. Koreover, 
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an amount of work represented by Q - Q' or Qi - Q2 has 
been accomplished. The result of the whole process is that 
work has been done by means of heat obtamed from the 
coldest body in the system. As this result is opposed to the 
second fundamental Principle (Art. 295), we conclude that 
Q\ - Qi is the same for all bodies, and is therefore simply a 
function of Qi, ^1, and ^2. 

From what has been now proved it follows that if we sup- 
pose the curve Ai Bi divided into n parts, for each of which Qx 
is the same, and adiabatics drawn through the points of 
section, the corresponding values of Q are equal. Hence it is 
easy to see that Q becomes nQ if Qi become wQi, and therefore 

that -^ must be independent of Qi : accordingly, we have 

I =/(<., t^). (5) 

297. Determination of Carnot's Functioii« — ^-In 

order to determine the function /, we have merely to select a 
body for which the isothermal and adiabatio curves are 
known. Let us then select a perfect gas. 
In this case 

c7Q, = RT, log --i, c7Q2 = RT^ log ^ (Ex. 7, p. 430). 

Again, as the points Ai and A2 lie on the same adiabatic, we 
have 

(rT = T' ^d ^^^^ (!^r= ^ (^^- 8. P- 430) ; 
therefore -£i = _£? and tt = •^« 

Va^ t^A, Q2 T2 

Hence, whatever be the body employed, we obtain the 
equation 

Qi Q. ... 

^ = Y; (6) 



Extmsion of Cnrnoi's Cyck. 

298. Extension of Camot^ Cycle. — If lieat imparted 
to a body "be regarded as positive, and beat given oat by the 
body aa negative, (6) may be written 



2", Ti 



= 0. 



(7) 



If we now suppose a reversible cyclical process represented 
by any number of jsothermala and adiabatica, each iaothermal 
being followed by an adiabatio, and if Q, be the whole c[UEn- 
tity of beat imparted to the body at the temperature T, we 

have the equation S -=, = 0- 

In order to prove thiB, let us first 
SQppoBe a cycle in which there are three 
isothermals, AiBi, B,C:, and AiCi, cor- 
responding to the temperatorea T„ Ti, 
and Ti. Produce the adiabatio £,B3 to 
B„ then Qi = jj + j»', where q^ corre- 
Bponds to BiA„ and q,' to G,Bi. 

Now by (7), 




from which, by addition, we have 



This result may be extended in a similar manner to a oyolfl 
containing four isothermals, and so on. Heoee, in general, 



= 0. 



(8) 



Again (8) hoMa good for every reversible cyclical prooeas, 
whatever be the nature of the curves by which it is repre- 
eeuted. 

This appears from the consideration that two infinitely 

■points A and B on any curve can be connected by the 
2 F 2 
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element of an isothermal followed by that o£ an adiabatic, aj 
that the area bounded by these elements, the ordinates of 

L and B, and the a^ia of abscissas, differs only by an infimteli 

I KnaU quantity of the second order from the area of which " 

I aio AB is the boundary. 

J For every reversible eyoHoal proceas, however efEected, 

I Iiave, then, flie equation 



lf = 



(9) 



299. Entropj. — If a body pass from any one state j 

any other, we may suppose the change of state effected h^ 
means of a reversible transformation ; and whatever this p 



oess be, -^ between the limits corresponding to the two statei 

must have the same value, since the cyole may he complete! 

by a definite invariable transformation. Hence — ■ depend^ 

only on the state of the body, and is independent of the mo 
(supposed reversible) by which the body is brought into ti 



If we put -=■ = ^, the quantify ip is called by Clausiua 

e Entropy of the body. 

The second fundamental Principle of Thermodynamia 

leads therefore to the restilt, that the entropy ^ ia a functia 

of the two independent variables on which the state of t 

body depends, and therefore that in all reversible transfor 

^mations -^ is a perfect differential dip, or that 



I = Tdi>. 



(10) 



In theoretical applications of the equation of entro^ 

■ Q and f are supposed to be expressed in nieciidmca! noitt, ^^ 

300. Absolute Scale of Temperutin-e.—llie resnl 

obtained in Art. 297 may be arrived at by a different methot 
independent of the properties of any particular substmioa 
"We have Been, Art. 296, that if J? be the heat dra-wn f" 
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the source, and W the heat converted into work in Carnot's 

W . 
cycle, -^ ia a function of the extreme temperatnres only, and 




Now draw a serieB 



IB independent of the substance employed. In order, then, to 
construct a scale of temperature independent of any parti- 
cular body we may proceed as follows : — 

Draw the isothermal AB of a body 
chosen at random, oorrcHponding to any 
arbitrary temperature whieh may be 
indicated by T, and draw the adiabaties 
AA' and BB' corresponding to the con- 
dition of the body before and aiter a 
certain arbitrary amount of heat H has 
been imparted to it. 

Draw another isothermal at a tem- 
perature T' 1bb8 than T, so that the area 
ABSA' may be of given magnitude or 
oorrespond to a given amount of heat w. 
of isotliermals T", T'", &o., at intervals such that 

ABB" A'" A'ffB'A" = A"B"B"'A"' = &c. ; 

then if jT T 2" be the tmit of temperature, T - T" is two units, 
T - T'" three units, &c. 

Since T, II, and w are fixed quantities, and ff^oorrespond- 
ing to yf") is mo. Equation (5) shows that two bodies are at 
the same temperature if each indicates in the manner described 
n degrees of temperature below T. This method of estimat- 
ing temperature is, therefore, independent of the body em- 
ployed. 

If J" be anij temperature lower than T estimated in this 
manner, and W the heat converted into work in the corre- 
sponding cyclical process, since 

~ = J?'(r), and W'={T-T)ic, 

we have W = H{T - T') F{T). If F{T} be denoted by 
0, this equation may be written W'= HC{T - T'). In like 
manner, IV" = KC{T- T"). If we now suppose a cyclical 
process between the temperatures T' and T", indicated by 



the points A', S, ff'. A", the heat oonYerted into 
W" - W; also B', the heat drawn from the Boture at T", 
it equal to that given to the condenser in the proceas is 
whicL T and 7" are the extreme temperatures, hence 

H-H'= W=EC{T'T'). 

301. Efficiency of a Heat Engine. — A system vork- 

ing in the manner required hy Camot'a cycle may be termel,\ 
a reveraihle heat engine, and the ratio of the heat convertedf 
into work to the beat drawn from the Bouroe is colled fha 
epciency of the engine. 

It appears hy the reasoning of Art. 296 that the (_ ., 

temperatures being given, the efficiency of a nmi-i-epeisib/^ engini 
cannot eiecee'l that of a reversible, and that the i-fficiency of a~ 
revtiraililf etiginea is the same. 

302. Abaolntc Zero.— It followa from Art. 300 thai 
the eflSciency of a reyeraible engine working between the 
temperatures T and T" is 



BCjT-T") 
H~HC[T~r) ' 



. T" 



-(-^) 



Ae T" decreases, the efficiency increases, but the Umi 
which it can never exceed is unity, since the mechanical woil 
done by an engine can never exceed the equivalent of thl 
heat drawn from the source. Hence, if we make the efl 
cieuoy unity , we obtain for 7'" the smallest possible value, whia 

i&T - ^- This temperature T", since it is the lowest vhid 

wu be attained by any body, must be the abeolute seifl 
Het 



1 



LTba expression for the efficiency of % lerersiUe f 
in^i4g betincsk any two tempcratuiw T and T" \~ 



then - 



. r" 



Energy nnd Eniropij. 



Caiiiot's function C has tUus been determined 



independently of the properties of any particular substaDoe. 

Again, this mode of determining Camot's function bIiows 
that the existence of an absolute zero of temperature, sug- 
gested and rendered probable by the known properties of 
what are called permanent gases, follows necessarily from tlie 
two fund amenta! Principles of Thermodynamics. 

The experiments of Joule and Thomson have shown thiit 
the absolute zero is 273'7 below zero on the Centigrade 
scale, or 460-66 below zero on the Fahrenheit. This is veiy 
nearly the same result aa that of Aiticle 292. 

303. Energy and Entropy.— For every reversible 
transformation in which the external work done by the body 
is due to its own expansion ws have, if Q be 
work units, the two equations 



dQ = dU ^-pdv 
dQ - Td^ 



(U) 



U and are functions of the independent variables on 
which the state of the body depends, and dtl and d(p are 
therefore perfect differentials ; Q depends not merely on the 
state of the body, hut also on the mode in which it has been 
brought into that state ; hence dQ is not a perfect differ- 
ential. ITie limits of the quantities — ^ , ■— , &o., are eipres- 

sible in terms of the independent Tariables and the differ- 
ential coefficients of Z7and v. They are therefore functions of 
the two independent variables which deteimine the state of 
the body, but are not differential coefficients. They may le 



written -; 



, &c. 



If we eliminate dQ between the two equations (H), we 
have 

dU = Td.j, - pde. (12) 

From this equation numerous results can be deduced, tlffl 
most important of which will be found among the esampk's. 
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304. IVon-reverslble Transformallotu. — In the oase 
of a non-reversible transformatioii we cannot assume the 
truth of equatioDS (11). In fact, for such a transformatioiij 
even though the external work done hy the body be due to 

its expansion against external preBSure, this preasure need not 
be equal in miignitude to that belonging to the state of the 
body, nor ia dQ in such a transformation necessarily equal to- 
Td^. 

In this ease we must proceed as folloira : — Let U be the- 
whole amount of heat actually imparted to the body in th» 
non-reversible process, Wthe external work done, and Uo ani' 
C" the initial and final energies of the body ; then 



ir= v- JT.+ w. 



(13) 



Let us now imagine a reversible transformation capable <A 
liringing the body from its initial to its final state, but other- 
T.\-ise perfectly arbitrary. Since this hypothetical tranaforma- 
lion ia reversible, we can make use of equationa (11) and (12), 
and any results therefrom deducible to aaaist in determining 
Jf - Ua. The expression thus obtained may bo anbetitut«d 
i,. (13). 

305. Change of State. — There are three states or oon*< 
ditiona in one of which matter is usually found ; and whioh 
are termed the so/id, the liquid, and the gaseous. 

A solid body is one which strongly resists any forcea tend- 
ing to alter the relative positions of its adjacent molecules, 
and, so long aa ita atmoture ia unbroken, admits of only slight 
changes in these positions. 

A liquid offers scarcely any reaiatance to a change in the 
mutual position of ita molecules, provided thia change doei' 
not diminish the diatance between those which are adjacent, 
lu other words, it is indifferent to change of shape or sepa- 
ration of its molecules from each other, but strongly resistB 
compression. 

A gas, like a liquid, is indifferent to change of shape, but 
yields to compression with comparative facility, and tends to 
increase its volume without limit. To prevent its escape, it 
must therefore be restrained by an external envelope. 



Change of Stair. 

It is almost certain that every substanoe in nature is 
capable of existing in any one of the three states, and passes 
at a certain pressure and temperature from one of these states 
into another. 

Thus, in general, there is a certain pressure and tempe- 
rature at which, if heat be imparted to a solid body and the 
pressure be maintained constant, the temperature does not 
rise, but the body gradually passes into the liquid state. The 
amount of heat required to bring about this change for the 
unit of mass is called the latent heat of liqtiiditi/. If the 
volume of the liqtiid exceed that of the solid, the latent heat 
of liquidity is spent partly in altering the internal energy and 
pOTtly in doing external work. If (as is the case with water) 
the volume of the liquid be lesa than that of the solid, the 
internal energy of the liquid exceeds that of the solid by an 
amount greater than the equivalent of the latent heat of 
liquidity. 

The vapour of a liquid may be considered a gas. If the 
temperature be sufficiently high, and the pressure sufficiently 
low, a vapour obeys the same laws as the gases which are 
called permanent, and approaches closely to the condition of 
a perfect gas (Art. 292). 

For each vapour there ia, corresponding to any given 
temperature T„ a certain pressure pi, such that at higher 
pressures the vapour begins to liquify; and, conversely, 
corresponding to any given pressure p, there ia a temperatm^ 
Ti, such that at lower temperatures the same result takes 
place. The pressure j>\ is called the maximum pressure of the 
vapour for the temperattire T„ and T^ is called the boiling 
point of the liquid for the pressure pt. 

In fact, if heat he imparted to the liquid imder the con- 
stant pressure p„ the temperature of the liquid will rise until 
it reaches 2", : after this the temperature will remaiu stationary, 
hut the liquid will be transformed into vapour, and the heat 
required by the unit mass for this transformation ia called 
the latent hetil of mpori%ation. When a vapour is at its 
maximum pressure, and therefore beginning to liquify, it is 
flaid to be fafuratfif. 

A liquid exposed to the air evaporates more or less at all 
temperaturea. It is known that if two gases be enclosed in 
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the Bame envelope, each, after some time, is diffused tlumi^ 
the whole volume of the envelope as if the other were absent^. 
Henoe we might antioipate the behaviour of a liquid expoeeA 
to the afmospliere, and expeot that the air would not act liitf 
an impervioufi envelope exerclBing a constant pressure, but 
would merely retard the formation of vapour by diminishing 
ite rate of diffusion. 

The statements of Article 290 require some modifieatioB' 
when applied to a body while changing its state. S<f 
long as the state remains unaltered, U, f, and r are fime* 
tions of /; and T ; but when the body begins to change it 
state, P, 0, and v vary, even though p and 1' remain oon 
Btant, Whilst the body is changing its state, it p and Th 
constant, H, <p, and v are functions of a single variable. I 
the change of state go on continuously, and p at the 
time vary, then T must also vary, and be at eaoh iustuit 
function of p. In this case, U and are functions of ti 
independent variahleB, which maybe c and j), or v and T, bi 
cannot bo p and T. 

The experiments of Andrews, and the investigationB ( 
Thomson, have thrown much light on the phenomena 
change of state, and enable us to explain their "apmi 
anomalies. An account of these researcheB would, however) 
be outside the limits of the present work. 

306. Elasticity and Expansion, — The eladicity of 
substance may be defined as the limit of the ratio of an ii 
crease of pressure to the oompreBsion which it produoea, tt 
oompreesion being the ratio of the diminution of volume 1 
the original volume. 

The state of a substance being determined by two ind« 
pendent variables, except some connexion between their vi 
nations be assigned, the elasticity is indeterminate. The t« 
elasticities usually considered are the elasticity at oonstai 
temperature Et, and the elasticity at constant entropy " 
The former obviously belongs to an iBothermal, and the ' 
to an adiabatic, transformation. 

rVom the definitions of Ef and E^. we have 



^ \dv Jt *" ^ \rff /*' 
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When a body is heated it usually expands. The expan- 
Stan is the ratio of the increase of volume to the original 
volume, and the expansibility is the limit of the ratio of the 
expansion to the increase of temperature, the pressure re- 
maining constant. If e denote the expansibility, we have 




If the expansion of a body take place without change of 
temperature, the limit of the ratio of the heat required for 
the expansion to the increase of volume is called the latent 
heat of expansion, and may be denoted by /; hence 



/ = 



^l(f)/4 



Examples. 

1. Determine the form of the isothermal curves for a perfect gas. 

Ans. Equilateral hyperbolas. 

2. In the same case determine the equation of an adiabatic. 

Ans. pv^ = constant. 

3. The volume and pressure of a gas being given, determine its entropy. 

Ans, - d>o = / 1 C'r log — + Q, log — ! . 

4. Prove that the following equations hold good in any reversible transfor- 
mation in which the extemtd work done by a body is due to its expansion 
againft the pressure on its surface : 



/dT\ (dp\ /dT\ /dv\ fd^\ _(^\ 

td^\ ^ /^ \ fdT\ fd^\ _ /dT\ fd^\ ^ J 
\dvlT \dTjp' \dpl^\dvjp \dv)p\dp)v 

These equations follow from (12), Art. 303, by choosing successively for in- 
dependent variables <f>,v; <t>fP; T^p; T^v; and v, p ; and expressing in each case 
the condition that dU should be a perfect differential. Briot remarks that from 
the first of these equations the three succeeding can be obtained by interchanging 
p and V or Tand <f>f the sign of the right-hand member of the equation being, 
altered after each interchange. 
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6. Show that 

\dv) T 

The first two of these equations follow at once from (12), p. 439. To prove 
the last, we have from the two former, 

.«.-.....j(4),-{?,)j; 

and by Ex. 4, 

Again, dp = ( r^) dT+ [-— -J dv, from which, by making <i^ = 0, we get 

l-pp) y and substituting in the expression for J{Cp - Cv) already given, we 
obtain the result required. 

6. Prove that -f = -J". 

/d^\ /d<t>\ fdv\ 

Op \dTjp \dvlp\dTlp (^<f'\^^f^\A 

td^\ /dT\ 

and therefore -^= - If] . In Kke manner %A= - f^) ; 
/d<p\ \dvj^ /dT\ \dpjT' 

\dplt \dv)p 

\dv) T 

7. If \ be the latent heat of change of state expressed in work units, and u 
the increase in the volume of the unit mass of the substance after passing from 
•one state to the other, prove that 

dX 
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Let 8 and tr be the yolumes of the unit mass of the substance before and 
after the change of state, and /t the fraction of the unit mass which has imdeigone 
the change at any instant duriiig the transformation, then v= ff — 8, and 
« = /i<r + (1 — /a) « = « + u/A. Again, if Q be the quantity of heat required to 
transform /a times the unit mass from one state to the other, the pressure and 
temperature remaining constant, Q = \fi, and therefore 

^ = (g) .= ^(g) .= -^ (g) .= <r ^^- ^o^' -^ ^- *•) 

The student will observe that p i& here a function of T alone, and that if L 
be the latent heat expressed in heat imits, A = JL, 

8. The density of ice beiug 0*92, and the latent heat of water 79*26, find the 
lowering of the temperature of freezing caused by an additional pressure of one 
atmosphere. An8, 0*0073° C. 

9. If e, and Cw be the specific heats expressed in work imits of saturated 
steam and of boiling water at the same pressure, show that 

d\ \ 
dT T 

It is here supposed that the variations of Tand p are so related (Art. 291) 
that as T changes the steam remains saturated, and the water remains boiling 
(Art. 305). Hence, if we suppose /* to remain constant (Ex. 7), we have 

.— .o-,)-(S).-(?.).^ 

and therefore 

/^\ . 

\dit] T 



'•""-^Ifd'^^^dT 



hence, substituting and performing the differentiation, we have the result required. 
It may be observed that <?» does not sensibly differ from the specific heat of water 
at constant pressure. 

10. Investigate a numerical formula for the specific heat of saturated steam 
at any given temperature. 

According to Regnault, the whole quantity of heat required to raise the tem- 
perature of the unit mass of water from Q° to ^ C. and evaporate it at that 
temperature is 606*5 + 0*305 L Hence we have the empirical formula 



X + ( Ctcdt=: 606*5 + 0*305 t, 



where Cw is the specific heat of boiling water expressed in heat imits. Diffe- 

dZ 
rentiating, we have —- + Ctc = 0*306. For high temperatures Eegnault's 

dt 
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empirical formula may be replaced by the simpler fonnula of Clausius, yiz., 
Z = 607 - 0-708 1. If we express ^by means of the latter we have (Ex. 9), 

C. = 0-305 -?£^;±12^'= 1013-^. 

273 + * 273 + 1 

For temperatures near 0° C. we may take Cw = 1 ; we thus get 



273 + t 



From the expressions* obtained for C, we may conclude that, except the tem- 
perature be enormously high, the specific heat of saturated steam is negative. 
Hence it follows, that if saturated steam be compressed, the temperature after 
compression will be higher than that corresponding to saturation at the new 
pressure; or, in other words, saturated steam suffers no condensation, but becomes 
super-heated by adiabatic compression. Conversely, if saturated steam be con- 
tained in a vessel impervious to heat, a diminution of pressure will cause partial 
condensation. These results were first obtained theoretically by Clausius and 
Rankine, who, independently, arrived at them almost simultaneously. They 
have since been confirmed experimentally by Him. It seems not unlikely that 
the connexion between rain and a change of atmospheric pressure depends partly 
on the property of steam mentioned above. 

11. If JJi be the energy of the unit mass of saturated steam at Ti, and 17% 
that of the imit mass of boiling water at To, prove that 

Let us suppose that the imit mass is brought from the state of boiling wat«r 
at To and po to that of saturated steam at Ti and pi, and that this transformation 
is effected by first bringing the water without evaporation, but continually 
boiling, from j9o, To, to j»i, 2i; and then evaporating at Ti^pi, 

TeJ^e as variables Tand /i (Ex. 7) ; then, since dU^dQ —pdv^ we have 

-IG4).-'(&)J'-i(g),-'(l)>- 

Again, on the above hypothesis, when T varies /u is zero, and when /i varies 
T is constent. In general (Ex. 9), 

(§)^=('''-'^> ''+'-' 

and therefore when /* = 0, ( — , J = <?tc. 
Again, 
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Hence, substituting, we have 

TTi = CTo + f ' \Cu> -p j^j dT+ (\i -^ivi) j d/x. 

12. Assuming that the square of the velocity of the propagation of sound is 
proportional to the elasticity of the medium divided by its density, show that in 
A gas the velocity of sound varies as sl^kRT. 

Since the compression of the air during the passage of a wave of sound is 
very sudden, the compression may be regarded as adiabatic. Hence the velocity 

of sound varies as ^ E^v^ but B^ - JcEt (Ex. 6), and Et=p, therefore, &c. 

By means of the results obtained in this example and in Ex. 3, p. 429, if 
the velocity of sound be determined by experiment, Q, and Cijijan be calculated. 
Conversely, if Cp be known by experiment, Cv can be found n:om the velocity 
of sound, and hence the value of / can be determined. 

13. Show that bodies which expand by heating are heated by compression ; 
those which contract by heating are cooled by compression ; and, if the tempera- 
ture be maintained constant, determine the rate at which heat is given out or 
absorbed according as the pressure is increased. 

If Q be the heat required to keep the temperature constant, the rttte of ab- 
sorption is ( jr- ) ; tut 

(-) .= Kg) .= - ' (?r),= - -^(^- '' -' ^- ^»«>- 

Hence BQia negative if « be positive, and conversely. 

14. Prove that in water not far from its maximum density the rise of tem- 
perature produced by an increase of pressure is given by the formula 

(,-^273)(.-4) 
2950000 ^' 

where t is expressed in degrees centigrade, and p in atmospheres. 

If vo be the volume of the unit mass of water at 4°, when the density is a 

(It — 4)2\ 
1 + I represents, according 

to Kopp and Tait, the results of numerous experiments. From this formula 

we have approximately e = . 

Hence, assuming the pressure of the atmosphere to be 1033 grammes on the 
square centimetre, we obtain the required result. 

15. A gas at pi and vi is allowed to expand into a perfectly empty vessel, 
whereby its pressure and volume become jt?2> and vz. No heat being imparted to 
the gas or taken from it, determine its change of temperature. 

Since no external work is done, and no heat lost or gained, the energy must 
remain constant, and therefore the temperature (Art. 292). The assumption 
that the energy of a gas is a function of the temperature alone, is indeed a result 
from the fact ascertained by experiment, that the temperature is constant under 
the circumstances here supposed. 
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16. In the preceding example determine the change of entropy. 
We have (Ex. 3), 

02 - 01 = / f dog - + Cp log- ) = J(Cp - Cv) log - = JJ log -. 

Since V2 > vi, the entropy is increased hy the supposed transformation, which, 
it should he ohserved, is non-reversihle, and therefore not adiahatic, though no 
heat is lost or gained. 

17. Gas is made to pass imiformly through a tuhe in which a porous plug 
such as cotton-wool is placed. No heat is permitted to leave the gas or enter it 
from any external source ; determine the connexion hetween the variations of 
pressure and temperature caused hy the plug. 

Since the dennty of the gas at any particular cross section of the tuhe does 
not vary during the experiment, equal masses of gas pass through each section 
in the same time, or the velocity of the unit of mass is constant. Again, any 
energy which is lost hy friction is restored as heat. We are therefore entitled 
to assume that any change in the energy of the gas as it passes through diffe- 
rent parts of the tuhe is due to the work done on it or to the work which it 
does. 

Suppose two cross sections A and B of the tuhe, one on each side of the 
plug, the pressiu*es at which are pi and pz. As a small quantity dm of gas 
passes A the pressiu*e driving it forward does work on it whose amount is 
pi vi dm. At the same time dm does work on the next layer of gas which is 
equal to the work done on dm when passing the section consecutive to A. Thus, 
in going from A to 3 the work done hy dm and the work done on dm compen- 
sate each other, with the exception of pi vi dm done on dm, and p2 vz dm done hy 
dm. In other words, in the passage from AtoB the whole external work done 
hy dm is {p2 V2 — pi v\) dm, and therefore, since no heat is lost or gained, we have 

U^z - r/i + P2 V2 — PlVi = 0. 
Now U = S Td(f> -jpdv=j Tdip -pv + jvdp, or U-{-pv = j Td<p + jvdp. 
Hence the hypothetical reversible transformation (Art. 304) must he such that 

i{Ki)/-{Ki),-)*i=«- 

Substituting c, for T (^)^ (Ex. 5), and « (^)^ for (|) ^ (Ex. 4), 

we have f (^^^^"^ T " ^ (rfl^) )^^|=^- 

Hence, if we can integrate the expression under the integral sign in this 
equation, the relation hetween T2 — Ti and p2 —pi is determined. If the 

gas were theoretically perfect (Art. 292), we should have ^ (;Tm) = ^'j ^^^ ^2 

would be equal to Ti. This is found not to be the case. We may therefore 
conclude that no gas is theoretically perfect, and we cannot assume either that 

a is constant or that T= t-{- -. 
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From the equation vp = vo i?o (1 + a^, if we consider a as variable, we 
have 

-'©,-t('*--^-'^S)- 

We may assume that T—t differs from a constant by a very small quantity, 

dot 
and likewise that -r- is very small, and may integrate between Ti and T2 neglect- 

dt 

ing these quantities, since Ti- Tzir observed to be small. For similar reasons 

(do \ fdv\ 
7=,) = ( 3T 1 » and that Cp is constant. Hence, inte- 
al/ p \at I p 

grating, we have 

- <?p (T2 - Ti) = Pa ro (1 + a^ - oT) (logi?2 - log pi), 
and therefore 

1 Cp{Ty-T^ 



a apo vo (log jpi - log i?2) * 

From this equation the exact position on the centigrade scale of the absolute 
zero can be determined (Art. 302). 

18. Saturated steam in a vessel containing no water is allowed to escape into 
the air ; determine the quantity of heat which must be imparted to the unit of 
mass in order that it should remain saturated. 

Let TFbe the external work done by the imit mass of the steam in escaping, 
T\ and T% its initial and final temperatures ; then K being the heat required, 
we have 

Now Jr = p2{(r2 - <ri) =^2(^2 - wi) + JD2(«2 - *i), (Ex. 7), 

where <r and s are the volumes of the unit mass of steam and of water, 

and U2-V'i=\ " lcu,-p j^J dT +\2-\i- P2Vi + pi vi, (Ex. 11). 

ITa / d8\ 

[C„~p j-j dT+\2-\l-\- VI (pi - P2) + P2 («2 - «i). 

ds 
Since («2 - «i) and -7^ are small, we may neglect them, and thus obtain 



72-= j " {cu>-\-^^dT-\-vi(pi-p2), 
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(^f). 




e limit of the ratio of tho chsngo of the 



presiure o 



^ 



vapouF to the coiroaponding cbangc of temperature, and is benoe easily : 
fiom a lalile of the lomperatures of the hniling point at different prea 
f is in general positive ; i.e., iS no beat be imparted to the expanding g 
Bome of it will tondenBe. 

19. In the preuediug example, if the yeesel from whii^hthe Btaim is eso 
{contain boiling water, detenoiiie the q^uantit; of beut which must be imi 
to the unit moss of eteam in order that it ehould remain gaturated. 

In Ihia ease, as in Ex. IT, the oxtemal work W done by the unit moaa of 

PiTi-PiVi, or ptK~pim +piH-pf>. 

1 is the same as in the last example, if we oeglect the 

as involving ii and t;, we huve approximately 



JE 



■i:;(- 



dT, 



*nd therefore 3 = - 0-305 {T, ~ Ti). 

In this ease, if no heat he abstTscted, or imparted, the steam after it MM| 
is iupcr- heated. If Ti — Ti be large, or the st^am originally at high presni 
the euper-heating is considerable and more thun suffiuivnt lo Tapoiize any p 
tiolea of water vliich the eioam carrier with it meehunifaQy. Hence wa i 
explain the known phenomenon that high pressure steam after eaeaping intol 
air ifl dry and does not scold, whereas by low pressure steam severe sralda n 
be inffielcd. 

307. AvBilable Energy. — The work -which can 
accompliBhed by a quantity of heat Qi depends on the 
perature of the Botirce from which it ib derived. If tl 
temperature be T„ and the lowest temperature whioh can 
obtained Ta, the work which can be accomplished, by mea 



of Q, cannot exceed (T, - r„) ^- (Art. 302), where Q. is > 



prcFsed in work units. 
If Q, pass from a & 



e at Tl to a source at T,, the ai 



able energy ia diminished by the quantity 



'r„ 7;^ 



Q.. 



I' 

^^^ If Qi leave a eouroe at T„ and Q, in consequence eoter 

P pource at Tn, the loss of available energy ia 

L (r,-T.)|!-(K-r.)|. or Q.-Q.-T.($-$\ 



t; 



r, Tj 
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308. DIssipatioD of Energy. — If the transfereaoe of 
heat from a source at Ti to a source at T, take place through 
the medium of a reveraible engine undergoing a oyoKo^ 

proceBS, — ' - ^ is zero, and the Iobb of available energy is 

Qi - Qa, which is the same as the work done. Thus the un- 
oompensated loss of available energy is zero. 

In the ease of an engine undergoing a non -reversible 
oyolioal process, Q, - Qj cannot be greater, and is usually less, 

than (r, - Ta) J, (Art. 301), or -^ - -^' has a negative value 

which may be denoted by - TV, In this case the uncompen- 
sated loss of available energy is ToN. 

By a method similar to that employed in Art. 298 this 
result can be extended to every non-reversible eyolioal pro- 
cess. In this case, if Q be the heat wliich enters the 

engine at the temperature T, the quantity S ;=, is negative, 

and the uncompensated loss of available energy is - T,, S -^. 

To prove thia, we have only to substitute for the actual 
process A a process B, in which the cycles corresponding to 
each pair of temperatures are oompleted by reveraible trans- 
formations, each of which is accomplished first in one direc- 
tion, then in the opposite. As these teansformations are passed 

through in both directions, the value of 2^ and of the un- 
compensated loss of available energy is the same for A as 
for B ; but 2 ^ for B is the sum of the values of 2 -^corre- 
sponding to the small cycles, since the remaining part of B 
forms one reveraible cycle. Hence we obtain the required 
results. 

The uncompensated loss of available energy ia called the 
Diaaipatioit of Energy. 

From the present and preceding Articles it appears that 
this dissipation takes place whenever beat passes without the 
performance of work from a body at a higher to a body at a 
lower temperature, and also, in general, in no n -reversible 

2 G 3 





cyclical processes. A atriotly reversible process cannot 
realized in nature, einee the absence of friction and the perfed 
equality of internal and external pressures and temperature 
cannot be attained. Hence we may conohide, that in aU' 
natural processes there is an incessant dissipation of energy. 
It is to be observed that the theory of dissipation depends OD 
the assumption of a certain temperature as the lowest whicb 
is available. If the lowest available temperature were abso- 
late zero there would he no dissipation of energy. 

309. Inerease of Entropy. — If an element of heaidt 

I pass from a body A, whose temperature is T„ to anotha 
body 5 at a lower temperature Ti, and if we suppose th 
volumes of A and £ to remain constant, the entropy of ..4 ii 
diminished by -^ , and tliat of B increased by -=-) and 
Tj > T,, the whole entropy of A and B is increased. 
Again, in a cyclical process, if we suppose the source A 
and the condenser B to remain at constant volume, in whi<& 
(sase their temperatures will of course vary, 2 -= is the la 
of entropy by A, and 2 ~ the gain of entropy by J 
Hence the entropy of the whole system is increased ij 
the quantity S [ =r ~ sr )■ I^^ ^ reversible process this quai^ 

tity is zero, but in a non -reversible process it has in genei 
a positive value iV. 

We have supposed A and B to remain at constant volume; 
but if this be not the case, the results obtained still bold goodj 
provided the transformation applied to eaob of these bodies ii 
reversible when each body is considered alone. Under thew 
circumstances the uncompensated loss of available energy in 
a non-reversible cyclical process is equal to the product of 
the limiting temperature and the increase of the entropy of 
the system. 

We may conclude from what has been said, that natural 
processes have a tendency to increase entropy, or, as stated 
by Clausius, the entropy of the universe tends to beoomet 
maximum. 



Path of Least Scat. 

310. Path of Least Heat. — Let lis Bappose that a 
body, wliose entropy is ^i, passes from the state A to the 
state JB in which its entropy is ^„, less than ^i, IE Q he 
the heat given out hy the body when at the temperature 

T, and if S denote the value ol S -^, for the whole 

process, jS cannot be less than ^, - 0o. To prove this, first 
Buppose the transformation reversible, then S - ^i — ^o. 
Next suppose the transformation non- reversible, and let 
the cycle be completed by a reversible process which brings 

the body from B to A. The value of S ^, for the cycle ia then 

S - {ip, - ijtn), and this must be positive (Art. 308) ; hence 
S >^i - ^(,. 

Let us now consider by what path a body, whose tempe- 
rature can never be less than T„, should pass from the state 
A to the state B at T^, fa, so that the heat given out in the 
pE^sage should be a minimum, no heat being supplied to the 
body from any external source. 

Let S be the heat given out ; then for a non-reversible 
transformation, since T > To, and since any element of heat 
which enters the body at T must have previously passed out 
of it at a temperature higher than T, we must have 
"" > TaS > ^..[^i - fn). For a reversible transformation 

which is least when T = To. The least value of 
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J7" is therefore Tn{ip, - ip„). Hence the path consists of an 
adiabatic at the entropy ^i from T, to T„, and au isothermal 
at To from -J,, to ^„. Since U,-U„- W+If, where ITis the 
work done by tlie body during the transformation, when S 
is least JF is greatest, and the maximum work which a body 
oan perform under the circumstances supposed is 



EXAMPLBH. 
. ProTe that the available energy cd any systeni of bodies ia 



niTisl tempemtura of mt, and ci it 
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2. If the system in Ex. 1 be enclosed in an envelope impenneable by beat, 
sbow that To is determined by the equation 



:Sm] 



f^-x dT . 



The actual work performed by the system during the transformation in 
which all its parts are brought to the temperature To is 



f \idT; 



but, if the transformation be that in which the greatest possible work is done, 
this work must be equal to the available energy, and therefore 

28wi <ji -— . = 0. 

When the limiting temperature To is determined from within, as in this ex- 
ample, or, in other words, when one part of the system acts as condenser to 
another part, the available energy is cidled by Thomson the Internal Thermo- 
dynamic Motivity. When To is independent of the system, i. e. when heat can 
pass out of the system to an external condenser, the available energy may be 
termed the External Thermodynamic Motivity, In this case To must be as- 
signed. 

3. If a system consist of two equal masses of the same substance whose 
specific heat is constant, show that the limiting temperature of the internal 

thermodynamic motivity is VTi 22, where T\ and T2 are the initial temperatures 

of the two masses. 

4. In the preceding example prove that the thermodynamic motivity of the 
system is mc (VTi - Vl^)'-*. 

5. If the entropy of a substance be increased, its energy remaining constant, 
prove that the work which can be obtained by a transformation to a given state 
is diminished. 

6. A gas, whose volume is vi, is allowed to expand into a perfectly enmty 
vessel, whereby its volume becomes V2 ; show that its capability of doing work is 

V2 
diminished by the quantity ToR log — . 

Vi 



INDEX. 



Absolute, units, 62, 124. 

force in central orbit, 172. 

force suddenly changed, 176. 

zero of temperature, 437. 
Acceleration, uniform, 12. 

variable, 16. 

total, 17. 

tangential and normal, 18. 

angular, 19, 251. 

areal, 20. 
Acceleration-centre, 234, 310. 
Accelerations of rotations, 294. 
Action and reaction, 56. 
Adiabatic curve, 432. 
Airy, on Earth's density, 105. 
Ampere's Cinematique, 5. 
Angular velocity, 19, 92. 

of a body, 92, 261. 
Apsides, 187. 
Apsidal angle, 191, 211. 
Areas, uniform description of, 162. 

accelerations of, 244. 

for principal plane, 329. 
Attraction, law of, 90, 127, 145. 
Atwood's machine, 67, 63, 136, 258. 
Axes, relation between rotations round 
space and body, 299, 313, 316. 

Ball, R. S., referred to, 57, 301, 304, 

387. 
Ballistic pendulum, 258. 
Bertrand, on closed orbits, 199. 
Billiards, problem in, 354. 
Body axes, 297. 

motion referred to, 327. 
Breaking weight of elastic string, 156. 
Bresse, on acceleration, 235. 
Bonnet's theorem, 204. 
Bordoni, 80. 

Camot, on vis viva, 409. 



Camot, S., cycle of, 433. 

extended, 434. [439. 

determination of function of, 434,. 
Central forces, 88, 145, 162. 

potential of, 127. 
Centres of oscillation and percussion, 

266. 
Centre of inertia, 72. 

motion of, 241, 389. 

motion relative to, 242, 327. 
Centrifugal and centripetal force, 86. 

acceleration, 86. 

force at Earth's equator, 89. 
Centrifugal force, resiUtant for rotat- 
ing body, 94. 

in pendulum, 116. 
Centrifugal couple, 321, 341. 

axis of, 322, 340. 
Centrodes, 229. 

Change of state of a body, 440. 
Circle of inflexions, 234. 
Circular, motion, 82. 

orbits, 89. 

orbits approximately, 190. 
Clausius, on energy of a gas, 412. 

on second fundamental principle 
in thermodynamics, 432. 

on entropy, 436. 

on saturated steam, 446. 
Coaxal circles, property of, 118. 
Coefficient of restitution, 66, 143. 
Collision, of spheres, direct, 64. 

effect on energy, 247. 

oblique, 68. 

of smooth bodies, 332. 

of rough bodies, 334. 
Compound pendulum, 138. 
Compression, force of, 65. 
Composition of velocities, 7, 226. 

of rotations, 225, 285. 

of twists, 301, 304. 
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Cone, employed graphically in rota- 
tion, 297, 312. 
Conical pendulum, 113, 219. 
Conservative system of forces, 127, 

398. 
Constrained motion, 202. 
Coulomb, on dynamical friction, 61. 
Couple, of rolling friction, 264, 278, 
280, 283, 364. 

of twisting friction, 264. 

tending to break moving rod, 272. 
Curtis, 219. 
Cycle, Camot's, 433. 
Cycloid, tautochronism of, 113. 
Cylindroid, 304, 306. 

D'Alembert's principle, 57, 238. 

applied to small oscillations, 365. 
Darwin, on friction of tidal action, 

411. 
Degrees of freedom, 222, 249, 301. 
Disturbing forces in focal orbit, 185. 
Dyne, 53, 124. 

Earth, attraction of, 149. 
Efficiency of agents, 124. 

of a heat engine, 438. 
Elasticity, 66, 270. 

in collision, 248, 360. 
Elastic strings, 153. 
Elasticity and expansion of a" sub- 
stance, 442. 
Ellipsoid momental, 322. 

graphical use of, 337, 338. 
Ellipsoid, of gyration, 338. 

of equal energy, 387. 

potential, 387. 
Energy, 67, 130, 395. 

potential and kinetic, defined, 130. 

measure of kinetic, 131. 

equation of, 133, 246, 396, 401, 
415. 

in thermodynamics, 427. 

conservation of, 396. 
Entropy, 436. 
Erg, 124. 

Eiuer, equations of rotation, 319, 324, 
332, 338, 421. 

for impulses, 321. 

Focal orbit, 171. 
velocity in, 174. 
constructed, 175. 



Force, function, 365, 419. 

measure of, 51. 

absolute unit of, 52. 

gravitation unit of, 53. 
Forces of inertia, 238. 
Flywheel, energy of, 134. 
Free motion of a body, 288, 325. 
Freedom, degrees of, 222, 249, 301. 
Friction, laws of dynamical, 48, 61. 

work expended on, in pivot, 129. 

rolling, 263. 

twisting, 264. 

impulsive, 265, 334. 



Grauss, absolute unit of force, 52. 
Generalized coordinates, 417. 
Greometrical representation of rotation, 

288. 
Groodeve, 236. 
(Gravitation, units, 53, 123. 

law of, 173. 

verified, 91. 
Gravity, acceleration due to, 27. 

variation of, 28. 

affected by Earth's rotation, 90. 

determined by pendulum, 100, 
140. 
Greenhill, 81. 
Gyration, radius of, 138. 

ellipsoid of, 340. 

Harmonic motion, simple, 83. 

elliptic, 84. 
Harmonic determinant, 368. 

real factors of, 370. 

case of, equal factors, 375. 
Haughton, on Earth's density, 106. 
Heat, mechanical equivalent of, 426. 

specific, 428. 

latent, of liquidity, 441. 

of vaporization, 441. 

of expansion, 443. 
Height, due to velocity, 28, ^8. 
Herpolhode, 350. 

Herschel, on disturbing forces, 185. 
Him, 445. 
Hodgkinson, on laws of restitution, 

66. 
Hodograph, 19. 

application to focal orbit, 179. 
Hooke'slaw, 134, 153. 
Huygens, on pendulum, 102. 



of bodies generally, 332. 
ImpolBD, iQGseure of, 54. 

in D'Alamljert'B principlB, 239. 

eierted on a filed point, in rota- 
tion, 325. 
Indicnlor diagram, 432. 
Inertia, law of, 23, 74. 

fanes of, 56, 23S. 
Initial tenBioni., 278, 277. 
Instantaneous centre, 230. 

screw, 301. 
leentropic curve, 432. 
Isochronism of pendnlum, 100. 
leothennal ourve, 432. 

Jscobi, on motioa io vertical circle, 



heat, i 

Eater, on tIelcrsiicatioiL of force of 

Era til J-, 141. 
Kepler's laws, 89, 173. 

modiflcadoD of third law, 182. 
BolograniDietre, 124. 
Kinematica, 6, 222, 286. 
Kinetics, 6, 25, 23S, 317. 
Kinetic energy, 130, 412. 

Lagrange, 206, 239, 246. 

on spherical pendulum, 212. 

on small oscillntiona, 369, 375. 

generalized coordinates, 370,417. 

generalized equations for im- 
pnlsea, 419. 
LamWt'a theorem, ISO. 
Laplace, referred to, 376. 
Latent beat, of Uqniditjr, 441. 

of vaporization, 441. 

of eipanuon, 443. 
Laws of motion, lie Newton. 
Lino of quickest or aloweat descent, 34. 

MaBB, 30. 

of Sun, 1B2. 
Mean value emplored, 84, 412. 
Mean ener^ in vibration, 405. 
Mechanical equivalent of beat, 426. 
Metric uniti, 22. 



Minchin, rofeired to, 48, 105, 149 

181, 231, 236, 258. 
JloduluB of elaaf' 



Momi 



tofin 
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ental ellipsoid, ; __ 
Momentum, 51. 

estimated in any direction, 72. 

conservation of, 73. 

momenta of, 243, 282, 328, 301. 

axis, 329, 391. 
Motion, first law, 23. 

second law, 24. 

third law, 66. 

OD an inclined plane, 32, 44, 49. 

parabolic, 37. 

of a particle, general equations of, 
55. 

in a vortical circle, 96. 

on a fiiad curve, 202. 

on a flied surface, 207. 

of body round fixed axis, 251. 
Morin's apparatus, 44. 
M'Cullagh, on Tolation, 343. 

Newton, fluxion notation, 4, 9, 16. 
referred to, 74, 161, 173. 
lawH of motion, 23, 24, 66. 
moynble orbils, 182. 
central orbiU, 164, 168. 
on coefficient of re " 



re of, 139, ; 
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Parabolic motion, 37, 71, 78. 
Peaucellier'B cell, 236. 
Pendulum, simple, 98. 

compound, 100, 13S. 

conical, 113. 

spherical, 203. 

ballistic, 268. 
PcTcuBsion, centre of, 2S6. 
Perfect gas, 428, 

Peciodio time in central orbit, 160, 
172. 



Pole of rotation, 2S5. 
Polhoiie, 33B. 
PoDttlet, referred to, 1S7. 
Potential, 127. 

energy, 130, 4!9. 
Poiuidal, 62, la*. 
Prinoipal axii, property of. in amfarm 

rotutiDn round, 254. 
Principal momenU, Douple of, 321 . 
Priiicipiil plane, 329, 391. 
Projeotilc, paiabolic path of, 37. 
Pure rolling, friction in, 247. 

Quiciiesl deecent, line of, 34. 



Range of a projectile, 3S. 
Rsnldiic, on steiun, 446. 
Beboiind from n plme, 67. 
Heotilinear motion, 33, 145. 

in reasting medinm, 216. 
Belative motioo, 6, 10. 
EeeiBtiintte, of air, 46. 

does not aSecl pendulum period, 
121. 

m Friction. 
Eeaitting medinm, motion in, 215. 
EoBlilution, forces of, 64. 

coefficient of. GS, 143. 
Kereraible transfonnatiaiu i 



Salmon, referred to, 349, 378. 
Sohell, referradCa, 258, 310. 
Screw, axis and pitch of, 300. 

of ceaultant twist, 304. 
SecondB pendulum, 100, 

length of, 120, 
SimiUr □lecbanical systmna, 416. 
Small oscillation of simple pendolum. 

98. 
Small oscillallona in general, 364- 
SourcB and condeosor in Gamut' 

cycle, 433. 
Space-aiGB, 297- 
Sphere need graphically in rotatioOf 

Stability of motion of saukll oaciUft- 

tLons, 372. 
Statical measure of force, 30. 
Stress, 56, 270. 

on fixed oijs in uniform 



in variable rotation, 2S2. 

wOTk done by, 128. 

in initial uniplanar motion 



431. 



Bicher, oheerved retardatjon of pea- 

diilum, 102. 
Eigid bodj, 222. 

equations of motioD of, 241. 

complete motion of, S96. 
HodriguoB, on screw motion, 303. 

coordinates of, 314, 316. 
Boiling, pure, 230. 
Boiling friction, ite Conple of, 
Botation, Telocity in, 293. 

acceleration in, 294, 

of a rigid body, 92. 

of a plane lamina, 93. 

energy of, 1 34. 

motion of, 223. 

instantaneous centre of, 230. 
Botutions, composition of, 225, 285. 
South, refcrmd to, 141, 258, 266, 27S, 



h 



heat, 



velocity, 215, 221. 
ThennoilynumicB, 426. 
Thomson and Tail, referred to, 57, 

235, 311. 371, 378. 426. 
Thomson, on second fundamental prin- 
ciple in thermodynamioB, 432. 
Time of oaoUIstion of penduluni, 99. 
affected by change of length, 101. 
by change of place, 101. 
for any amplitude, 107. 
Townscnd, referred to, 184, 319, 
275. 
OD anmll oeofllatioDi, 364. 
Trajeelory of projeetil*, 38. 
Translation, motion of, 2. 223. 
Twist, dednod. 300. 

composition of, 304. 
Twisting frictian, 264. 
Uniplanar motion, 224. 
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Units, adopted, 2, 22, 52, 124, 152, 
426. 

Velocity, in focal orbit, 174. 

terminal, 215. 

components of, in rotation, 293. 

linear, 3. 

mean, 4. 

angular, 19, 92. 

releitiye, 9. 

Newton's notation for, 9. 

areal, 21. 

due to height, 28, 38, 97. 

due to infi^te distance, 166, 188. 
Velocities, composition of, 7, 226. 

of rotation compounded, 287. 
Vertical circle, motion in, 97, 116. 

cycloid, motion in, 109. 
Vibrations, 86. 

directions of harmonic, 378. 
Virial, 413. 
Virtual velocities, 126, 239, 402. 



Vis viya, defined, 71. 

affected by collision, 72, 77, 143. 
Vis yiva, compared with lonetie 
energy, 131. 

of any system, 136. 

equation of, 245, 261. 



"Walton, 80. 

Watt's goyemor, 114. 

horse-power, 124. 
Weight, loss of, due to Earth's rota- 
tion, 90. 
Whitworth, on action of catapult, 134. 
Wolstenhobne, 81. 
Work, 67. 

piinciple of, 97. 

measure of, 123. 

done by a stress, 128. 

done by a couple, 129. 

done by an impulse, 137, 
Wrenches, 404. 



THE END. 



